Quantum 
Mechanics 


` THEORY AND 
APPLICATIONS 


. Third Edition 


A.K. Ghatak | 
S. Lokanathan - 


| i 
QUANTUM MECHANICS 13 14 | 


1 cannot tell how the truth may be 
I say the tale as it was said to me 


Sir Walter Scott 


ASSOCIATED TITLES 


E. E. Anderson 

Modern Physics and Quantum Mechanics 
K. Gopala Krishnan 

Atomic and Nuclear Physics 

A. K. Ghatak and K. Thyagarajan 
Contemporary Optics 

K. Thyagarajan and A. K. Ghatak 
Lasers : Theory and Application 
А. J. Dekker 

Solid State Physics 

S. V. Subrahmanyam 

. Experiments in Electronics 

S. P. Talwar 

Eiectromagnetic Theory 


Quantum Mechanics: Theory 
and Applications 


Third Edition 


А. К. GHATAK 


S. LoKANATHAN 


BCE KT. west Benga! 
paa 152.3] $30 


Acc No... E one we GH A 


A. K. GHATAK and S. L OKANATHAN, 1975, 1977, 1984 


АП rights reserved. No part of this publication may be 
reproduced or transmitted, in form or by any means, - 
without permission 


First Edition, 1975. 
Second Edition, 1977 
Reprinted 1979 (twice), 1981, 1982, 1985 


Third completely revised edition, 1984 by 
MACMIELAN INDIA LIMITED 
DELHI BOMBAY MADRAS BANGALORE 
HYDERABAD LUCKNOW PATNA 


TRIVANDRUM 
Associated companies throughout the world ` 
SBN 33390 456 7 


Published by S. G. Wasani for Macmillan India Limited 
2/10 Ansari Road, Darya Ganj, New Delhi, 110002 


Printed by : 
Pushp Brint Services, Magipur Shahdara, Deihi-53 


To our teachers 

Professor H A Bethe 
Professor D S Kothari 
Professor R C Majumdar 
Professor R Serber 


Preface 


Quantum Mechanics has long been recognized as an essential ingredient in the 
training of a physicist at an early stage in his studies. No matter which specia- 
lization the student chooses in his later career, it is necessary for him to develop 
not merely an understanding of the basic principles of Quantum Mechanics but 
an ability to apply these principles in his field. 

Textbooks on Quantum Mechanics addressed to students at graduate and 
post-graduate levels generally have few solved problems; moreover, the prob- 
lems suggested are largely of an academic nature with a greater emphasis on 
theory than on applications. This book attempts to present a more balanced 
account of these two aspects and has evolved from lectures given by the authors 
at the Indian Institute of Technology, New Delhi and at University of Rajas- 
than, Jaipur. The emphasis has not been on rigour but on making results plau- 
Sible and helping the student to become familiar with methods for solving 
problems. 

Each chapter gives a concise account of the theoretical principles followed by 
a number of problems. The problems have been chosen to present a fair amo- 
unt of diversity in applications. The solutions to most of these problems are 
given at the end of each chapter. This will enable the student to refer to the 
solutions when necessary and at the same time provide him an opportunity, if 
he so wishes, to solve some or all of these problems by himself before consult- 
ing the solutions. 

We have given a somewhat lengthy account of the Dirac notation of brasand ' 
kets; since this is used frequently in advanced work, it was felt that the student 
would benefit greatly if he became familiar with it right at the beginning. 

We have dedicated this book to Professor H. A. Bethe who taught one of us 
(AKG) at Cornell, to Professor В. Serber who taught the other (SL) at Columbia, 
and to Professors D. S. Kothari and R. C. Majumdar who taught both of us at 
Delhi University. These teachers were responsible for stimulating our interest 
in Quantum Mechanics. 
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Physical Constants 


C = coulomb; esu = electrostatic units; 

eV — electron volt; F — farad; G — gauss; 

Н = henry; Hz = hertz = cycles/s; J — joule; 

K — kelvin (degree Kelvin); m — meter; N — newton; 

‚8 = second; Т = tesla . 

Digits in parenthesis following each quoted value represent the standard 
deviation error in the final digits of the quoted value; e.g. 6.626176 (36) implies 
6.626176 + 0.000036, etc. Most of the quoted values are taken from ‘The 
1973 Least-Squares Adjustment of the Fundamental Constants’ by E. К. Cohen 
and B. N. Tajon J. Phys. Chem. Ref. Data, Vol. 2, No. 4, pp. 663-734, 1973. 


Conversion Factors 


1N = 105 dynes X 

1 = 107 ergs ' 

1 eV = :1.6021892 (46) х 10715] 

1 C=1 amp. s = 2.997924580 (12) x io esu - 

1 T = 1 weber. т"? = 10* С Е 2 

1 ЕаЕТО . aia 

1 Н = 1 weber. amp? = 1 N.m.s*. C- 

1 Electron mass (= mc!) = 0,5110034 (14) MeV 

1 Proton mass (= mpc?) = 938.2796 (27) MeV: — 

1 Neutron mass (= m,c*) ==/939.5731 (27) MeV 

1 atomic mass unit (= uc?) = 931.5016 (26) MeV 
(и = atomic mass unit in the unified atomic mass scale ?С = 12) — 


Quantity Symbol ‚ Value Uncertainty 
x : (parts per 
z million) 
MEAE EcL Ted eee ee ee 
Speed of light in :6 2,997924580 (12) x 108 т. s-* 0.004 
vacuum E М 
Planck's constant h 6.626176 (36) x 1074 Ј. 5 54 
fi = h/2r 1.0545887 (57) x 10-34 J. s 54 
Electronic charge q (mks) 1.6021892 (46) x 1079 C 2.9 
e (cgs) 4.803242 (14) х 10-" esu 2.9 
Electron rest m, 9.109534 (47) x 10-* kg 51 
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g-factor 
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m. 


тут, 


т 
Ро 


Eg =: Прас? 
a = g*/4negbe (mks) 
= e*/Tic (cgs) 
Вы = (4/4760) 
m,l4r Bic (mks) 
= т,еЧ4 e (cgs) 


IR œ hc 


Кн 
а, gia (m,a*) 
= fim, (cgs) 


un = gh/2m, (mks) 
= elil?m,£ (свз) 


te [= (86/2)ua) 


8e = Aeolus 
tn = а2т 
Kp 

R 


1.6726485 (86) x. 10-27 kg 5.1 
1836.15152 (70) 0.38 
1.6749543 (86) х 10-27 kg 5.1 


4n (= 12.5663706144) x 10-7 H.m-* 


8.854187818 (71) х 10-!*F.m- 0.008 


7.2973506 (60) х 107* 0.82 | 
1/« = 137.03604 (11) 0.82 
1.097373177 (83) x 107 m~ 0.075 
1.097373177 (83) x 105 cm 0.075 
2.179907 (12) x 10718 J 54 
13.605804 (36) eV 2.6 
1.09677576 (12) х 10? m-* 

5.2917706 (44) X 10-0 m 0.82 
5.2917706 (44) х 10-? cm 0.82 
9.274078 (36) x 10-11 7.121 3.9 

9.274078 (36) х 10-"erg,G-? 3.9 

9.284832 (36) x 10-4 J, T 3.9 
2.0023193134 (70) 0.0035 
5,050824 (20) x 10-17 J, Т-1 3.9 
1.4106171 (55) x 10-36 J. T 39 | 
1.380662 (44) x 10-22 J, Kc 32 


0.861734 (27) x 107! eV. K+ 31 
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Chronological Development of Quantum Mechanics: 
a very Brief Account 


The development of quantum mechanics as a unified, structure did not. take 
place in the smooth way that is usually presented in a text book. For a text 
book to present this development in chronological fashion is, however, not really 
a fruitful way of presenting the subject to the student. On the other hand, we 
feel that every student ought to have some sense of perspective of this develop- 
ment. As mentioned by Ludwig (1968) *without taking account of its historical 
development, an existing theory often appears almost as if it had “fallen from 
heaven". However, the question of the development of a theory is important 
not only to satisfy our curiosity but also because much can be learnt from it 
for the future’. Keeping this in mind we give a very brief account of the 
chronological development of quantum mechanics highlighting some of the 
important facts associated with the development and also giving reference to 
books (which are usually available in most libraries) where some of the original 
papers have been reprinted. We hope that this introduction will induce the 
reader to go back to some of the articles written by the *masters' of the subject so 
that he is able to get a perspective of the field as it developed. 

We should mention that perhaps the most comprehensive account of the 
chronological development of quantum mechanics is given in the book by 
Jammer (1966) which has also given detailed references of most of the import- 
ant publications during the development of the field (and where they could be 
found). There are numerous other books/articles written on the historical 
development of the sübject, particular reference can be made to Born (1969), 
Condon (1952), Cropper (1962), Ludwig (1968), Ter Haar (1967). We felt that 
the Nobel lectures by three of the founding fathers of modern quantum theory 
(Heisenberg, Schródinger and Dirac) would convey the excitement of the 
struggle of ideas presented in a style that no one else can possibly match. 
We are reminded of the remark made by Lord Rutherford who, when told 
that he seemed to be riding the crest of the wave, said ‘well, I made the wave, 
dida't Г! We therefore reproduce the Nobel lectures by people who indeed 
made the subject; however, before that we give a brief account of the chronolo- 
gical development: À 


1900: In a paper entitled “Оп an improvement of Wien's equation, for the Spec- 
trum’, Planck “guessed” the blackbody radiation formula (Eq. 5 of Chapter 1) and 
found that it is in excellent agreement with the experimental data. In a subse- 
quent paper entitled *On the theory of the energy distribution law of the normal 
Spectrum’ he derived this formula by introducing a drastic assumption that 
the oscillators can only assume discrete energies. Planck wrote “We consider, 
however—this is the most essential point of the whole calculation—E to 


xvi QUANTUM MECHANICS 


composed of a very definite number of equal parts and use thereto the constant 
of nature h=6.65x 10*7 erg sec. This constant multiplied by the common 
frequency. v of the resonators gives us the energy element є in erg . ,..." The 
two papers of Planck are reprinted by Ter Haar (1967). It may be of interest 
to mention that in an-unpublished letter to R.W. Wood, Planck wrote [quoted 
from Jammer (1966)] that the postulate of energy quanta was “ап act of despar- 
ation’ done because ‘a theoretical explanation had to be supplied at all cost, 
whatever the price’. Planck was awarded the 1918 Nobel prize in Physics for 
his discovery of energy quanta; his Nobel lecture was on *The genesis and ponet 
state of deeiopment of the Gata ‘theory’. 


1905: Ina paper entitled Оп a heuristic point of view about the creation and 
conversion of light’ [reprinted in Ter Haar (1967)], Einstein introduced the light 
quanta. In this paper he wrote that for explanation of phenomena like black- 
body radiation, production of electrons by ultraviolet light (which is the photo- 
electric effect) it is necessary to assume that “when a light ray starting from a 
point is propagated, the energy is not continuously distributed over am increas- 
ing volume, but it consists of a finite number of energy quanta, localized in 
. space, which move without being divided and which can be absorbed or emitted 
only as а whole". Einstein received the 1921 Nobel prize in Physics for his 
discovery of the law of. photoelectric effect and not for his theory of relativity. 
It is interesting to note that Einstein did not have the symbol Л in his 
paper; he used the quantity R8v/N for the energy of the light quanta where. 
RIN and $ are actually k and h/k respectively. 


1913: Tn a paper entitled “Ол the constitution of atoms and molecules’ [reprinted 
in Ter Haar (1967)], Bohr gave the first successful interpretation of atomic 
spectra. (The experimental study oF atomic spectra was started around 1860 
and in 1885 Balmer gave his famous empirical formula which came to be 
known as Balmer series). His logic. of argument was somewhat as follows: For 
an electron rotating in a circular* orbit around a. proton the potential energy is 
— e'[a, the kinetic energy (3 ma?) is e*/2a and therefore the binding energy. is 
given by 


E, = e/2a 
The frequency v' of the orbiting electron is given by 


Rae Hy ( 2E, c 1 2E _ 42g 
y = =| — —- — = b 
2ra m: 2r е? re? т\'% 


Bohr than assumed that “during the binding of the electron, a homogeneous 
rediation is emitted of a frequency v = $ у; then from Planck’s theory, we 
might expect that the amount of energy. emitted by the process considered is 
equal to thy, where Л is Planck's constant and т an entire number". Thus 


*Actually Bohr's consideration was for elliptica] orbits; here, for the sake of simplicity 
we are considering circular orbits. 
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ү 1 7 1 2 una rm 
В, = thy = > shy i rh [( = ) =a ] 


which gives 


2n*me* 


E, = ETT 


and when an atom makes a transition from one stationary state (т = т) to 
another (т = т,) a light quantum of frequency 
2z*'me* Г 1 1 

cage psp Mn 
is emitted. The above formula agreed with the experimental data. 

1t should be mentioned that the quantization of angular momenta was put 
forward by Bohr in a subsequent paper in the same year. Bohr was awarded the 
1922 Nobel prize in Physics for his investigation of the structure of atoms, and of 
the radiation emanating from them. His Nobel lecture on ‘The structure of the 
atom’ gives a good summary of the important results in atomic theory. 


1914: In a paper entitled ‘On the excitation of 2536 A mercury resonance line 
by electron collisions’ [reprinted in Ter Haar (1967)], Franck and Hertz showed 
that by varying the kinetic energies of the electrons hitting an atom it is possi- 
ble to produce controlled excitation of atoms and molecules; the experiment 
proved the discrete energy states of atoms, a hypothesis put forward by Bohr in 
1913. Franck and Hertz received the 1925 Nobel prize in Physics for their dis- 
covery of the laws governing the impact of an electron upon an atom. 


1917: In a paper entitled ‘On the quantum theory of radiation’ [reprinted in 
Barnes (1972), Ter Haar (1967)], Einstein put forward the existence of stimu- 
lated emission and introduced the famous А and В coefficients which are now 
known as the ‘Einstein coefficients’. 


1922: Stern and Gerlach performed their famous experiment which demons- 
trated that in the presence of a strong inhomogeneous magnetic field, a beam 
of silver atoms split into two beamlets. This provided a confirmation of space 
quantization. 


1923: Compton reported his studies on the scattering of X-rays by solid mater- 
ials (mainly graphite) and showed that the shift of the wavelength of the 
scattered photon could be explained by assuming the photon having momentum 
equal to Л/А. Compton shared the 1927 Nobel prize in Physics ‘for his discovery 
of the effect named after him’. The original papers of Compton have been 
reprinted in a book by Shankland (1973). 


1924: In a paper entitled Investigations on quantum theory {reprinted in Ludwig 
(1968)], De Broglie suggested the idea of waves associated with electrons. He 
recognized that the condition for the kth orbit 


mr, = kh 
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implies 


277, =n ады n 
mU, 


i.e., the circumference of the allowed orbit contains an integral number of wave- 
lengths. He wrote “їп order to have a stable state the length of the channel 
must be in resonance with the wave’. De Broglie was awarded the 1929 Noble 
prize in Physics “Гог his discovery of the wave nature of electrons". 


1925: Pauli in his paper entitled “Оп the connection between the completion of 
electron groups in an atom with the complex structure of spectra' [reprinted in 
Ter Haar (1967)] put forward the “fourth quantum number of the electron” and 
the exclusion principle. He was awarded the 1945 Nobel prize in Physics for 
the discovery of the exclusion principle. 


1925: After studying Pauli's paper, Uhlenbeck and Goudsmit put forward the 
idea of the spinning electron. 


1925 to 1928: In 1925 Heisenberg put forward the *quantum — theoretical mecha- 
nics based exclusively on relationships between quantities observable in principle’, 
which was further developed by Born and Jordan in the same year. The com- 
mutation relation was first inroduced by Born and Jordan. Born later wrote 
“Т shall never forget the thrill I experienced when I succeeded in condensing 
Heisenberg's ideas on quantum conditions in the mysterious equation pg — qp — 
h[2ni'. Schródinger's papers came in 1926. His three famous papers under the 
same title ‘Quantization as an eigenvalue problem’ appeared in quick succes- 
sion in 1926. In between he had also published a paper with the self-explanatory 
title ‘On the relationship of the Heisenberg-Born-Jordan Quantum Mechanics to 
mine’. The original papers of Schrödinger, Heisenberg, Born and Jordan are 
reprinted in Ludwig (1968). In 1926 Born suggested that the square of the 
wavefunction-should be interpreted as the probability density of particles. In 
1927 : Heisenberg formulated his. famous uncertainty principle* and in the same 
year Born developed the quaritum mechanical theory of scattering of electrons 
by atoms and Dirac succeeded in developing the quantum theory óf radiation 
which could explain satisfactorily the phenomena of iaterference as well as the 
emission and absorption of light by matter**. In 1928 Dirac gave his relativistic 
equation which led to the prediction of the ‘positive electron’ which was later 
called the positron. In 1932, Anderson observed such a particle in cosmic radia- 
tion where they could be distinguished from electrons by the opposite curvature 
of their tracks in the presence of a magnetic field. 


*Heisenberg’s book The Physical Principles of Quantum Mechanics is a very entertaining 
book to read on the uncertainty ‘principle. 

**A very nice account of Dirac's quahtum theory of radiation has been given in a review 
Paper by Fermi (1932); of course, the classic treatise by Dirac (1958) should be a must for 
all persons trying to understand quantum mechanics, ` f 
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The 1932 Nobel prize in Physics went to Heisenberg for the creation of 
quantum mechanics. The 1933 Nobel prize in Physics was shared by Schródinger 
and Dirac for the discovery of new productive forms of atomic theory and the 
1954 Nobel prize in Physics went to Max Born for his fundamental research in 
quantum mechanics, especially for his statistical interpretation of the wavefunction. 


1927: Davisson and Germer and independently G. P. Thomson observed electron 
diffraction patterns produced by metal foils which established the existence of 
de Broglie waves. The 1937 Nobel prize in Physics was shared by Davisson and 
Thomson for their experimental discovery of the diffraction of electrons by crystals. 


1928: Gamow in Germany and Gurney and Condon in USA reported the first 
major application of quantum mechanics, namely, the barrier leakage interpre- 
tation of the natural radioactive decay of some elements emitting alpha particles. 
The theory could satisfactorily explain the fact that an alpha particle can remain 
inside a nucleus for about 10? years before it comes out. Condon in 1952 wrote: 
“I think it is fair to say that the barrier-leakage idea was the opening of the 
modern period of the application of quantum mechanics to nuclear Physics". 


1931: In order to explain the continuous beta ray spectrum, Pauli in 1931 
suggested the existence of the neutrino. 


1934: Fermi developed the famous theory of beta decay. 

Although the development of quantum mechanics continues even today, we 
felt that Fermi's beta decay theory should be an appropriate point to 'sign- 
off’ (keeping in view the scope of the present book). We conclude by mention- 
ing the following incident (quoted from May 1982 issue of Science Today): 

After attending a seminar given by one of Oppenheimer's pupils on Fermi's 

beta ray theory, Fermi remarked to Emilio Segre, "Emilio, Í ат getting rusty 

and old. I cannot follow the highbrow theory developed by Oppenheimer's 
pupils any more. I went to their seminar and was depressed by my inability to 
understand them; only the last sentence cheered me up. It was: “Апа this 


»^ 


is Fermi's theory of beta decay". 
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WERNER HEISENBERG 


The development of quantum mechanics 


Nobel Lecture, December 11, 1933 


Quantum mechanics, on which I am to speak here, arose, in its formal content, 
from the endeavour to expand Bohr’s principle of correspondence to a complete 
mathematical scheme by refining his assertions. The physically new viewpoints 
that distinguish quantum mechanics from classical physics were prepared by the 
researches of various investigators engaged in analysing the difficulties posed in 
Bohr’s theory of atomic structure and in the radiation theory of light. 

In 1900, through studying the law of black-body radiation which he had dis- 
covered, Planck had detected in optical phenomena a discontinuous phenomenon 
totally unknown to classical physics which, a few years later, was most precisely 
expressed in Einstein’s hypothesis of light quanta. The'impossibility of harmoniz- 
ing the Maxwellian theory with the pronouncedly visual concepts expressed in 
the hypothesis of light quanta subsequently compelled research workers to the 
conclusion that radiation phenomena can only be understood by largely renounc- 
ing their immediate visualization, The fact, already found by Planck and used 
by Einstein, Debye, and others, that the element of discontinuity detected in 
radiation phenomena also plays an important part in material processes, was 
expressed systematically in Bohr’s basic postulates of the quantum theory which, 
together with the Bohr-Sommerfeld quantum conditions of atomic structure, led 
to a qualitative interpretation of the chemical and optical properties of atoms. 
The acceptance of these basic postulates of the quantum theory contrasted un- 
compromisingly with the application of classical mechanics to atomic systems, 
which, however, at least in its qualitative affirmations, appeared indispensable 
for understanding the properties of atoms. This circumstance was a fresh argu- 
ment in support of the assumption that the natural phenomena in which Planck’s 
constant plays an important part can be understood only by largely foregoing a 
visual description of them. Classical physics seemed the limiting case of visualiza- 
tion of a fundamentally unvisualizable microphysics, the more accurately realiz- 
able the more Planck’s constant vanishes relative to the parameters of the system. 
This view of classical mechanics as a limiting case of quantum mechanics also 
gave rise to Bohr’s principle of correspondence which, at least in qualitative 
terms, transferred a number of conclusions formulated in classical mechanics to 
quantum mechanics. In connection with the principle of correspondence there 
was also discussion whether the quantum-mechanical laws could in principle be 
of a statistical nature; the possibility became particularly apparent in Einstein’s 
derivation of Planck's law of radiation. Finally, the analysis of the relation 
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between radiation theory and atomic theory by Bohr, Kramers and Slater result- 
ed in the following scientific situation: 

According to the. basic postulates of the quantum theory, an atomic system 
is capable of assuming discrete, stationary states, and therefore discrete energy 
values; in terms of the energy of the atom the emission and absorption of light 
by such a system occurs abruptly, in the form of impulses. On the other hand, 
the visualizable properties of the emitted radiation are described by a wave field, 
the frequency of which is associated with the difference in energy between the 
initial and final states of the atora by the relation 


E—E,-—hy 


To each stationary state of an atom corresponds a whole complex of parameters 
which specify the probability of transition from this state to another. There is 
no direct relation between the radiation classically emitted by an orbiting clec- 
tron and' those parameters defining the probability of emission; nevertheless 
Bohr's principle of correspondence enables a specific term of the Fourier expan- 
sion of the classical path to be assigned to each transition of the atom, and the 
probability for the particular transition follows qualitatively similar laws as the 
intensity of those Fourier components. Although therefore in the researches 
carried out by Rutherford, Bohr, Sommerfeld end others, the comparison of the 
atom with a planetary system of electrons leads to a qualitative interpretation of 
the optical and chemical properties of atoms, nevertheless the fundamental dis- 
similarity between the atomic spectrum and the classical spectrum ofan electron 
system imposes the need to relinquish the concept of an electron path and to 
forego a visual description of the atom. 

The experiments necessary to define the electron-path concept also furnish an 
important aid in revising it. The most obvious answer to the question, how the 
orbit of an electron in its path within the atom could be observed namely, will 
perhaps be to use a microscope of extreme resolving power. But since the speci- 
‚шеп in this microscope would have to be illuminated with light having an extre- 
mely short wavelength, the first light quantum from the light source to reach 
the electron and pass into the observer's eye would eject the electron completely 
"from: its path in accordance with the laws of the Compton effect. Consequently 
only one point of the path would be observable experimentally at any one time. 
-ic Inthisi situation, therefore, the obvious policy was to relinquish at first the 
Concept of electron paths altogether, despite its substantiation by Wilson’s ex- 

periments, and, as її were, to attempt subsequently how much of the electron- 
path;concept can be carried over into quantum mechanics. 

Tn.the classical thcory the specification of frequency, amplitude, and phase of 
all the light waves emitted by the atom would be fully equivalent to specifying 
its electron. path: Since from the amplitude and phase of an emitted wave the 
coefficients of the appropriate term in the Fourier expansion of the electron 
path сап be derived without ambiguity; (һе complete electron path therefore 
can be derived from a knowledge of ali amplitudes and phases. Similarly, in 
quantum mechanics, too, the whole complex of amplitudes and phases of the 
radiation emitted. by the atom сап be regarded asia complete description of the 
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atomic system, although its interpretation in the sense of an electron path induc- 
ing the radiation is impossible. In quantum mechanics, therefore, the place of 
the electron coordinates is taken by a complex of parameters corresponding to 
the Fourier coefficients of classical motion along a path. These, however, are no 
longer classified by the energy of state and the number of the corresponding 
harmonic vibration, but are in each case associated with two stationary states 
of the atom, and are a measure for the transition probability of the atom from 
one stationary state to another. А complex of coefficients of this {уре is compar- 
able with a matrix such as occurs in linear algebra. In exactly the same way 
each parameter of classical mechanics, e.g., the momentum or the energy of the 
electrons, can then be assigned a corresponding matrix in quantum mechanics. 
To proceed from here beyond a mere description of the empirical state of affairs 
it was necessary to associate systematically the matrices assigned to the various 
parameters in the same way as the corresponding parameters in classical mecha- 
nics are associated by equations of motions. When, in the interest of achieving 
the closest possible correspondence between classical and quantum mechanics, 
the addition and multiplication of Fourier series were tentatively taken as the 
example for the addition and multiplication of the quantum-theory complexes, 
the product of two parameters represented by matrices appeared to be most 
naturally represented by the product matrix in the sense of linear algebra—an 
assumption already suggested by the formalism of the Kramers-Ladenburg dis- 
persion theory. Ы 

It thus seemed consistent simply to adopt in quantum mechanics the equations 
of motion of classical physics, regarding them as a relation between the matrices 
representing the classical variables. The Bohr-Sommerfeld quantum conditions 
could also be re-interpreted in a relation between the matrices, and together 
with the equations of motion they were sufficient to define all matrices and hence 
the experimentally observable properties of the atom. 

Born, Jordan, and Dirac deserve the credit for expanding the mathematical 
scheme outlined above into a consistent and practically usable theory. These in- 
vestigators observed in the first place that the quantum conditions can be writ- 
ten as commutation relations between the matrices representing the momenta 
and the coordinates of the electrons, to yield the equations (p,, momentum mat- 
tices; q,, coordinate matrices); 
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Ву means of these commutation relations they were able to detect in quantum 
mechanics as well the laws which were fundamental to classical mechanics: the 
invariability in time of energy, momentum, and angular momentum. 

The mathematical scheme so derived thus ultimately bears an extensive form- 
al similarity to that of the classical theory, from which it differs outwardly b: 
the commutation relations which, moreover, enabled the equations of motion tv 
be derived from the Hamiltonian function, 
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In the physical consequences, however, there are very profound differences 
between quantum mechanics and classical mechanics which impose the need for 
a thorough discussion of the physical interpretation of quantum mechanics. As 
hitherto defined, quantum mechanics enables the radiation emitted by the atom, 
the energy values of the stationary states, and other parameters characteristic 
for the stationary states to be treated. The theory hence complies with the ex- 
perimental data contained in atomic spectra. In all those cases, however, where 
a visual description is required of a transient event, e.g., when interpreting 
Wilson photographs, the formalism of the theory does not seem to allow an ade- 
quate representation of the experimental state of affairs. At this point Schró- 
dinger's wave mechanics, meanwhile developed on the basis of de Broglie's theses, 
came to the assistance of quantum mechanics. 

In the course of the studies which Mr. Schródinger will report here himself he 
converted the determination of the energy values of an atom into an eigenvalue 
problem defined by a boundary-value problem in the coordinate space of the 
particular atomic system, After Schródinger had shown the mathematical equi- 
valence of wave mechanics, which he had discovered, with quantum mechanics, 
the fruitful combination of these two different areas of physical ideas resulted in 
an extraordinary broadening and enrichment of the formalism of the quantum 
theory. Firstly, it was only wave mechanics which made possible the mathemat- 
ical treatment of complex atomic systems, secondly, analysis of the connection 
between the two theories led to what is known as the transformation theory 
developed by Dirac and Jordan. -As it is impossible within the limits of the pre- 
sent lecture to give a detailed discussion of the mathematical structure of this 
theory, I should just like to point out its fundamental physical significance. 
Through the adoption of the physical principles of quantum mechanics into its 
expanded formalism, the transformation theory made it possible in completely 
general terms to calculate for atomic systems the probability for the occurrence 
of a particular, experimentally ascertainable, phenomenon under given experi- 
mental conditions. The hypothesis conjectured in the studies on the radiation 
theory and enunciated in precise terms in Born's collision theory, namely, that 
the wave function governs the probability for the presence of a corpuscle, ap- 
peared to be a special case of a more general pattern of laws and to be a natural 
consequence of the fundamental assumptions of quantum mechanics. Schródin- 
ger, and in later studies Jordan, Klein, and Wigner as well, had succeeded in 
developing as far as permitted by the principles of the quantum theory de 
Broglie's original concept of visualizable matter waves occurring in space and 
time, a concept formulated even before the development of quantum mechanics. 
But for that the connection between Schródinger's concepts and de Broglie's 
original thesis would certainly have seemed a looser one by this statistical inter- 
pretation’ of wave mechanics and by the greater emphasis on the fact that 
Schrédinger’s theory is concerned with waves in multidimensional space. Before 
proceeding to discuss the explicit significance of quantum mechanics it is perhaps 
right for me to deal briefly with this question as to the existence of matter waves 
in three-dimensional space, since the solution to this problem was only achieved 
by combining wave and quantum mechanics. 
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A long time before quantum mechanics was developed Pauli had inferred 
from the laws in the Periodic System of the elements the well-known principle 
that а particular quantum state can at all times be occupied by only a single 
electron. It proved possible to transfer this principle to quantum mechanics on 
the basis of what at first sight seemed a surprising result: the entire complex of 
stationary states which an atomic systém is capable of adopting breaks down 
into definite classes such that an atom in a state belonging to one class can never 
change into a state belonging to anothér class under the action of whatever per- 
turbations. As finally clarified’ beyond question by the studies of Wigner and 
Hund, such a class of states is characterized by a definite symmetry characteristic 
of the Schródinger eigenfunction with respect to the transposition of the coordi- 
nates of two electrons. Owing to the fundamental identity of electrons, any 
external perturbation of the atom remainsunc hanged when two electrons are 
exchanged and hence causes no transitions between states of various classes. 
The Pauli principle and the Fermi-Dirac statistics derived from it are equivalent 
with the assumption that only that class of stationary states is achieved in nature 
in which the eigenfunction changes its sign when two elevtrons are exchanged. 
According to Dirac, selecting the symmetrical system of terms would lead not 
to the Pauli principle, but to Bose-Einstein electron statistics. 

Between the classes of stationary states belonging to the Pauli principle or to 
Bose-Einstein statistics, and de Broglie's concept of matter waves there is a 
peculiar relation. А spatial wave phenomenon can be treated according to the 
principles of the quantum theory by analysing it using the Fourier theorem and 
then applying to the individual Fourier component of the wave motion, as a 
system having one degree of freedom, the normal laws of quantum mechanics. 
Applying this procedure for treating wave phenomena by the quantum theory, 
a procedure that has also proved fruitful in Dirac's studies of the theory of 
radiation, to de Broglie's matter waves, exactly the same results are obtained as 
in treating a whole complex of material particles according to quantum mecha» 
nics and selecting the symmetrical system of terms. Jordan and Klein hold that 
the two methods are mathematically-equivalent even if allowance is also made 
for the interaction of the electrons, i.e., if the field energy originating from the 
continuous spaco charge is included in the calculation in de Broglie's wave theory. 
Schrédinger’s considerations of the energy-momentum tensor assigned to the 
matter waves can then also be adopted in this theory as consistent components 
of the formalism, The studies of Jordan and Wigner show that modifying the 
commutation relations underlying this quantum theory of waves results in a 
formalism equivalent to that of quantum mechanics based on the assumption 
of Pauli’s exclusion principle. 

These studies have established that the comparison of an atom with a plane- 
tary system composed of nucleus and electrons is not the only visual picture of 
how we can imagine the atom. On the contrary, it is apparently no less correct 
to compare the atom with a charge cloud and use the correspondence to the 
formalism of the quantum theory borne by this concept to derive qualitative 
conclusions about the behaviour of the atom. However, it is the concern of 
wave mechanics to follow these consequences. 
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Reverting therefore to the formalism of quantum mechanics; its application 

_ to physical problems is justified partly by the original basic assumptions of the 

theory, partly by its expansion in the transformation theory on the basis of wave 

mechanics, and the question is now to expose the explicit significance of the 
theory by comparing it with classical physics. 

In classical physics the aim of research was to investigate objective process 
occurring in space and time, and to discover the laws governing their progress 
from the initial conditions. In classical physics a problem was considered solved 
when a particular phenomenon had been proved to occur objectively in space 
and time, and it had been shown to obey the general rules of classical physics 
as formulated by differential equations. The manner in which the knowledge of 
each process had been acquired, what observations may possibly have led to its 
experimental determination, was completely immaterial, and it was also immate- 
rial for the consequences of the classica! theory, which possible observations 
were to verify the predictions of the theory. In the quantum theory, however, 
thesituation is completely different. The very fact that the formalism of quantum 
mechanies cannot be interpreted as visual-description of a phenomenon occur- 
ring in space and time shows that quantum mechanics is in no way concerned 
with the objective determination of space-time phenomena. On the contrary, the 
formalism of quantum mechanics should be used in such a way that the proba- 
bility for the outcome of a further experiment may be concluded from the deter- 
mination of an experimental situation in an atomic system, providing that the 
system is subject to no perturbations other than those necessitated by perform- 
ing the two experiments. The fact that the only definite known result to be 
ascertained after the fullest possible experimental investigation of the system is 
the probability for a certain outcome of a second experiment shows, however, 
that each observation must entail a discontinuous change in the formalism des- 
cribing the atomic process and therefore also a discontinuous change in the 
physical phenomenon itself. Whereas in the classical theory the kind of observa- 
tion has no bearing on the event, in the quantum theory the disturbance associa- 
ted with each observation of the atomic phenomenon has a decisive role. Since, 
furthermore, the result of an observation as a rule leads only to assertions about 
the probability of certain results of subsequent observations, the fundamentally 
unverifiable part of each perturbation must, as shown by Bohr, be decisive for 

` the non-contradictory operation of quantum mechanics. This difference between 
classical and atomic physics is understandable, of course, since for heavy bodies 
such as the planets moving around the sun the pressure of the sunlight which 
is reflected at their surface and which is necessary for them to be observed is 
negligible: for the smallest building units of matter, however, owing to their low 
mass, every observation has a decisive effect on their physical behaviour. 

The perturbation of the system to be observed caused by the observation is also 
an important factor in determining the limits within which a visual description 
of atomic phenomena is possible. If there were experiments which permitted 
accurate measurement of all the characteristics of an atomic system necessary 
to calculate classical motion, and which, for example, supplied accurate values 
for the location and velocity of each electron in the system at a particular timc, 
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the result of these experiments could not be utilized at all in the formalism, but 
rather it would directly contradict the formalism. Again, therefore, it is clearly 
that fundamentally unverifiable part of the perturbation of the system caused by 
the measurement itself which hampers accurate ascertainment of the classical 
characteristics and thus permits quantum mechanics to be applied. Closer exa- 
mination of the formalism shows that between the accuracy with which the loca- 
tion of a particle can be ascertained and the accuracy with which its momentum 
can simultaneously be known, there is a relation according to which the pros, 
duct of the probable errors in the measurement of the location and momentum 
is invariably at least as large as Planck's constant divided by 4x. In a very 
general form, therefore, we should have 


h 
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where p and q are canonically conjugated variables. These uncertainty relations 
for the results of the measurement of classical variables form the necessary con- 
ditions for enabling the result of a measurement to be expressed in the formal- 
ism of the quantum theory. Bohr has shown in a series of examples how the 
perturbation necessarily, associated with each observation indeed ensures that 
one cannot go below the limit set by the uncertainty relations. He contends 
that in the final analysis an uncertainty introduced by the concept of measure- 
ment itself is responsible for part of that perturbation remaining fundamentally 
unknown. The experimental determipation of whatever space-time events invari- 
ably necessitates a fixed frame—say the system of coordinates in which the ob- 
server is at rest—to which all measurements are referred. The assumption that 
this frame is ( (fixed) ) implies neglecting its momentum from the outset, since 
((fixed) ) implies nothing other, of course, than that any transfer of momen- 
tum to it will evoke no perceptible effect. The fundamentally ‘necessary uncer- 
tainty at this point is then transmitted via the measuring apparatus into the 
atomic event. 

Since in connection with this situation it is tempting to consider the possibility 
of eliminating all uncertainties by amalgamating the object, the measuring ар» 
paratuses, and the observer into one quantum-mechanical system, it is import- 
ant to emphasize that the act of measurement is necessarily visualizable, since, 
of course, physics is ultimately only concerned with the systematic description 
of space-time processes. The behaviour of the observer as well as his measuring 
apparatus must therefore be discussed according to the laws of classical physics, 
as otherwise there is no further physical problem whatsoever. Within the measur- 
ing apparatus, as emphasized. by Bohr, all events in the sense of the classical 
theory will therefore be regarded as determined, this also being a necessary con- 
dition before one. can, from a result of measurements, unequivocally conclude 
what has happened. In quantum theory, too, the scheme. of. classical physics 
which, objectifies the results of observation by assuming in space and time pro- 
cesses obeying laws is thus carried through up to the point where the funda- 
mental limits are imposed by the unvisualizable character of the atomic events 
symbolized by Planck’s constant. A visual description for the atomic events is 
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possible only within certain limits of accuracy—but within these limits the laws 
of classical physics also still apply. Owing to these limits of accuracy as defined 
by the uncertainty relations, moreover, a visual picture of the atom free from 
ambiguity has not been determined. On the contrary the corpuscular and the 
wave concepts are equally serviceable as a basis for visual interpretation. 

The laws of quantum mechanics are basically statistical. Although the para- 
meters of an atomic system dre determined in their entirety by an experiment, 
the result of a future observation of the system is not generally accurately pre- 
dictable. But at any later point of time there are observations which yield accur= 
ately predictable results. For the other observations only the probability for a 
particular outcome of the experiment can be given. The degree of certainty 
which still attaches to the laws of quantum mechanics is, for example, respons- 
ible for the fact that the principles of conservation for energy and momentum 
still hold as strictly as ever. They can be checked with any desired accuracy and 
will then be valid according to the accuracy with which they are checked. The 
Statistical character of the laws of quantum mechanics, however, becomes appar- 
ent in that an accurate study of the energetic conditions renders it impossible 
to pursue at the same time a particular event in space and time. 

For the clearest analysis of the conceptual principles of quantum mechanics + 
we are indebted to Bohr who, in particular, applied the concept of complement- 
arity to interpret the validity of the quantum mechanical laws. The uncertainty 
relations alone afford an instance of how in quantum mechanics the exact 
knowledge of one variable can exclude the exact knowledge of another. This 
complementary relationship between different aspects of one and the same phy- 
sical process is indeed characteristic for the whole structure of quantum mecha- 
nics. I had just mentioned that, for example, the determination of energetic 
relations excludes the detailed description of space-time processes.’ Similarly, 
the study of the chemical properties of a molecule is complementary to the study 
of the motions of the individual electrons in the molecule, or the observation of 
interference phenomena complementary to the observation of individual light 
quanta. Finally, the areas of validity of classical and quantum mechanics can 
be marked off one from the other as follows: Classical physics represents that 
striving to learn about Nature in which essentially we seek to draw conclusions 
about objective processes from observations and so ignore the consideration of 
the influences which every observation has on the object'to be observed; classical 
physics, therefore, has its limits at the point from which the influence of the 
observation on the event can no longer be ignored. Conversely, quantum mecha- 
nics makes possible the treatment of atomic processes by partially foregoing 
their space-time description and objectification. d 

So as not to dwell on assertions in excessively abstract terms about the inter- 
pretation of quantum mechanics, I would like briefly to explain with a well- 
known example how far it is possible through the atomic theory to achieve an 
understanding of the visual processes with which we are concerned in daily life. 
The interest: of research workers has frequently been focused on the phenome- 
mon of regularly shaped crystals suddenly forming from a liquid, e.g., a supers 
satured salt solution, According to the atomic theory the forming force in this 
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process is to a certain extent the symmetry characteristic of the solution to 
Schródinger's wave equation, and to that extent crystallization is explained by 
the atomic theory. Nevertheless this process retains a statistical and—one might 
almost say—historical element which cannot be further reduced: even when the 
state of the liquid is completely known before crystallization, the shape of the 
crystal is not determined by the laws of quantum mechanics. The formation 
of regular shapes is just far more probable than that of a shapeless lump. But 
the ultimate shape owes its genesis partly to an element of chance which in prin- 
ciple cannot be analysed further. 

Before closing this report on quantum mechanics, I may perhaps be allowed 
to discuss very briefly the hopes that may be attached to the further develop- 
ment of this branch of research. It would be superfluous to mention that the 
development must be continued, based equally on the studies of de Broglie, 
Schródinger, Born, Jordan and Dirac. Here the attention of the research workers 
is primarily directed to the problem of reconciling the claims of the special rela- 
tivity theory with those of the quantum theory. The extraordinary advances 
made in this field by Dirac about which Mr. Dirac will speak here, meanwhile 
leave open‘the question whether it will be possible to satisfy the claims of the 
two theories without at the same time determining the Sommerfeld fine-structure 
constant, The attempts made hitherto to achieve a relativistic formulation of the 
quantum theory are all based on visual concepts so close to those of classical 
physics that it seems impossible to determine the fine-structure constant within 
this system of concepts. The expansion of the conceptual system under discus- 
sion here should, furthermore, be closely associated with the further develop- 
ment of the quantum theory of wave fields, and it appears to me as if this form- 
alism, notwithstanding its thorough study by a number of workers (Dirac, Pauli, 
Jordan, Klein, Wigner, Fermi) has still not been completely exhausted. Impor- 
tant pointers for the further development of quantum mechanics also emerge 
from the experiments involving the structure of the atomic nuclei. From their 
analysis by means of the Gamow theory, it would appear that between the ele- 
mentary particles of the atomic nucleus forces are at work which differ some- 
what in type from the forces determining the structure of the atomic shell; Stern’s 
experiments seem, furthermore, to indicate that the behaviour of the heavy ele- 
mentary particles cannot be represented by the formalism of Dirac's theory of 
the electron. Future research will thus have to be prepared for surprises which 
may otherwise come both from the field of experience of nuclear physics as well 
as from that of cosmic radiation. But however the development proceeds in 
detail, the path so far traced by the quantum theory indicates that an understand- 
ing of those still unclarified features of atomic physics can only be acquired by 
foregoing visualization and objectification to an extent greater than that custom- 
ary hitherto. We have probably no reason to regret this, because the thought 
of the great epistemological difficulties with which the visual atom concept of 
earlier physics had to contend gives us the hope that the abstracter atomic physics 
developing at present will one day fit more harmoniously into the great edifice 
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The fundamental idea of wave mechanics 


Nobel Lecture, December 12, 1933 


On passing through an optical instrument, such asa telescope or a camera lens, 
a ray of light 18 subjected to a change in direction at each refracting or reflect- 
ing surface. ‘The path of the rays can be constructed if we know the two simple 
laws which govern the changes in direction: the law of refraction which was 
discovered by Sneilius a few hundred years ago, and the law of reflection with 
which Archimedes was familiar more than 2,000 years ago. As a simple example, 
Fig. 1 shows a ray A-B which is subjected to refraction at each of the four 
boundary surfaces of two lenses in accordance with the Jaw of Snellius. 


Fig. 1. 


Fermat defined the total path of a ray of light from a much morc general 
point of view. In different media, light propagates with different velocities, and 
the radiation path gives the appearance as if the light must arrive at its destina- 
tion as quickly as possible. (Incidentally; it is permissible here to consider any 
two points along the ray as the starting- and end-points.) The least deviation 
from the path actually taken would mean a delay. This is the famous Fermat 
principle of the shortest light time, which in a marvellous manner determines the 
entire fate of a ray of light by a single statement and aiso includes the more 
general case, when the nature of the medium varies not suddenly at individual 
surface, but gradually from place to place. The atmosphere ofthe earth provides 
an example, The more deeply.a ray of light penetrates into it from outside, the 
more slowly it progresses in an increasingly denser air. Although the differences 
in the speed of propagation are infinitesimal, Fermat's principle in the circums- 
tances demands that the light ray should curve earthward (see Fig. 2), so that 
it remains a little longer in the higher ( (faster) ) layers and reaches its desti- 
nation more quickly than by the shorter straight path (broken line in the figure; 
disregard the square, WWW'W? for the time being). I think, hardly any of you 
will have failed to observe that the sun when it is deep on the horizon appears 
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to be not circular but flattened: its vertical diameter looks to be shortened. 
This is a result of the curvature of the rays. 
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Fig. 2. 


According to the wave theory of light, the light rays, strictly speaking, have 
only fictitious significance. They are not the physical paths of some particles of 
light, but are a mathematical device, the so-called orthogonal trajectories of 
wave surfaces, imaginary guidelines as it were, which point in the direction nor- 
mal to the wave surface in which the latter advances (cf. Fig. 3 which shows the 
simplest case of concentric spherical wave surfaces and accordingly rectilinear 
rays, whereas Fig. 4 illustrates the case of eurved rays). It is surprising that а 
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Fig. 3. Vig. 4. 


general principle as important as Fermat’s relates directly to these mathematical 
guidelines, and not to tlie wave surfaces, and one might be inclined for this 
reason to consider it a mere mathematical curiosity. Far from it, it becomes 
properly understandable only from the point of view of wave theory and ceases 
to be a divine miracle. From the wave point Of view; the so-called curvature of 
the light ray is far more readily understandable as a swerving of the wave sur- 
face, which must obviously occur when neighbouring parts of a wave surface 
advance at different speeds; in exactly the same manner as a company of soldiers 
marching forward will carry out the order (right incline) ) by the men taking 
steps of varying lengths, the right-wing man the smallest, and the left-wing man 
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the longest. In atmospheric refraction of radiation for example (Fig. 2) the sec- 
tion of wave surface WW must necessarily swerve to the right towards W1Wt 
because its left half is located in slightly higher, thinner air and thus advances 
more rapidly than the right part at lower point. (In passing, I wish to refer to one 
point at which the Snellius’ view fails. A horizontally emitted light ray should 
remain horizontal because the refraction index does not vary in the horizontal 
direction. In truth, a horizontal тау curves more strongly than any other, which. 
is an obvious consequence of the theory of a swerving wave front.) On detailed 
examination the Fermat principle is found to be completely tantamount to the 
trivial and obvious statement that—given local distribution of light velocities— 
the wave front must swerve in the manner indicated. I cannot prove this here, 
but shall attempt to make it plausible. I would again ask you to visualize a rank 
of soldiers marching forward. To ensure that the line remains dressed, let the 
men be connected by a long rod which each holds firmly in his hand. No orders 
as to direction are given: the only order is: let each man march or run as fast 
as he can. If the nature of the ground varies slowly from place to place, it will 
be now the right wing, now the left that advances more quickly, and changes 
in direction will occur Spontancously. After some time has elapsed, it will be 
seen that the entire path travelled is not rectilinear, but somehow curved. That 
this curved path is exactly that by which the destination attained at any mom- 
ent could be attained most rapidly according to the nature of the terrain, is at 
least quite plausible, since each of the men did his best. It will also be seen that 
the swerving also occurs invariably in the direction in which the terrain is worse 
So that it will come to look in the end as if the men had ( (intentionally) ) by- 
passed a place where they would advance slowly. 

The Fermat principle thus appears to be the trivial quintessence of the wave 
theory. It was therefore a memorable occasion when Hamilton made the dis- 
covery that the true movement of mass points in a field of forces (e.g., of a 
planet on its orbit around the sun or of a stone thrown in the gravitational field 
of the earth) is also governed by a very similar general principle, which carries 
and has made famous the name of its discoverer since then, Admittedly, the 
Hamilton principle does not say exactly that the mass point chooses the quic- 
kest way, but it does say something so similar—the analogy with the principle 
of the shortest travelling time of light is so close, that one was faced with a 
puzzle. It seemed as if Nature had tealized one and the same law twice by 
entirely different means: first in the case of light, by means of a fairly obvious play 
of rays; and again in the case of the mass points, which was anything but obvi- 
ous, unless somehow wave nature were to be attributed to them also. And this, 
it seemed impossible to do. Because the ( (mass points) )on which the laws of 
mechanics had really been confirmed experimentally at that time were only the 
large, visible, sometimes very large bodies, the planets, for which a thing like 
wave nature) ) appeared to be out of the question. 

The smallest, elementary components of matter which we today, much more 
specifically, call ( (mass points) >, were purely hypothetical at the time. It was 
only after the discovery of radioactivity that constant refinements of methods 
of measurement permitted the Properties of these particles to be studied in 
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detail, and now permit the paths of such particles to be photographed and to Ье. 
measured very exactly (stereophotogrammetrically) by the brilliant method of 
C.T.R. Wilson. As far as the measurements extend they confirm that the same 
mechanical laws are valid for particles as for large bodies, planets, etc. How- 
ever, it was found that neither the molecule nor the individual atom can be 
considered as the ( (ultimate components) ): but even the atom is a system of 
highly complex structure. Images are formed in our minds of the structure of 
atoms consisting of particles, images which seem to have a certain similarity with 
the planetary system, It was only natural that the attempt should at first be 
made to consider as valid the same laws of motion that had proved themselves 
so amazingly satisfactory on a large scale. In other words, Hamilton’s mecha- 
nics, which, as I said above, culminates in the Hamilton principle, were applied 
also to the ( (inner life) ) of the atom. That there is a very close analogy bet- 
ween Hamilton’s principle and Fermat's optical principle had meanwhile become 
all but forgotten. If it was remembered, it was considered to be nothing more 
than a curious trait of. the mathematical theory. 

Now, iit is very difficult, without further going into details, to convey a pro- 
per conception of the succéss or failure of these classical-mechanical images of 
the atom. On the one hand Hamilton's principle in particular proved to be the 
most faithful and reliable guide, which was simply indispensable; on the other 
hand one had to suffer, to do justice to the facts, the rough interference of 
entirely new incomprehensible postulates, of the so-called quantum conditions 
20d quantum postulates. Strident-disharmony in the symphony of classical 
mechanics--yet strangely familiar— played as it were on the same instrument. In 
mathematical terms we can formulate this as follows: whereas the Hamilton 
principle merely postulates that a given integral must be a minimum, without 
the numerical value of the minimum being established by this postulate, it is 
now demanded thát thé numerical value of the minimum should be restricted to 
integral multiples of a universal natural constant, Planck's quantum of action. 
This incidentally. The situation was fairly desperate. Had the old mechanics 
failed completely, it would not have been so bad. The way would then have been 
free to the development of a new system of mechanics. As it was, one was faced 
with the difficult task of saving the soul of the old system, whose inspiration 
clearly held sway in this microcosm, while at the same time flattering it as it 
were into accepting the quantum conditions not as gross interference but as 
issuing from its own innermost essence. 

The way out lay just in the possibility, already indicated above, of attributing 
to the Hamilton principle, also, the operation of wave mechanism on which the 
point-mechanical processes are essentially based, just as one had long become 
accustomed to doing in the case of phenomena relating to light and ‘of the 
Fermat principle which governs them. Admittedly, the individual path of a mass 
point loses its proper physical significance and becomes as fictitious as the indivi- 
dual isolated ray of light. The essence of the theory, the minimum principle, 
however, remains not only intact, but reveals its true and simple meaning only 
under the wave-like aspect, as already explained. Strictly speaking, the new 
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theory is in fact not new, it is a completely organic devélopment, one might almost 
be tempted to say a more elaborate exposition, of the old theory. 

How was it then that this new more ( (elaborate) ) exposition led to notably 
different result; what enabled it, when applied to the atom, to obviate difficulties 
which the old theory could not solve? What enabled it to render gross inter- 
ference acceptable or even to make it its.own? 

Again, these matters can best be illustrated by analogy with optics. Quite 
properly, indeed I previously called the Fermat principle the quintessence of the 
wave theory of light: nevertheless, it cannot render dispensible a more exact 
study of the wave process itself. The so-called refraction and interference pheno- 
mena of light can only be understood if we trace the wave process in detail be- 
cause what matters is not only the eventual destination of the wave, but also 
whether at a given moment it arrives there with a wave peak or a wave trough. 
In the older, coarser experimental arrangements, these phenomena occurred as 
smal! details only and escaped observation. Once they were noticed and were 
interpreted correctly, by means of waves, it was easy to devise experiments in 
which the wave nature of light finds expression not only in small details, but on 
a very large scale in the entire character of the phenomena. 

Allow me to illustrate this by two examples, first, the example of an optical 
instrument, such as telescope, microscope, etc. The object is to obtain a sharp 
image, i.e., it i$ desired that all rays issuing from a point should be reunited in 
& point, the so-called focus (cf. Fig. 5a). It was at first believed that it was only 
geometrical-optical difficulties which prevented this: they are indeed considerable. 
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Fig. 5. 
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Later it was found that even in the best designed instruments focussing of the 
rays was considerabiy inferior than would be expected if each ray exactly obeyed 
the Fermat principle independently of the neighbouring rays. The light which 
issues from a point end is received by the instrument is reunited behind the ins- 
trument not in a single point any more, but is distributed over a small circular 
area, a so-called diffraction disc, which, otherwise, is in most cases a circle only 
because the apertures and lens contours and generally circular. For, the cause 
of the phenomenon which we call diffraction is that not all the spherical waves 
issuing from the object point can be accommodated by the instrument. The lens 
edges and any apertures merely cut a part: of the wave surfaces (cf. Fig. 5b) 
and—if you will permit me to use a more suggestive expression—the injured 
margins resist rigid unification in a point and produce the somewhat blurred or 
vague image. The degree of blurring is closely associated with the wavelength 
of the light and is completely inevitable because of this deep-seated theoretical 
relationship. Hardly noticed at first, it governs and restricts the performance of 
the modern microscope which has mastered all other errors of reproduction. 
The images obtained of structures not much coarser or even still finer than the 
wavelengths of light are only remotely or not at all similar to the original. 

A second, even simple example, is the shadow of an opaque object cast on a 
screen by a small point light source. In order to construct the shape of the 
shadow, each light ray must be traced and it must be established whether or not 
the opaque object prevents it from reaching the screen. The margin of the 
shadow is formed by those light rays which only just brush past the edge of the 
body. Experience has shown that the shadow margin is not absolutely sharp 
even with a point-shaped light source and a sharply defined shadow-casting 
Object. The reason for this is the same as in the first example. The wave front is 
as it were bisected by the body (cf. Fig. 6) and the traces of this injury result in 
blurring of the margin of the shadow which would be incomprehensible if the 
individual light rays were independent entities advancing independently of one 
another without reference to their neighbours. 

This phenomenon—which is also called diffraction—is not as a rule very 
noticeable with large bodies. But if the shadow-casting body is very small at least 
in one dimension, diffraction finds expression firstly in that no proper shadow is 
formed at ail, and secondly—much more strikingly—in that the small body itself 
becomes as it were its own source of light and radiates light in all directions 
(preferentially to be sure, at small angles relative to the incident light). All of 
you are undoubtedly familiar with the so-called ( (motes of dust )) in a light 
beam falling into a dark room. Fine blades of grass and spiders webs on the 
crest of a hill with the sun behind it, or the errant locks of hair of a man stand- 
ing with the sun behind often light up mysteriously by diffracted light, and the 
visibility of smoke and mist is based on it. It comes not really from the body 
itself, but from its immediate surroundings, an area in which it causes consider- 
able interference with the incident wave fronts. It is interesting and important 
for what follows, to observe that the area of interference always and in every 
direction has at least the extent of one or a few wave lengths, no matter how 
small the disturbing particle may be. Once again, therefore, we observe a close 
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Fig. 6 
relationship between the phenomenon of diffraction and wavelength. This is per- 
haps best illustrated by reference to another wave process, i.e., sound. Because 
of the much greater wavelength, which is of the order of centimeters and meters, 
shadow formation recedes in the case of sound, and diffraction plays a major, 
and practically important, part: we can easily hear a man calling.from behind a 
high wall or around the corner of a solid house, even if we cannot see him. 

Let us return from optics to mechanics and explore the analogy to its fullest 
extent. In optics the old system of mechanics corresponds to intellectually oper- 
ating with isolated mutually independent light rays. The new undulatory mecha- 
nics corresponds to the wave theory of light. What is gained by changing from 
the old view to the new is that the diffraction phenomena can be accommodated 
or, better expressed, what is gained is something that is strictly analogous to the 
diffraction phenomena of light and which on the whole must be very unimport- 
ant, otherwise the old view of mechanics would not have given full satisfaction 
solong. It is, however, easy to surmise that the neglected phonomenon may in 
some circumstances make itself very much felt, will entirely dominate the mecha- 
nical process and will face the old system with insoluble riddles, if the entire 
mechanical system is comparable in extent with the wavelengths of the ( (waves 
of matter) ) which play the same part in mechanical processes as that played by 
the light waves in optical processes. 

This is the reason why in these minute systems, the atoms, the old view was 
bound to fail, which though remaining intact as a close approximation for gross 
mechanical processes, but is no longer adequate for the delicate interplay in 
areas of the order of magnitude of one or a few wavelengths. It was astound- 
ing to observe the manner in which all those strange additional requirements 
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developed spontaneously from the new undulatory view, whereas they had to 
be forced upon the old view to adapt them to the inner life.of the atom and to 
provide some explanation of the observed facts. 

Thus, the salient point of the whole matter is that the diameters of the atoms 
and the wavelength of the hypothetical material waves are of. approximately the 
same order of magnitude. And now you are bound to ask whether it must be 
considered mere chance that in our continued analysis of the structure of matter 
we should come upon the order of magnitude of the wavelength at this of all 
points, or whether this is to some extent comprehensible. Further, you may ask, 
how we know that this is so, since the material waves are an entirely new require- 
ment of this theory, unknown anywhere else. Or is it simply that this is an 
assumption which had to be made? 

The agreement between the orders of magnitude is no mere chance, nor is any 
special assumption about it necessary: it follows automatically from the theory 
in the following remarkable manner. That the heavy nucleus of the atom is very 
much smaller than the atom and may therefore be considered as a point centre 
of attraction in the argument which follows may be considered as experiment- 
ally established by the experiments on the scattering of alpha rays done by 
Rutherford and Chadwick. Instead of the electrons we introduce hypothetical 
waves, whose wavelengths are left entirely open, because we know nothing about 
them yet. This leaves a letter, say a, indicating а still unknown figure, in our 
calculation. We are, however, used to this-in such calculations and it does not 
prevent us from calculating that the nucleus of the atom must produce a kind of 
diffraction phenomenon in these waves, similarly as a minute dust particle does 
in light waves, Analogously, it follows that there is a close relationship between 
the extent of the area of interference with which the nucleus surrounds itself and 
the wavelength, and that the two are of the same order of magnitude. What this 
is, we have had to leave open; but the most important step now follows: we identify 
the area of interference, the diffraction halo, with the atom; we assert that the atom 
in reality is merely the diffraction phenomenon of an electron wave captured as it 
were by the nucleus of the atom. lt is no longer a matter of chance that the size 
of the atom and the wavelength are of the same order of magnitude: it is a 
matter of course. We know the numerical value of neither, because we still have 
in our calculation the orte unknown constant, which we called a. There are two 
possible ways of determining it, which provide a mutual check on one another. 
First, we can so select it that the manifestations of life of the atom, above all 
the spectrum lines emitted, come out correctly quantitatively; these can after all 
be measured very accurately. Secondly, we can select a in a manner such that 
‘the diffraction halo acquires the size required for the atom. These two determi- 
nations of a (of which the second is admittedly far more imprecise because 
((size of the atom) ) is no clearly defined term) are їп complete agreement with i 
one another. Thirdly, and lastly, we can remark that the constant remaining 
unknown, physically speaking, does not in fact have the dimension of a length, 
but of an action, i.e., energy x time. It is then an obvious step to substitute for 
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it the numerical value of Planck's universal quantum of action, which is accurate- 
ly known from the laws of heat radiation. It will be seen that we return, with 
the full, now considerable accuracy, to the first (most accurate) determination. 
Quantitatively speaking, the theory therefore manages with a minimum of 
new assumptions. It contains a single available constant, to which a numerical 
value familiar from the older quantum theory must be given, first to attribute to 
the diffraction halos the right size so that they can be reasonably identified with 
the atoms, and secondly, to evaluate quantitatively and correctly all the mani- 
festations of life of the atom, the light radiated by it, the ionization energy, etc. 
I have tried to place before you the fundamental idea of the wave theory of 
matter in the simplest possible form. I must admit now that in my desire not to 
tangle the ideas from the very beginning, I have painted the lily. Not as regards 
the high degree to which all sufficiently, carefully drawn conclusions are confirmed 
by experience, but with regard to the conceptual ease and simplicity with which 
the conclusions are reached. I am not speaking here of the mathematical diffi- 
culties, which always turn out to be trivial in the end, but of the conceptual 
difficulties. Tt is, of course, easy to say that we turn from the concept of a curved 
path to a system of wave surfaces normal to it. The wave surfaces, however, 
even if we consider only small parts of them (see Fig. 7) include at least a nar- 
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This would not matter much, if the old system were to be dropped entirely and 
to be replaced by the new. Unfortunately, this is not the case. From the point 
of view of wave mechanics, the infinite array of possible point paths would be 
merely fictitious, none of them would have the prerogative over the others of 
being that really travelled in an individual case. I have, however, already men- 
tioned that we have yet really observed such individual particle paths in some 
cases. The wave theory can represent this, either not at all or only very imper- 
fectly. We find it confoundedly difficult to interpret the traces we see as nothing 
more than narrow bundles of equally possible paths between which the wave 
surfaces establish cross-connections. Yet, these cross-connections are necessary 
for an understanding of the diffraction and interference phenomena which can 
be demonstrated for the same particle with the same plausibility—and that on a 
large scale, not just as a consequence of the theoretical ideas about the interior 
of the atom which we mentioned earlier. Conditions are admittedly such that we 
can always manage to make do in each concrete individual case without the two 
different aspects leading to different expectations as to the result of certain 
experiments. We cannot, however, manage to make do with such old, familiar, 
and seemingly indispensible terms as ( (real) ) or ((only possible) ); we are 
never in a position to say what really is or what really happens, but we can only 
say what will be observed in an any concrete individual case. Will we have to be 
permanently satisfied with this...? On principle, yes. On principle, there is 
nothing new in the postulate that in the end exact science should aim at nothing 
more than the description of what can really be observed. The question is only 
whether from now on we shall have to refrain from tying description to a clear 
hypothesis about the real nature of the world. There are many who wish to pro- 
nounce such abdication even today. But I believe that this means making things 
a little too easy for oneself. 

I would define the present state of our knowledge as follows. The ray or the 
particle path corresponds to a longitudinal relationship of the propagation pro- 
cess (i.e., in the direction of propagation), the wave surface on the other hand to 
a transversal relationship (i.e., normal to it). Both relationships are without doubt 
real: one is proved by photographed particle paths, the other by interference 
experiments. To combine both in a uniform system has proved impossible so 
far. Only in extreme cases does either the transversal, shell-shaped or the radial, 
longitudinal relationship predominate to such an extent that we think we can 
make do with the wave theory alone or with the particle theory alone. 
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Theory of electrons and positrons 


Nobel Lecture, December 12, 1933 


Matter has been found by experimental physicists to be made up of small parti- 
cles of various kinds, the particles of each kind being all exactly alike. Some of 
these kinds have definitely been shown to be composite, that is, to be composed 
of other particles of a simpler nature. But there are other kinds which have not 
been shown to be composite and which one expects will never be shown to be 
composite, so that one considers them as elementary and fundamental, 

From general philosophical grounds one would at first sight like to have as 
few kinds of elementary particles as possible, say only one kind, or at most two, 
and to have all matter built up of these elementary kinds. It appears from the 
experimental results, though, that there must be more than this. In fact the 
number of kinds of elementary particle has shown a rather alarming tendency 
to increase during recent years. 

The situation is perhaps not so bad, though, because on closer investigation 
it appears that the distinction between elementary and composite particles can- 
not be made rigorous. To get an interpretation of some modern experimental 
results one must suppose that particles can be created and annihilated. Thus if 
a particle is observed to come out from another particle, one can no longer be 
sure that the latter is composite. The former may have been created. The dis- 
Vaction between elementary particles and composite particles now becomes а 
matter of convenience. This reason alone is sufficient to compel one to give up 
the attractive philosophical idea that all matter is made up of one kind, or per- 
haps two kinds of bricks. 

I should like here to discuss the simpler kinds of particles and to consider 
what сап be inferred about them from purely theoretical arguments. The simpler 
kinds of particle are: 


(i) the photons or light-quanta, of which light is composed; 

(ii) the electrons, and the recently discovered positrons (which appear to be a 
sort of mirror image of the electrons, differing from them only in the sign 
of their electric charge); 

(iii) the heavier particles—protons and neutrons. 


Of these, I shall deal almost entirely with the electrons and the positrons—not 
because they are the most interesting ones, but because in their case the theory 
has been developed further. There is, in fact, hardly anything that can be in- 
ferred theoretically about the properties of the others. The photons, on the one 
hand, are so simple that tkey can easily be fitted into any theoretical scheme and 
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the theory therefofe does not put any féstrictions on their properties. ‘The pro- 
tons and neutrons, on the other hand, seem to be too complicated and no reli- 
able basis for a theory of them has yet been discovered. 

The question that we must first consider is how theory can give any informa- 
tion at all about the properties of elementary particles. There exists at the pre- 
sent time a general quantum mechanics which can be used to describe the motion 
of any Kind of particle, no matter what its properties are. The general quantum 
mechanics, however, is valid only when the particles have small velocities and 
fails for velocities comparable with the velocity of light, when effects of relativ- 
ity come in. There exists no relativistic quantum mechanics (that is, one valid: 
for large velocities) which can be applied to particles with arbitrary properties. 
Thus when one subjects quantum mechanics to relativistic requirements, one 
imposes restrictions on the properties of the particle. In this way one can deduce 
information about the particles from purely theoretical considerations, based 
on general physical principles. 

This procedure is successful in the case of electrons and positrons. It is to be 
hoped that in the future some such procedure will be found for the case of the 
other particles. I should like here to outline the method for electrons and posit- 

, Tons, showing how one can deduce the spin properties of the electron, and then 
how one can infer the existence of positrons with similar spin properties and 
with the possibility of being annihilated in collisions with electrons. 

We begin with the equation connecting the kinetic energy W and momentum 
Pr, (r = 1, 2, 3), of a particle in relativistic classical mechanics 
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From this we can get a wave equation of quantum mechanics, by letting the left- 
hand side operate on the wave function ¥ and understanding W and p, to be 
the operators iha/atand —ihg/àx,. With this understanding, the wave equation 
reads 


2 - p- те ]v-o (2) 


Now it is a general requirement of quantum mechanics that its wave equations 
shall be linear in the operator W or д/д4, so this equation will not do. We 
must replace it by some equation linear in W, and in order that this equation 
may have relativistic invariance it must also be linear in the p’s. 

We are thus led to consider an equation of the type 
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and also the a's commute with the p's and W. These special properties for the 
*'s make Eq. (3) to a certain extent equivalent to Eq. (2), since if we then multi- 
ply (3) on the left-hand side by Wle + arp, + «ome we get exactly (2). 

The new variables «, which we have to introduce to get a relativistic wave 
equation linear in W, give rise to the spin of the electron. From the general prin- 
ciples of quantum mechanics one can easily deduce that these variables « give 
the electron a spin angular momentum of half a quantum and a magnetic 
moment of one Bohr magneton in the-reverse direction to the angular momen- 
tum. These results are in agreement with experiment. They were, in fact, first 
obtained from the experimental evidence provided by spectroscopy and afterwards 
confirmed by the theory. 

The variables « also give rise to some rather unexpected phenomena concern- 
ing the motion ofthe electron. These have been fully worked out by Schrödinger. 
It is found that an electron which seems to us to be moving slowly, must actually 
have a very high frequency oscillatory motion of small amplitude superposed on 
the regular motion which appears to us. As a result of this oscillatory motion, 
the velocity of the electron at any time equals the velocity of light. This is a pre- 
diction which cannot be directly verified by experiment, since the frequency of 
the oscillatory motion is so high and its amplitude is so small. But one must 
believe in this consequence of the theory, since other consequences of the theory 
which are inseparably bound up with this one, such as the law of scattering of 
light by an electron, are confirmed by experiment. 

There is one other feature of these equations which I should now like to discuss, 
a feature which led to the prediction of the Positron, If one looks at Eq. (1), one 
sees that it allows the kinetic energy W to be either a positive quantity greater 
than mc? or a negative quantity less than — тс?. This result is preserved when 
one passes over to the quantum equation (2) or (3). These quantum equations 
аге such that, when interpreted according to the general scheme of quantum 
dynamics, they allow us the possible results of a measurement of W either some- 
thing greater than mc* or something less than —mc?, 

Now in practice the kinetic energy of a particle is always positive. We thus 
see that our equations allow of two kinds of motion for an electron, only one 
of which corresponds to what we are familiar with. The other corresponds to 
electrons with a very peculiar motion such that the faster they move, the less 
energy they have, and one must put energy into them to bring them to rest. 

One would thus be inclined to introduce, as a new assumption of the theory, 
that only one of the two kinds of motion occurs in Practice. But this gives rise 
to a difficulty, since we find from the theory that if we disturb the electron, we 
may cause a transition from a positive-energy state of motion to a negative- 
energy one, so that, even if we suppose all the electrons in the world to be start- 
ed off in positive-energy states, after a time some of them would be in negative- 
energy states. 

Thus in allowing negative-energy states, the theory gives something which ap- 
pears not.to correspond to anything known experimentally, but which we cannot 
Simply reject by a new assumption. We must find some meaning for these states 

Ап examination of the behaviour of these states in an electromagnetic field 
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shows that they correspond to the motion of an electron with a positive charge 
instead of the usual negative one—what the experimentors now call a positron. 
One might, therefore, be inclined to assume that electrons in negative-energy 
states are just positrons, but this will not do, because the observed positrons 
certainly do not have negative-energies. We can, however, establish a connec- 
tion between electrons in negative-energy states and positrons, in a rather more 
indirect way. 

We make use of the exclusion principle of Pauli, according to which there can 

‚ be only one electron in any state of motion. We now make the assumptions that 
in the world as we know it, nearly all the states of negative energy for the elec- 
trons are occupied, with just one electron in each state, and that a uniform filling 
of all the negative-energy states is completely unobservable to us. Further, arty 
unoccupied negative-energy state, being a departure from uniformity, is observable 
and is just a positron. 

An unoccupied negative-energy state, or hole, as we may-call it for brevity, 
will have a positive energy, since it is a place where there is a shortage of nega- 
tive energy. A hole is, in fact, just like an ordinary particle, and its identifica- 
tion with the positron seems the most reasonable way of getting over the diffi- 
culty of the appearance of negative energies in our equations. On this view the 
positron is just a mirror-image of the electron, having exactly the same mass 
and opposite charge. This has already been roughly confirmed by experiment. 
The positron should also have similar spin properties to the electron, but this 
has not yet been confirmed by experiment. 

From our theoretical picture, we should expect an ordinary electron, with 
positive energy, to be able to drop into a hole and fill up this hole, the energy 
being liberated in the form of electromagnetic radiation. This would mean a 
process in which an electron and a positron annihilate one another. The con- 
verse process, namely the creation of an electron and a positron from electro- 
magnetic radiation, should also be able to take place. Such processes appear to 
have been found experimentally, and are at present being more closely investi- 
gated by experimenters. 

The theory of electrons and positrons which I have just outlined is а self- 
consistent theory which fits the experimental facts so far as is yet known, One 
would like to have an equally satisfactory theory for protons. One might per- 
haps think that the same theory could be applied to protons. This would require 
the possibility of existence of negatively charged protons forming a mirror- 
image of the usual positively charged ones. There is, however, some recent 
experimental evidence obtained by Stern about the spin magnetic moment of the 
proton, which conflicts with this theory for the proton. As the proton is so much 
heavier than the electron, it is quite likely that it requires some more complicated 
theory, though one cannot at the present time say what this theory is. 

In any case I think it is probable that negative protons can exist, since as far 
as the theory is yet definite, there is a complete and perfect symmetry between 
positive and negative electric charge, and if this symmetry is really fundamental 
in nature, it must be possible to reverse the charge on any kind of particle. The 
negative protons would of course be much harder to produce experimentally, 
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since a much larger energy would be required, corresponding to the larger mass. 

If we accept thé view of complete symmetry between positive and negative 
electric charge so far as concerns the fundamental laws of Nature, we must 
regard it rather as an accident that the Earth (and presumably the whole solar 
system), contains a preponderance of negative electrons and positive protons. 
It is quite possible that for some of the stars it is the other way about, these 
stars being built up mainly of positrons and negative protons. In fact, there may 
be half the stars of cach kind. The two kinds of stars would both show exactly 
the same spectra, and there would be no way of distinguishing them by present’ 
astronomical methods. 


CHAPTER ONE 
Origin of Quantum Theory 


1.1 Failure of Classical Ideas 


Quantum theory originated with the attempt to account for. the observed fea- 
tures of black body radiation (also called cavity radiation). Figure 1.1 shows the 
spectral distribution of black body radiation; usdvis the energy per unit volume 
of radiation within the frequency interval v to v + dv. У 
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Fig. 1.1 Spectral distribution of blackbody radiation. 


stablished by Kirchhoff, from very general thermodynamic 

is distributi i f the nature of the radiators, 

that this distribution was independent o 

Spice ‘of the walls, and depended only on the temperature T. Planck, 

*herefore, started with the simple assumption that the radiators, say the walls, 
, 


It had long been e 


26 QUANTUM MECHANICS 


are simple harmonic oscillators. If, as classical physics predicted, from the law 
of equipartition of energy*, the average energy of the oscillators is KT (k is the 
Boltzmann constant) then the energy density is given by the Rayleigh-Jeans for- 
mula 


w = Sar (1) 


It can be seen that this formula predicts that и, should keep on increasing with 
v, in disagreement with the observed distribution shown in Fig. 1.1. A deriva- 
tion of Eq. (1) is given in Appendix A. 


1.2 Planck's Law of Radiation 


Planck recalculated the average energy of the oscillators, introducing a drastic 
assumption that the oscillators can only assume discrete energies hv, 2hy, ..., 
etc,,** where й is a constant (now called Planck's constant) having a value of 
6.625 x 107?" erg-sec. 

In a system of such oscillators at temperature T, the number of oscillators of. 
energy п/у will be given by the Boltzmann factor (see, e.g., Tolman, 1938) 


Na = A exp (= T) (2) 


De (3) 


The suramation can be easily carried out; the result is (see Appendix B) 


ee hy 
б "exp ET) — 1 (4) 
Replacing KT in Eq. (1) by this value of F, we obtain the Planck's formula 
8ллуз 1 
w= epUskT) — 1 6) 


which is in excellent agreement with experimental results. It should be men- 
tioned that the above derivation is based on the fact that the radiation oscilla- 
tors can only assume discrete energies йу, 2h», . . . , €tc.; how do we reconcile 


*See, for example, Saha and Srivastava ( 1965), Rief (1965), etc. 

**The original arguments of Planck led him to modify the relation between the entropy of 
oscillators and internal energy in such a way as to reproduce the experimental results. The 
implication of the result was appreciated by Planck and he soon produced other derivations 
explicitly emphasizing discrete energies. 
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this with experiments on oscillators like a simple pendulum which seem to take 
continuous energy values? The answer is that the Planck's constant has such a 
small value that for any ‘macroscopic system’ the energy Av is extremely small 

‚ and it is usually very difficult to measure such a small quantum of energy. For 
example, for a classical oscillator with у ~ 1 sec, Av is ~6.6 x 10721 ergs 
which is an extremely small quantity and for all practical purposes we may 
assume the energy to take continuous values. This is indeed an example of 
Bohr's correspondence principle according to which the results obtained from 
quantum theory must go over to the classical results when large number of 
quanta are involved. It should be pointed out that for light waves v ~ 1025 sect 
and hy = 6.6 x 107? erg = 4 eV which is a measurable quantity. 


1.3 The Photoelectric Effect 


The full impact of Planck's hypothesis was not really apparent until Einstein 
extended it to explain the experiments on photoelectric effect. These experi- 
ments showed that electrons are emitted from certain metal surfaces when they 
are irradiated with ultraviolet light. At first sight it appears that since electro- 
magnetic waves carry energy, the wave model for light should be able to explain 
the emission of photoelectrons from a metal surface. However, there are certain 
peculiarities associated with photoelectric effect which cannot be satisfactorily 
explained by means of a wave model. The first peculiarity is the fact that the 
maximum kinetic energy of the electrons does not depend on the intensity of the 
incident radiation, it only depends on its frequency. Secondly, a greater inten- 
sity of the incident light leads to a larger number of electrons. Thus a faint violet 
light would eject electrons of greater kinetic energy than an intense yellow light 
although the latter would produce a larger number of electrons; a wave model 
would, however, predict that a large intensity of the incident radiation would 
result in a greater kinetic energy of the emitted electrons. 

Einstein provided a simple explanation of this behaviour. He argued that 
light consisted of quanta of energy hy (where v is the frequency) and that the 
emission of a photoelectron was the result of the interaction of a single quantum 
(or photon) with an electron. Indeed the observed maximum kinetic energy of 
the photoelectrons is linearly related to the frequency of the incident radiation 


and one may write 
Тшах = Be ЫШ а (6) 


Where В (= hy,) is a constant characteristic of the metal. The frequency v, is 
known as the cutoff frequency and forv < vo no photoelectrons will be emitted. 
For example, for sodium metal v, = 4.4 x 10! sec. The validity of Eq. (6) 
was established in a series of beautiful experiments by Millikan who also made 


the first direct determination of the Planck's constant h. І 

In making this transition from Planck's quantized oscillators to quanta of 
radiation, Einstein had made a very important conceptual transition, namely, 
he introduced the idea of corpuscular behaviour of radiation. Although Newton 
had described light as a stream of particles, this view had been completely 
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superseded by the wave picture of light, a picture that culminated in the electro- 
magnetic theory of Maxwell. The revival of the particle picture now posed a 
severe conceptual problem, one of reconciling waye and particle like behaviour 
of radiation. 2579 p ve А 
: Planck's hypothesis and Einstein's photons fitted well іп the Bohr theory* of 
the hydrogen atom which was the: most important point of the success of the 
early quantum theory. However, there was no direct way of extending Bobr's 
theory to more complex atoms and in certain crucial experimental observations 
(such as the anomalous Zeeman effect) the theory proved inadequate. ^ ` 
The major conceptual problem was:the one of reconciling the particle‘and 

wave-like behaviour of radiation; it soon became apparent that matter also 
exhibited both:types of behaviour. For example, an electron with an accurately 
measured value of mass and charge could undergo diffraction in. a manner 
similar to that of light waves. We will now give a brief account of some-of the 
other important experimental evidence showing wave-particle duality which led 
to the development of quantum theory. 


1.4 The Compton Effect 


We/have seen that Einstein's explanation for the photoelectric effect implied 
that quanta of light (photons) carry definite amount of energy. The Compton 
effect provided an unambiguous example of a process in which a quantum. of 
radiation carrying energy as well as momentum scatters off an electron. 

In 1923 Compton investigated the scattering of X-rays by a block of paraffin 
and found that the wavelength of the radiation scattered at an angle of 90° is 
greater than the wavelength of the incident radiation. In other words, the fre- 
quency v' of the scattered wave is smaller than the frequency of the incident wave. 
Compton was able to explain the result** quantitatively as that of an elastic col- 
lision between a photon of energy 


E= ds (7) 
and momentumt 


‘See, ¢.g., Born (1962). 

** According to the classical explanation of the Compton scattering, the electron under- 
goes oscillatory motion because of the electric field associated with the incident electromag- 
netic radiation. The accelerated electron emits electromagnetic waves and because of Doppler 
shifts due to the motion of the electron, the emitted wavelength differs from the wavelength 
of the incident radiation; however, the classical theory predicts that for a given angle of scat- 
tering à continuous range in the value of the scattered wavelength should be found, which is 
contrary to experimental findings. The details of this analysis are given in Bohm (1951), Sec. 2.9. 

tEquation (8; follows from the fact that according to the classical theory, the momenturh 
(per unit voiume) associated with the radiation in free space is given by f 


ШЕ 
с 


Where E is the energy density associated with the el 
нба i e electromagnetic field (see, 6.g., Ghatak, 
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hv hh 

Р == 7) 1058 (8) 
with an electron. The light quantum imparts some of its energy to the electron 
and emerges with less energy. Thus the scattered radiation has a lower fre- 
quency. The kinematics of this collision process can be worked out on elemen- 
tary application of the laws of conservation of energy and momentum [sce, for 
example, Ghatak (1977), Chapter 21]. These calculations give the following 
expression for the shift in the wavelength 


2h . 
АА = D sin? 9/2 (9) 
LJ 
where Ф is the angle of scattering of the light quantum [see Figs. 1.2(a) and (b)]. 


(a) 


‘ Fig. 1.2 The Compton scattering of a photon: (a) shows the incidence of a photon (of fre- 


quency v) on an electron at rest, (b) shows the scattered photon (having a reduced 
frequency v’) propagating along a direction which makes an angle with the original 
direction; the electron also acquires a momentum. 


Further evidence of the validity of the above theory was provided by the experi- 
ments carried out by Compton and Simon who studied the scattering of X-rays 
through supersaturated water vapour, In the scattering process, the recoil clec- 
trons formed tracks of condensed droplets; however, the light quantum did not 


` leave any track. Now if the light quantum undergoes another Compton scattering 


then from the track of the second recoil electron one can determine the path of 
the light quantum by simply joining the line of the starting points of the two 
recoil electrons, Although there was considerable uncertainty in the analysis of 
the experimental data (because of the presence of many tracks) Compton and 
Simon could establish agreement between the theoretical results and experimental 


data, 


1.5 Wave Nature of Matter 


Experiments by Wilson with his cloud chamber had clearly shown the particle 
like behaviour of alpha and beta particles. These are emitted by radioactive cle- 
ments and when they pass through supersaturated vapour, they form tracks of 
condensed droplets. For the alpha particles, these tracks are nearly straight 
lines; however, for the electrons, the tracks are irregularly curved. The existence 
of continuous tracks suggest that the emissions from the radioactive substance 
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can be regarded as minute particles moving with high speed. Further, the fact 
that the electrons could be deflected by electric and magnetic fields and also the 
fact that one could accurately determine the ratio of their charge to mass sug- 
gest very strongly that electrons are particles. This view remained unchallanged 
for a number of years. 

At this stage one could ask if matter may not show wave-like behaviour also 
just as light exhibited corpuscular and wave-like behaviour: In 1925, de Broglie 
proposed just such a hypothesis and argued that the relation given by Eq. (8), 
between wavelength and momentum applied for electrons as well. 

In 1927, Davisson and Germer studied the diffraction of electrons from single 
crystals? of nickel and showed that the diffraction patterns could be explained if 
the eleclrons were assumed to have a wavelength given by the de Broglie rela- 
tion 


h 
Ams (10) 


where p is the momentum of the electron. Shortly later, in 1928, G.P. Thomson 
carried out electron diffraction experiments by passing electrons through thin 
polycrystalline metal targets. The diffraction pattern consisted of concentric rings 
similar to the Debye-Scherrer rings obtained in the X-ray diffraction pattern. 
By measuring the diameters of the tings and from the known structure of the 
crystals, Thomson calculated the wavelength associated with the electron beam 
which was in agreement with the de-Broglie relation. 

A more modern example of the wave-like behaviour of material particles is 
the study of scattering by nuclei. The experiment is schematically shown in Fig. 
1.3, and in Fig. 1.4 we have shown a typical variation of intensity of scattered 
«-particles with the scattering angle. A typical diffraction pattern is seen with 
successive maxima spaced at about 13°, 
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Fig. 1.3 The elastic scattering of an a-varticle by a Мр nucleus; 0 is the angle of scattering. 


One can assume, as a first approximation, that the nucleus acts like a ‘black’ 
disc, i.e., all «-particles whose centres come within a distance a of the centre of 
the magnesium nucleus, will be absorbed. (We expect a tobe approximately the 
sum of the radii ot the «-particle and of the Mg" nucleus). In that case, the 


_ The diffraction pattern consisted of spots similar to the Laue spots obtained in the X-ray 
diffraction pattern. 
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Fig. 1.4 The intensity variation of 42 MeV «- 
scattered from Mg? (adapted from I.M. Naquib and J.S. Blair, 


1250, 1968). 
problem is the same as that of diffraction* of light by an opaque disc and suc- 
cessive maxima will be spaced at about j 
1222 122h (1) 


puo. 2a 2pa 


be approximately calculated by using 


*The diffraction pattern by an opaque disc can 
Chapter 16. The intensity distribution 


Babinet's principle; see, for example, Ghatak (1977), 
would be approximately proportional to 
AMO) 

V 


1 — eit? 


where V = (2л/у)а sin 8, a being the radius of the disc, 9 is the angle of scattering and J,(V) 


Tepresents the Bessel function of first order. 
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where р is the momentum of the alpha particle. Using a value of about 2.6 х 10-3 
cm for the wavelength of a-particles (this corresponds to dn energy of about 31 
MeV of the a-particle in the centre of mass system) one obtains a value of 
about 4.9 x 1072 cm for a. This is just about the right value for the sum of the 
radii of the Мр?“ nucleus and of the «-particle. We may mention that the picture 
of scattering by a black disc turns out to be oversimplified, Actually, nuclei are 
somewhat ‘transparent’ for these «-particles; thus the minima in the intensity 
pattern do not go to zero. Further, the nucleus does not have a sharp boundary 


in the sense of a disc. These can be taken into account to modify the simple 
diffractive model, 


1.6 The Uncertainty Principle 


In above we have briefly discussed the important experiments which demons- 
trate the wave-like and particle-like behaviour of electrons, photons, etc. Indeed 
all atomic objects (protons, neutrons, a-particles, etc.) exhibit both wave-like 
and particle-like behaviour. There have been various types of attitudes which 
have been adopted to understand this ‘wave-particle duality’; the most widely 
held view is that atomic objects-are neither waves nor particles. To quote Feyn- 
man, ‘Because atomic behaviour is so unlike ordinary experience, . . . even the 
experts do not understand it the way they would like to, and it is perfectly reson- 
able that they should not, because all of direct human experience and of human 
intuition applies to large objects’. 

Perhaps the best known consequence of the wave-particle duality is the uncer- 
tainty principle of Heisenberg. In a sense, the uncertainty principle protects wave- 
particle duality. According to this principle, it is impossible to measure simul- 

‘taneously the position of a particle along a particular (say x) direction and also 
its momentum in the same direction (namely, pz) with unlimited accuracy*. If Ax 
is the uncertainty in position and Ap; is the uncertainty in momentum then 


Ax Ар, BA (12) 
Similarly, one can write 
AyAp,2h апі AzAp, 2h (13) 


In order to understand the inherent uncertainties associated with simultaneous 


*There has been an unending debate about the interpretation of the uncertainty principle 
and there are those who would claim that this statement is wrong. Alfred Lande [see his. arti- 
cle on ‘Quantum Fact and Fiction II’, American Journal of Physics, 37, р. 541 (1969)) is one 
who takes an extreme position in this debate and has even argued that there is no wave-parti- 
cle duality and electron diffraction and light diffraction can be explained by quite different 
arguments. As we have emphasized, diffraction theories of partic'es play an important ro'e in 
modern physics and one would find it sterile for scientific progress to invoke entirely different 
arguments for analogous behaviour of matter and light. There are, however, a whole range 
of views on the question of interpretation of quantum mechanics, especially on the role of the 
Observer and measurement, and the subject is not a closed one. For a readable account of the 
early history of this debate, see Jammer (1966). 
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Fig. 1.5 Diffraction of an electron beam by a long narrow slit of width b. 


measurements of x and pz we consider the diffraction of electrons by a long 
narrow slit of width b (see Fig. 1.5). Suppose the electrons are coming from a 
very distant source so ihat before entering the slit, the x-component of the 
momentum of the electron is negligible (in other words, by appropriately choos- 
ing the distance of the source, we can make pz arbitrarily small). In order to 
measure the x-coordinate we make it pass through a long narrow slit. Thus, 
when the electron passes through the slit 

Ax=b (14) 
Now, as soon as the electrons enter the slit there will be spreading due to 
diffraction and it is well-known (from the wave theory) that the diffraction 
spreading, A0, is approximately given by [see, e.g., Ghatak (1977), Chapters 15 
and 16]: 

ДО ~ А/Ь (15) 
Thus the electron acquires a momentum in the x-direction which is given by 


۸ 
Ара сә ps ~ pAb ~ р-у (16) 


Using Eqs. (14) and (16) one gets 
Ax Ар: ~h (17) 
where we have used the de Broglie relation (Eq. 10). Thus, if we make b (and 
hence Ax) smaller, there will be more diffraction and hence a greater uncertainty 
in pz which is consistent with the uncertainty principle. It may be mentioned 
that it will be incorrect to say that Арг = 0 and Ax = b because Ap; was small 
before the electron entered the slit. After entering the slit, Ap; is no more zero; 
the slit imparts momentum in the x-direction. 
The uncertainty relation given by Eq. (17) for which a more rigorous deriva- 
tion will be given in Sec. 2.6, is called Heisenberg’s uncertainty relation, It 
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should be noted that if we use Eq. (11) and the uncertainty principle [Eq. (17)] 
then we would obtain 


Apa ~ h[b (18) 


implying that (according to the uncertainty principle) as soon as we localize the 
particle within a distance ~b, the system imparts a momentum given by Eq. 
(18) which results in the diffraction of the beam; this is due to the fact that 
before the electron entered the slit, pz = 0, and therefore | ps | ~ Apa ~ h/b. 

We may mention here that we do not see the effect of the uncertainty princi- 
ple in our everyday experience because of the smallness ofthe value of the Planck's 
constant. For example, for a tiny particle of mass 10-5 gm, if the position is 
determined within an accuracy of about 10-5 cm, then according to the uncer- 
tainty principle, its velocity cannot be.determined within an accuracy better than 
Av ~ 6 x 10- cm/sec. This value is much smaller than the accuracies with 
which one can determine the velocity of the particle. For a particle of a greater 
mass До will be even smaller. Indeed, had the value of Planck's constant been 
much larger, the world would have been totally different. In a beautifully written 
book, Gamow (1940) has discussed what our world would be like if the Planck's 
constant had a value of 1 erg-sec so that the effect of the uncertainty principle 
would be apparent to our sense of perception. 

Another illustration of the uncertainty relation can be had by considering the 
measurement of position by a microscope. Tt is well-known that a microscope 
cannot resolve two points which are separated by a distance which is <SA/(2 sin 8), 
where A is the wavelength of the-radiation and б is the angular aperture of the 
microscope (see Fig. 1.6). In other words, the uncertainty in the location of an 
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Fig.1.6 Determination of the position of an electron by means of a y-ray microscope. 
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electron would be given by 
Ax zz A/2sin 8 (19) 


Clearly; smaller the wavelength, smaller will be the uncertainty and hence one 
must employ light of shortest possible wavelength. However, a short wavelength 
photon will suffer a Compton recoil by the electron (sce Sec. 1.4). This recoil will 
be of tne order of лу/с: Further, in order to see the electron, the photon should 
enter the microscope within the angle 28. Thus the component of the momentum 
of the electron (and hence that of the photon) along the x-axis (i.e., perpendicular 
to the axis of the microscope) will have an uncertainty, Ар», given by 


Ара ~ B sin =t sin8 z (20) 


Thus, using Eqs. (19) and (20) we obtain 
AxAps e h (21) 
We conclude this section by quoting Max Born: ‘Physicists of today have learn- 
ed that not every question about the motion of an electron or a photon can be 


answered, but only those questions which are compatible with the uncertainty 
principle.' 


1.7 Some Interesting Applications of Uncertainty Principle 


In this section we will use the uncertainty principle to show the finite size of 
atoms; however, before we do so we consider a simpler problem, namely a linear 
harmonic oscillator for which the total energy is given by 


E= JE +4 mox’ (22) 


We assume the particle to be confined to a region ~; i.e., 
x~Ax~a (23) 
and, according to uncertainty principle 


i 
Pe~ Ape ~ ут (24) 


Where* fj = h/2x. thus 


~ E ty? (25) 
Ez ama + } maa’ 
The lowest energy state of the oscillator (which is called the ground state) will 
correspond to the minimum value of E for which dE/da = 0. Thus 
dE n 


КЛЫ C 


*We are using the uncertainty relation Ахар; = +Û (see Sec. 2.6) just to get the right result! 
Arguments based on uncertainty principle are expected to give only ‘rough estimates’. 
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giving 
h № 
am (26) 
The minimum energy is given by 
Ff 2mo AO UNT 
Е = = go) me 25 = }ћо (27) 


which is indeed the gound state energy of the linear harmonic oscillator (See 
Sec. 3.6.3). The quantity of is known as the zero point energy and is a conse- 
quence of the uncertainty principle. We must mention that the results obtained by 
using uncertainty principle can only predict the order of magnitude of the quan- 
tity; in our analysis, we have used the constants in such a way that the final result 
is exact! In Sec. 3.6.3 we will show that for an oscillator in the ground state the 
probability that the particle lies between x and x + dx isgiven by 


P(x) dx = V e-*9 dx where « „(Ж j . (28) 


Thus the particle is localized in a distance of the order of (fi/mw)"" which is con- 
sistent with Eq. (26). 

We next use the uncertainty principle for detérmining the size of the atom. 
We consider the simplest atom, namely, the hydrogen atom which consists of an 
electron and a proton. The logic of the argument is the same as for the linear 
harmonic oscillator: we assume that the electron is confined to a region wa, 
then according to the uncertainty principle* p ~ Ap ~ fi/a, where fi = 4/27. 
Thus 


by 


; : 
Eco е. (29) 


The ground state of the atom will correspond to a minimum value of E for 
which dE/da must be equal to zero. Thus 


dE... 2h? CN 
da 2та% a 
"Once again, we are choosing th ‘stants in such a way so as to get the exact results. 
Further, the uncertainty principle rel. ^x to Apg, Ay to Apy, etc., and 


2 2 hz 
pt = pz + p, + р. ~ (P3 + (Алу)? + (Apte mi 


the result representing only the correct order. i 
**We are using the cgs units; in mks units the expression is — q*/4xea, where g is the elec- 


tronic charge in mks units. 
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or a = d, = Жуте?  3À =} x 10-8 cm (30) 


where a, represents the minimum value of a. Thus the finite size of the atom is 
due to the uncertainty principle. Equation (30) tells us that the atomic dimen- 
sions are of the order of Angstroms which is indeed correct. The minimum. 
energy is given by 


4 

ER Кш DFT = —13.6eV (31) 
which is indeed the ground state energy of the hydrogen atom (see Sec. 5.3). 
Considerations for a 2-electron atom are discussed in Problem 1.3. 

Feynman writes [quoted from Feynman et al. (1965)] ‘So we now understand 
why we do not fall through the floor... . In order to squash the atoms close 
together, the electrons would be confined to a smaller space and, by the uncer- 
tainty principle, their momenta would have to be higher on the average, and 
that means high energy; the resistance to atomic compression is a quantum 
mechanical effect ....’ 


1.8 The Probabilistic Interpretation of Matter Waves 


In Sec. 1.6 we have seen that if an electron passes through a slit of width b, then 
the momentum imparted in the x-direction (which is along the width of the slit) 
із ~ h/b. The question arises whether we can predict the trajectory of an indivi- 
dual electron. The answer is no. We cannot say where an individual electron 
will land up on the screen; we can only predict the probabilities of arrival of the 
electron in a certain region of the screen. We may, for example, say that the pro- 
bability for the arrival of the electron in the region lying between the points À and 
P (see Fig. 1.5) is 0.10. This would imply that if the experiment was carried out 
with a large number of electrons, about 10% of them would land up in the region 
AP; but the fate of an individual electron can never be predicted. It should be 
mentioned that if we place a detector on the screen, then it will always record 
one electron or none and never half of an electron. This essentially implies the 
corpuscular nature of the electron. However, the probability distribution is the 
same as predicted by the wave theory (see Problems 2.13 and 2.14) and there- 
fore if one performs an experiment with a large number of electrons (as is 
indeed thé case in most experiments) the intensity distribution recorded on the 
screen is the same as predicted by the wave theory. 

In order to explicitly show that the diffraction is not a many photon pheno- 
menon, Taylor in 1909 carried out a beautiful experiment which consisted of a 
box with a small lamp which casts the shadow of a needle on a photographic 
plate. The intensity of the light was so weak that between the needle and the 
photographic plate, it was almost impossible to find two photons (see Problem 
1.7). In fact, to get a good fringe pattern Taylor made an exposure lasting for 
several months. The diffraction pattern, obtained on the photographic plate, 


was the same as predicted by the wave theory. | 
The corpuscular nature of radiation and the fact that one cannot predict the 
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trajectory of an individual photon can be seen from Fig. 1.7 which consists of. 
series of photographs showing the quality of pictures obtainable from various 
number of photons. The photograph clearly shows that the picture is built up by 
the arrival of concentrated packets of energy and the point at which a particular 
photon will arrive is entirely a matter of chance. The figure also shows that the 
photograph is featureless when a small number of photons are involved and as 
the number of photons reaching the photographic plate increases, the intensity 
distribution becomes the same as would be predicted by the wave theory. 


EEN 


Fig. 1.7 Photographs showing the quality of a picture obtainable from various number of 
photons, a), (b), (c), (d), (e) and (f) correspond to 3 x 103 photons, 1,2x 103 photons, 
9.3 x 104 photons, 7.6 x 105 photons, 3.6x 108 photons and 2.8 x 107 photons respec- 
tively. (From A Rose, Quantum Effects in Human, Vision, Advances in Biolegical and 
Medical Physics, Vol. V, Academic Press, 1957). 
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1.9 An Understanding of Interference Experiments 


We next consider the interference experiment involving the Michelson interfero- 
meter in which a light beam is partially reflected by a beam splitter and the 
resulting beams are made to interfere (see Fig. 1.8). According to Dirac (1958) 
*... we describe the photon as going partly into each of the two components 
into which the incident beam is split. The photon is then, as we may say, in a 
translational state given by the superposition of the two translational states 
associated with the two components . . .". Fora photon to be in a definite trans- 
lational state it need not be associated with one single beam of light, but may 
be associated with two or more beams of light, which are the components into 
which one original beam has been split. In the accurate mathematical theory 
each translational state is associated with one of the wave functions of ordinary 
wave optics, which may describe either a single beam or two or more beams into 
which one original beam has been split. These translational states can be super- 
posed in a manner similar to the one employed while considering the interference 
of two beams. Thus, each photon gocs partly into each of the two components 
and interferes only with itself. If we try to determine the fate of a single photon 
by measuring the energy in one of the components then Dirac argues: ‘The 
result of such a determination must be either a whole photon or nothing at all. 
Thus the photon must change suddenly from being partly in one beam and partly 
in the other to be entirely in one of the beams. This sudden change is due to 
the disturbance in the translational state of the photon which the observation 
necessarily makes. It is impossible to predict in which of the two beams the pho- 
ton will be found. Only the probability of either result can be calculated.... 
Our description of the photon allows us to infer that, after such an energy 
measurement, it would not be possible to bring about any interference effects 
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Fig. 1.8 Outline of the Michelson interfercmeter experiment to obtain an interference pattern. 
G represents a beam splitter, Мі and М; represent plane mirrors. 
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between the two components. So long as the photon is partly in one beam and 
partly in the other, interference can occur when the two beams are superposed, 
but this possibility disappears when the photon is forced entirely into one of 
the beams by an observation'. 

In a similar manner we may consider the two hole interference experiment 
similar to that performed by Young. The experimental arrangement is shown in 
Fig. 1.9 where a weak light source S, illuminates the hole S and the light beams 
emerging from the holes S, and S, produce the interference pattern on the 
screen PP'. The intensity is assumed to be so weak that in the region between 
the planes AB and PP' there is almost never more than one photon (see Pro- 
blem 1.7). Individual photons are counted by a detector on the screen PP' and 
a study of the count pattern will show that although there is no way to predict 
the location of the appearance of a particular count, the frequency of occur- 
rence of counts in any small region will be proportional to the intensity in that 
region as predicted by wave theory. Thus the wave theory predicts the distribu- 
tion of energy in an interference pattern but not its arrival in discrete units. 
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Fig. 1.9 Young's double hole experimental arrangement for obtaining the interference pattern. 
So represents a point source. 


According to the quantum theory, a photon partially passes through the hole 
S, and partially through S,. This is not the splitting of the photon into two 
halves but only implies that if we wish to find out through which hole the pho- 
ton passed through, then half the time it will be found to have passed through 
the hole S, and half the time through S,. If we devise an experiment to deter- 
mine the hole through which the photons passed through, then the interference 
pattern will be washed out. This is a consequence of the fact that measurement 
always disturbs the system. For a beautiful discussion on this point, the reader 
is referred to Feynman et al. (1964). We conclude this section by quoting Marge- 
nau (1961) ‘the physicist, while still fond of mechanical models wherever they 
are available and useful, no longer regards them as the ultimate goal of all scien- 
tific description; he recognizes situations where the assignment of a simple 
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model, especially a mechanical one, no longer works and where he feels called 
upon to proceed directly under the guidance of logical and mathematical consi- 
derations and at times with the renunciation of the visual aspects which classi- 
cal physics would carry into the problem’. 


1,10 The Time-Energy Uncertainty Relation 


We have seen that if a measurement of position is made with accuracy Ax, and 
if a measurement of the x-component of momentum is made simultaneously 
with accuracy Ap;, then 


Ax Ар. Bh (32) 


In an analogous manner there exists а time-energy uncertainty relation 
according to which 


AE At Sh (33) 


However, the physical interpretation of Eq. (33) is quite different from that of 
Eq. (32). The time-energy uncertainty relation implies that an energy determina- 
tion that has an accuracy ME must occupy at least a time interval At ~ h/AE; 
thus if a system is in a certain state for not longer than Af, the energy of the 
system in that state is uncertain by at least AE ~ h/At, since the maximum time 
available for energy determination is At. For example, the average time that an 
atom retains excess excitation energy before re-emitting it in the form of a pho- 
ton is ~10-8 sec (this time is known as the mean life-time of the excited state). 
This imposes a limitation on the precision with which the excitation energy can 
be determined and the uncertainty is given by 


h 2, 6 X 1077 ergssec. -19 
АЕ ~ a ink ~6 x 10-19 ergs (34) 
ог, 
AE ~4 x 107 еу (35) 
Since ДЕ = ЛДУ, we get : 
AB ОА; 1 36) 
ду е vid seo" ( 


which is known as the linewidth.* f * vl : 
A second example** of the time-energy uncertainty relation is provided by 


the motion of a one-dimensional wave packet.*** Let us assume that the wave 
packet occupies a region of order Ax and let the group velocity be v. The wave 
packet therefore travels with velocity v along the x-axis; however, the instant at 
Which it passes a given point of the àxis is not determined precisely, but carries 


*For a rigorous discussion on linewidth see Problem 22.3. M х 
** Another example occurs in the discussion оп transition probability—see Sec. 20.2. 
***The definition of a wave packet and how it propagates is discussed in the next chapter. 
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an uncertainty 
At z = (37) 


Now, if a wave packet is localized to a region Ax, then the spread in the 
momentum Ap will be given by 


Ap> x (38) 
Or, 
Ane Ай (39) 
x2 ТАЙ 


Substituting in ja (37) we obtain 


Atz 


Tm 
or, 
AtvApzh (40) 
But 
AEz Di др = oap (41) 
Thus 
AEAtBh (42) 


The above relation tells us that if AE represents the spread in the energy of a 
particle then the uncertainty in the instant of passage of the particle through a 
point will be given by 


ME P (43) 


We end this section by mentioning, briefly, that there also cxists an uncer- 
tainty relation for angle variables. This uncertainty relation is often written in 
the form* 


AL, Ае 2 h (44) 


where L, denotes the z-component of the angular momentum. Equation (44) 
implies that if the angular position of a particle in an orbit is precisely measured, 
„ then the knowledge of the component of the angular momentum perpendicular 
“to the plane of the orbit is completely lost. However, the uncertainty relation 
in the form given by Eq. (44) is not correct. This is obvious from the fact that 
Ag must be finite, since 9 has a finite range of extent 2x. Hence, as AL, tends 
to zero the left hand side of Eq. (44) tends to zero and a contradiction results. 


*See, for example, Schiff (1968), Sec. 3. 
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Careful analyses of this uncertainty relation has been carried out by several 
workers.* 

Several thought experiments on the uncertainty principle have been discussed 
by Kothari.** An edited book by Price and Chissick (1977) discusses many 
aspects of the uncertainty principle. 


1.11 Necessity of Quantum Theory 


It may be seen from the foregoing discussion that significant quantum effects are 
generally observed only in the microscopic world of atoms. However, the import 
of quantum theory is far-reaching. In his theoretical model of the hydrogen 
atom, Bohr had introduced the radical notion that the atom can only exist in 
discrete energy states, the lowest such state being the normal state of the atom. 

A little thought will convince us that the hypothesis of discrete states explains 
the unusual stability of atoms and indeed of all matter (see Problem 1.8). A 
carbon atom, for example, remains a carbon atom after collisions since infinite- 
simal variations of structure of the atom are not permissible in the quantum 
theory. Thus, the very permanence of matter is a concept that is alien to classi« 
cal ideas and requires a fundamental change of theoretical structure. *** 


1.12 The Stern-Gerlach Experiment**** 


Experiments of Franck and Hertz had indicated the correctness of the Bohr 
hypothesis of quantized energy states. However, the most dramatic and direct 
evidence for quantization was provided by the experiment of Stern and Gerlach. 
In a sense, this is the prototype of many thought experiments and we conclude 
this chapter with a discussion of its basic principles. 

The aim of Stern and Gerlach was to measure the magnetic moment of atoms 
or molecules. A simple diagram of their experimental arrargement is shown in 
Fig. 1.10(a). Atoms of silver from a hot oven O issue out of a narrow slit S, 
and are further collimated by slits S; and Sg. The beam of silver atoms then 
passes through a region of magnetic field between specially designed pole tips 
which give a strong inhomogeneous magnetic field. Looking into the beam, the 
tips appear as shown in Fig. 1.10(b). The beams then condense on the detector 
D. The apparatus is evacuated by a pump ass hown. 

The atoms, behaving like magnets of moment џ, will be acted upon by a force 


*See, for example, D. Judge, ‘On the Uncertainty Relation for L; and q', Physics Letters, 
5, (1963), p. 189; M. Bouten, N. Maene and P. Van Leuven, ‘On the Uncertainty Relation for 
Angular Variables’, // Nuovo Cimento, 37, (1965), p. 1119; М М. Nieto, ‘Angular Momentum 
Uncertainty Relation and the Three-Dimensional Oscillator in the Coherent States’, Physical 
Review Letters, 18. (1967), p. 182. 

**D.S. Kothari, ‘Three Elementary Examples of the Uncertain:y Principle’, Phil. Mag., 27, 
(1939), p. 62. : 

***For a beautiful presentation of these ideas, see V. F. Weisskopf, Science, 149, 1181 (1965). 

****The Stern-Gerlach experiment is also discussed in Secs. 8.5 and 9.4. 


(a) 


(b) (€) 


Fig. 1.10- (a) The Stern-Gérlach set up; (b) The tips of the magnet which produce a strong inhomogeneous field ; (c) The upper and lower curves show the 
record of the detector in the presence and absence of the inhomogeneous magnetic field. - 


To Pumo 
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which is essentially in the z-direction as indicated, its magnitude being ( 
9.4). eee à ANE 


F, = p cos 0 22 oe (45) 


where 0 is the angle between р and z. Travelling a distance / through the region 
of the magnetic field, the beam will experience a deflection z given by... 


FX cos 0 / 0B IW ‹ 
=)” E ay 
where M is the mass.and v is the velocity of the atoms. The atomic velocities, 
although not. unique, will range. around. a mean, value v determined by the 
temperature of the oven. К i 
In the absence of the magnetic field, the beam, defined by the slits, forms a 
narrow line. When the field is turned on, the line ought to widen. continuously 
in the z-direction, the widest deflections recorded by atoms whose magnetic 
moments are aligned along or opposite the z-direction. Instead, the detector re- 
corded a two-line pattern showing that the silver beam had split into two on pass- 
ing through the inhomogeneous field (Fig. 1.10(c)]. In other words, the magnetic 
moment of silver appeared to be oriented in either of two directions, а pheno- 
menon that demonstrated space quantization, Since, in classical theory, the mag- 
netic moment of the atom is proportional. to its angular momentum, this result 
may also be interpreted as evidence of the quantization of angular momentum. 
The. Stern-Gerlach experiment was, on the face of it, a triumphant vindica- 
tion of Bohr’s postulate on the quantization of angular momenta. Similarly, the 
electron diffraction experiments verified the de Broglie hypothesis on matter 
waves. But there were several unsatisfactory features. The rules of these models 
appeared ad hoc; besides they were unable to give a quantitative account of 
many phenomena such as dispersion of light and intensities of spectral lines. 
Above all, à mathematical apparatus that gives a unified and coherent description 
of both the particle and wave aspects of matter was necessary. It soon evolved 
out of two apparently distinct formulations, later shown to be equivalent: the 
method of Matrix Mechanics and that of Wave Mechanics. 


PROBLEMS* 


PROBLEM 1.1 — — j з 
Ап electron of energy 200 eV is passed through а circular hole of radius 107 
cm. What is the uncertainty introduced in the angle of emergence? 


*In solving the. problems, assume the uncertainty products (Ax Apa or AE Ar) to be, of the 
order B(=h/2n).(see Sec, 2.6). The use of Ñ instead of Й gives a better estimate of the result. 
In'any case; the results obtained cannot be expected to be accurate; they would only give the 
Correct order. A 1271 ы 
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PROBLEM 1.2 

In continuation of the previous problem, what would be the corresponding 
uncertainty for a 0.1 g lead ball thrown with a velocity 103 cm/sec through a hole 
1 cm in radius? 


PROBLEM 1.3 

Use the uncertainty principle to estimate the energy of the ground state of a 
two-electron atom of nuclear charge Ze. (Hint: Use a method similar to that 
used in Sec. 1.7.) 


PROBLEM 1.4 

Yukawa had suggested the existence of a massive meson to explain nuclear 
force. Using the uncertainty principle; derive a relation between the range of 
the force and the mass of the meson. 


PROBLEM 1.5 

In a series of experiments on the determination ofthe mass of the o? particle, 
the results showed a variation of +20 m., where m, is the electron mass. What 
can you say about the lifetime of.these particles? 


PROBLEM 1.6 

Calculate the uncertainty in the momentum of a proton which is confined to a 
nucleus of radius equal to 10-1 cm. From this result, estimate the kinetic energy 
of the proton inside the nucleus and the strength of the nuclear interaction. 
What would be the kinetic energy for an electron if it had to be confined within 
à similar nucleus? 


PROBLEM 1.7 

Let a source (with А = 5 x 10-5cm) of power 1W be used in the experimental 
arrangement shown in Fig. 1.9, (a) Calculate the number of photons that are 
being emitted by the source per second. (b) Assume that the radii of the holes 
S, S, and S, to be 0.02 cm and S,S =.SS, = SS, = 100 cm and the distance 
between the planes AB and PP' to be also 100 cm. Show that in the region 
between the planes AB and PP' one can almost never find two photons. 


PROBLEM 1.8 
It is shown in textbooks of classical electrodynamics that an accelerated 

charge radiates energy at the rate 
LR еа! \ 
dt эе 

where д is the acceleration, e the charge and c the velocity of light (Gaussian 

units are used here). Thus, an electron in an atom, according to the classical 

picture, will keep radiating energy and ‘fall’ into the nucleus. Estimate the time in 

which this would happen for a hydrogen atom, the electron initially executing а 

circular motion of radius 0.53 x 10-5 cm. 


(47) 
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SOLUTIONS 
SoLUTION 1.1 


Pg y : 
2m Е = 200 eV = 3.2 x 10- erg 


p = [2 х 0.9 x 10-7 x 3.2 х 10-19] = 8 x 10719 gm cm/sec. 


10-2? erg sec 


h 
Ax TDR 5 x 10-2: gm cm/sec. 


Ар» ~ 


К ~ ән = 6 X 10-5 radians = 1 sec of arc. 


SOLUTION 1.2 
h 
p= 10? cm gm/sec, Ap = AS = 5 X 10-28 em cm/sec. 


O~ 5 x 10-*9 radians = 107*4 sec of arc. 


SOLUTION 1.3 : 
Let the dimensions of the region of localization for the first and second elec- 


trons be a, and a,. Then the spread in momenta (and therefore the momenta 
themselves) would be given by 


рибе aa PE (48) 
Thus 
m PDI,Q1 
Kinetic energy ~ xl F + a ] (49) 


The potential energy of the interaction of the electrons with the nucleus with 
charge Ze is 
1 1 
pee. f[-— — 
ess 
and the interaction energy between the electrons is ~ е2/(а; + аз) because the 
` separation between the two electrons is ~ (a, + а). The total energy is, there- 


fore, given by 
BN 1 1 1 g 
Hess La Aa ты. 


For E to be a minimum 


ye Era er v END 
"da т а (а +а)? 
dE ft | Ze e 


07 du т d ^ Gay 
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The solution would be MO 
n 1 2 
ag — e V COSTA 
pamm UNUS 
Ex —(Z — 1/4} me (Z — 1/4} X 27.2 eV (52) 


The values of E calculated using the above equation compare rather well with 
the experimental data as shown in Table 1.1. The energy is in units of me*/2h? = 
13.6 eV, the ionization potential of the hydrogen atom. 


TABLE. 1.1% pa 
GROUND STATE ENERGY (IN UnrTs or те1[2Ї?) or VARIOUS TWO-ELECTRON ATOMS 


He Li+ Bert Bee TUUM 
Experimental Value —5.807 14.56 —2131 —44.06 —64.80 
Calculated Value —6.125 -1512 —28.12 —45.12 —66.12 


using Eq. (52) 
e i 
à Atter Goldman ‘and Krivchenkov (1961). 
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SOLUTION 1.4 иын 
(When a meson is emitted by one nucleon and absorbed by another, sits posi- 


tion during transit is uncertain by an amount which is of the order of the range 
of the force. Thus 


Ax = ro " 


o) ro is the Tange of the force. Using the uncertainty relation [Eq. (12)], we 


ï h 
Ар= * To 


Further, for. a relativistic particle. 


“9190. 


Ap me ? 

2 Eth 

*( 5-2-0 Jio ЗА 

Ы ss ES 

or 4 x 
ác. 
9^7 me м 


For r zz 1.5 x 10? cm, m= 2 x 10-% gm.= 200 m., where lm, denotes the 
stron mass. This gives a rough estimate of the mass of the meson. 
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Sond tion 15:290 9151 od! ;eusloum edi 10 Jmoutit 
"The uncertainty in thé'partiele miss’ Am 7 °° 

рэ nm = 50 т, = 40m. 0 on 2n Sf 


where me is the electron mass. 


Now E= me" 
AE = с Am ez 40 me sd Шу no30dq doss 10 


Е VO SOE EX -0L x 0:0. о " 
Now, from the uncertaihty principle, the:energy ‘determination that has an accu- 
racy AE must occupy at least a time interval Af given by 
«mur di bas OI ax Z.L od Uiw Brose tq bitn? 5001094 19 rodmun эй! eudT 
At, bean зал 21:05, 1077 ergesec. >, 
AE CUm ^ 40x 0.9 x 10- XOX 
88042 ( x Bi- è 
.Ьпоээг 19q “O [232% 10 "ө селе TAXE 
Thus the mean life of the elementary particles observed in this experiment is 
odbduts3nbcorGrf® déby :2 10 12 тої dguorlt gaiezsq enotorlq 1o 19dmun adT 
-tod эопвігіЬ эй} se19vs81) OF 992 *-0l X E~ 89465) ti sonia brs brtoose 19q *01 
п8бїлїтїбї 4,610108q owi bai 19vsq teomla liw eno 195192 2) bas ЯА подош 
The proton is confined within a sphere of radiüs 7; c2 10 ch? "Thistle 
uncertainty in the momentum must be at least of the order of fi/ro, or 
+ 8.1 иотијоё 
2i nois alaga oAT .2uibs1 sr! ei x stodw (Sls) — = Ж vgrono Istot sd T 


i 


г, £ 
Therefore, the kinetic energy of the proton will be вїүей by. APT 
ab 4 


1 


р? +? 2 
эй! 101 пор Т.Р SM} Yo esm ont im ,viioolov off ai’ u әләм 


28 gojti1w.9d worm ysm 9151 noj)sibst 
where m, is the mass of the proton. On su stitution, we et E 
l "b "3 ab 


$ 
(1.05 х 10-7 ji- —— А > ~~ 
уте Gp x iae aD 
-loo o1 euibes 3x 110-6 engs ed20.MeMa»1ai vlibss: sd mao doidw пойвирэ n& 
пэ! i 0 of ox mon seqal 
Since the proton is bound inside the nucleus, the average of,the, potential energy, 
(V), must be negative and greater in magnitude than-the ШЫН energy. There- 
fore 


— (V) 2 20 MeV 
which indeed gives.the correct order of the potential energy. The uncertainty in 
momentum for the electron is again h/re however, since the rest mass of the elec- 
tron is very much smaller than that of the proton, the velocity of the electron is 
very close to c and we have to use the extreme relativistic formula for the energy, 
i _ Q x10» (1.05 x 10-27) 
= ep = e = = ST ~ V 
Е=ср=с n 10-3 x 1.6 x 10-5 MeV ~ 200 Ме 
Although electrons do emerge from nuclei іп B-decay, they seldom have 
energies exceeding a few million electron volts. Thus one does not expect the 
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electron to be a basic constituent of the nucleus; the rare occasions when f- 
decay occurs may be attributed to the transformation of a neutron into a pro- 
ton and an electron (and the neutrino) so that the electron is in fact created at 
the instant the decay occurs. 


SOLUTION 1.7 
The energy of each photon will be 


he _ 6.6 x 10-4 x 3 x 108 um 
Thus the number of photons emitted per second will be 2.5 x 10: and the num- 


ber of photons passing through hole S will approximately be 


2.5 x 1078 x x x (0.02)? 
4X7 X (100) 


The number of photons passing through either S, or S, will approximately be 
10° per second and since it takes ~ 3 X 10-? sec to traverse the distance bet- 
ween AB and the screen, one will almost never find two photons in the region 
between AB and the screen. 


= 2.5 X 10 per second. 


SOLUTION 1.8 
The total energy E = — (e*/2r) where r is the radius. The acceleration is 


where v is the velocity, m the mass of the electron. The equation for the 
radiation rate may now be written as 


dE . e dr --74(5) 
dt dt 3 с\т? 


an equation which can be readily integrated. The time t for the radius to col- 
lapse from r, to 0 is, then 
гў тс 


de 1:6 X 107? sec. 


ML 


P 


CHAPTER TWO 


Time Dependent Schrodinger Equation and 
Wave Packets 


2.1 Introduction 


In the previous chapter we discussed some expriments which showed that parti- 
cles like electrons, protons, neutrons, atoms, etc. exhibit wave like properties. 
Indeed the wavelength is related to the momentum through the de Broglie relation 


h 
Xs E (1) 
or 
р= hk (2) 
where k = 2n/A, Thus we may write 
p= hk (3) 


where k denotes the wave vector. Further, as established by Einstein’s explana- 
tion of the photoelectric effect, the energy E of the particle is related to the fre- 
quency through the relation 


Ed Sidi (4) 


In this chapter we would like to obtain an equation the solution of which would 
describe the behaviour of a particle like electron, proton*, etc. The correspond- 
ing solutions should describe the corpuscular and wavelike behaviour of the 
particle and should also be consistent with the uncertainty principle. Thus we 
assume that the trajectory of a particle should be describable by a wave function 
(r, t) whose magnitude is large in regions where the probability of the occur- 
rence of the particle is large; in other regions where the particle is less likely to be 
found, the magnitude of ¥ should be small. Indeed we will show that | V |* dr 
can be interpreted to represent the probability of finding the particle in the volume 
element йт. 

In Sec. 2.2 we will obtain an equation (known as the Schrédinger equation) 
satisfied by ' and will show that in quantum mechanics the dynamical variables 
like position, momentum, energy, etc. are to be considered as operators which 
Will lead to the commutation relation as discussed in Sec. 2.3. In Sec. 2.4 we will 
Bive a physical interpretation of the wavefunction and in Sec. 2.5 we will give 
formulae which will enable us to calculate the expectation values of various obser- 
vables (like position, momentum, energy, etc.) if the particle is described by the 
wave function Y; such considerations will immediately lead to the relation 


*As discussed in Chapter !, radiation also exhibits wave and particle like properties. The 
Quantum theory of radiation is discussed in Chapter 22. 
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between classical and quantum motions (Ehrenfest’s theorem) and also to the 


uncertainty principle which will be quantitatively discussed in;Sec: 2:6; In Sec 


2.7 we will discuss the motion of a wave packet which will describe the trajectory 
of a free particle; the wave function describingthe motion of the wavepdcket will 
obviously be a solution of the Schrédinger equation and will b be, shown. to\be 
consistent with the uncertainty principle. Finally in Sec. 2.8 we ‘will discuss the 
propagation of a Gaussian wave packet. In Chapters 3, 4 and 5 we will obtain 
exact solutions of the Schródinger equation corresponding to problems. of YD 
cal interest. Bowoubowial LS 


чаш bowoda ої 21r 


2.2 The Schrédinger Éq шве ^ 


The simplest type of a wave is a plane а бооно wave ve described by the 
wave function 


q 
VY (т, t) = Ae (k-r — or) (5)о 


which represents а disturbance of amplitude А and of wavelet Xi— 2 т/ 
travelling in the direction of its wave vector. К with phase, velocity-o/k; If we; 
Menus the propagation to be along the x-axis then 


Яй =q 
-nnslqxKzniKX nid vd bodeildni2s es zodsuel лојоэу ovsw эй! гојопэЬ A 160) 
add yiee гі 91917159 of} 10 А gor? эл? 195 2111999010014 ah lo пой 
noit5lo1 oft 900111 vogsu 
V(x, t) = Деб – = (1) 


(b) ой. = 4 
which, on, using, Eqs, (2) and (4), takes the, form 01 oil bltrow ow 151451 
-brroqzs1102 ЭПТ .215 ,*nogo:( ponosa NH oloimnq 5 10 woivsded od! 
эй! 10 К Avex! перет ДА sri 29ітогоЬ bluore гпої 
эч eudT .sIqionitq үїпївїтзәп sil} diiw Зп9Јаігпоо od огів bluoda brs 91011164 
Successive differentiation of Eq..(8). aima wq B 1o roli ad? ters smuzeb 
11220 эй! 1o yiilid oui ad) s і 8 

od o1 vlo3il aad hi vm EN set) 2 


7h | ¥ | redi wode liw sw boobal, lsm od b 
amulov лар; ppt viilid&do1q sd! 1525109101 bats pn ed 


(noitsups лэре! mM 2 51) 2в mwor) noitsups ns aittdo Шм ow С.С .092 al 
2019611516 E het р ¥ f)utasup пі isdi we au «4 bas Y eb an^ 
Пом exotsi$qo $8 Ed. ed о) эт j szil 


Nowfora fre nón-telativistic particle: - 
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Hiw 
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which. is,the one dimensional.time dependent Schrodinger annot", for. am. 


particle. Further,. Eqs. (9) and (10) suggest that £ and p can „be, г represented, by. 
the operators if o/ot and — ihio/ox mue 
el i D ih 8 
E +i et (14) 
818 41 ~q рпвчб\б fi — < i sili o19dw 
Thus Eq. (13) can also be written in,the-for 1 dnm 


0) E = £ va DE De. 


aisi ay i ОШОЛ ygisns [siinsiog эй} vd lien 151251 slo 


їо 
The three dimensional generalization.is very straighiforward,, Instead, f Eq... 
(8) we have 


(1€) QN + а 
Via a| x p:r— н)] eu 
(OS) (CL) .apd A brs q r n 9b jon 20b noitonu? gions Ini1n5)0q orl} sania 
Лр Ьшопг noi Spon 9vayASy 18) teogoue (1 B 
= Aexp ii xr руу + ра — Et n А 2 (1S leg 
ec WNT 4 y zs -~ | = WY 4 A TREES 
Thüs D! Не 12? Loan rat | TE 
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we immediately have 
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1*By; using the: Method oof separation;-of- variables,sohe сар. easily.show that, the general, s 
solution of Eq. (13) can be written in the form (sce Problem 2:1)0s9d эу bluow sioinsq soù д 
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which is the 3-dimensional Schrödinger equation fora free particle, Once again 
the operator representation of E and components of p would be 


Eit s p+—ity (19) 


where the last step implies* p, =» — ifi д/дх, p, > — 1B д/дуапй p, > —[д/д:. 
Further, Eq. (18) can be written їп the form 


EV = dpi pepe fy (20) 


Till now we have assumed the particle to be free. If we now assume the parti- 
cle to be in a field characterised by the potential energy function V (r, t) then 
according to classical mechanics the total energy would be given by 


E- 5 + (л) (21) 


Since the potential energy function does not depend on p and £, Eqs. (19), (20) 
and (21) suggest that the wave function should satisfy 


inet - E^ + Ve.o]v Б [- wa үт] Q2) 


which is the time dependent Schridinger equation for a particle in a field charac- 
terised by the potential energy function V(r, t). Equation (22) is usually written 
in the form 


ov 
ih 237 HY (23) 
where 
м 
н= Fv — TY (24) 
is known as the Hamiltonian operator. The corresponding one dimensional 


* At this point it is necessary to mention that the entire theory could have been equally well 
deve oped if we had aumed 


Y-ep -&(*'-в)] 
RE Ын of p. The opertor rertumptetons of E 
p wood E+ — [Î BJD and p + + ih e and the Schrüd nger equation for 
a free particle would have been (cf. Eq. 18) Е М" 


-ай-- ет 


plane waves—are quite untultable Lecauve then the operator representation 
by Eq. (19) would not bave been possible. Eo vro tn 
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equation is M 
ө = нт [- Er] a5 
Ti should be mentioned that the method for obtaining the Schrodinger equation 
is far from being rigorous. We have tried to fit together the corpuscular and wave 
characteristics of the particle and have assumed that the particle can be described 
by а wave function Ч" which, in general, is complex and satisfies Eq. (22). By 
solving Eq. (22) (under appropriate boundary and initial conditions) one can 
predict the results of various measurements which we will do in this and the 
following chapters. Indeed the validity of the Schrodinger equation comes from 
Ийе: ies ira by solving the Schródinger equa» 
tion) with experimental data. 


2.3 The Commutator 
Because of the operator representation of р, (see Eq. 19) we have 


Lpa = pax) Y = ED" = М en] 


= pA Y = АР 


Since Y is an arbitrary function, the operator (xp, — р, хг is simply an unit 
operator. We write 


[ape pax] ве (х, p) ih (6) 
which is known as the commutation relation. The quantity 
(>, В] = a — e 0n] (27) 


is said to be the commutator of the two operators а and f. It i» easy to show 
that a 
Ixy) MODE 
Lapel = bod * 0 
(pa Pl (pa РА = 0 
But 
U pol = pd ih 


Commutation relations play a very important role in quantum mechanics and we 
will use them in latet chapters (sec e.g., Chapters E, 9, ete). 


14 Physical Interpretation of ‘I’ ond the Probability Current Density 
eT, 0 (Eq 22) 


на Fe, ү (28) 


56 ч 8VAW сил. QUANTUM;MECHANICS? 17/80/8880 IMIT 


and its complex conjugate ai nolisups 
کے و‎ РАИСИИ. Hope. xm 
ih а SEI Y* 4 олы L ] Vu s (29) 


where. V(r, 1) is.assumed to be. Ed If we multiply Eq. (28)-by:W* and.Eq: (29) 


bii поран лч !bsniovadoW .20010317 31190 slei 
ges t bas sloitzeq adt 1 loz i 15d 

ah п! 1 YUE Ronit wW (30) 

od stsiiqoiqgs 15bmu) (SS) .pd Я gnivioa 


4 we cam rewrite the above equation inthe form 
Iv ont boobal .e191q ndo gciwollot 


5105! 91110 1051152335 
qu gre. eb 


sb [sineritaqxe dtiw (п 


where 
* roisiumimoD odT EL 
Jus y OF ee OF 
E] / 9 992) „2Хо-по!ішіпоготаот тоівтодо эл! Io seunosff 
"as ye ay a : 
Г Vu. 3 ILS = "I ag — ч] 
ya ( 
Jess Же vet 10 


Equation b. can be written іп theform* 41 = [ra = ag] 


иш пд маре E IE <x] 10161940 srl ‚тойот visnidxs пв ei "I^ saia 
21 AE" э}їтү/ oW 10181 


(where ai = [a o] es xa — sad 
р = W*W ү!їїпвир odT .noitsls1 пойвїипипоэ эл} 25 mnwon гі iB) 
and [> 8] — = x8 — 65 = [8 x] 
хойг 01 ype ar n [ere zip э 10 101810 mmr02 srl} Sd 01 "85 a 
BI 


Equation No is nothing but the equation of continuity, in, uid dynamics (see 
Appendix C) where p represents the number of аа рег unit volume and J - 
the current density. Thus we may associate ¥*Y with position: probabi ty density . 

in the sense that ¥*Y dz will be proportional tothe probabilityof,fihding the 
particle in volume element dt. Now, since the Schrödinger equation is a linear 
equation, a multiple of Y would also be a solution and we may (вови the 


multiplicative dk such that fi = Esc] = Ма 
ow bas BILE qe p iti slo }йвїлогипї yoy s yelq anoitsler noitetummo9 


Li 2 2 лој ,,9.9 992) 2101qudo tats! ni modi оги 185) 


jg. 5C шут viilidedoxX oi. bas 7I to noitato1qrotaI Inoizvd*. BS 

*Equation 83) eould have been directly written by using vector Seed as 
ah Gh pd) noiteups tozaibördə2 sd) stinwo1 9W 
n [vet- т] - Y. (re түт | Р 
r 


(25) UJ 7 б = = ds йъ 
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where the integration is over the entire space. Equation (35) is known as the 
normalization солй оп 15е; wave! function is normalized (i.e) if it satisfies 
Eq. 35) then. Ж d= edn'beintérpreted! to represent the probability ‘of finding 
the particle in the volume element dz'and Eq: (35) implies the fact that the parti- 
cle has to be found somewhere in space. Further, 


25 ih Ape _ арж, е] Pun 
MT. 2m [туп my =Re| ¥ im Wes | (36) 


can be associated with probability current density (sce Appendix C). Here Re 
stands forsthe real pantofithe quantityzinside- the brackets It is’ of interest to 
mention that the quantity —/hV represents the maméntum operator p (see Eq. 19) 
and therefore we may write 


J = Re [P*v'] ‘ ; (37) 


where: ү. = p/m represents the velocity operator. Equations (33) and (37) are соп- 
sistent with the fact that in fluid dynumics 


J — ev PEP СҮРТ ЫЙ Ee (38) 


As an example we consider the wave function 


WS хр (0-а) (39) 


which, however, cannot be normalized as the position probability densityis cons- 
tant everywhere.* But 1 


die Re [à ve]- Dyed kluone ow (40) 
im m ` 


which is consistent with Eq. (38) because ¢ = 1: Itmay benoted that in Eqs. (39) 
and (40), p and E are numbers. { 
We conclude this section by noting that 


2 [verde = [Sae fV- dar , 
о MD 
QD; [ri qr 4) 


where C) represents an arbitrary volume bounded by the surface S and in the 
last step we have used Gauss's theorem. Thus if the integration is carried over 
the entire space and if the wave function vanishes at infinity then 
д 4 TE DR. (42) 
203 Р? de = t 
2 (|[|\тка—о | 
which is essentially the conservation. condition. 


A realistic wave function will bea wave packet, see, e.g. Problem 2.3. 
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2.5 Expectation Values 


By associating Y*'Y with position probability density we can calculate the 
expectation or average values of the position of the particle. Thus the expectation 
value of the x-coordinate would be given by 


if [еа 
(x) = Теа (43) 


where the integration is over the entire space. If we assume the wave function 
to be normalized [see Eq. (35)] then 


‹х) = Jr (44) 


where for the sake of convenience we are replacing the triple integral sign by a 
single integral. We have also put x between ¥* and ¥ for reasons which will 
become clear later in this section. In a similar manner we can write for (y) 
and (z). In general, for any function f(r), the expectation value will be given by 


(лю) = Јело (45) 
In panicular 

(Ит, 9) = [ver Фа: (46) 
Now since E = p*/2m -+ V, we should have 

(к) = C5 Q (47 


Further, if we multiply the Schrödinger equation [Eq (22)] by ¥* and integrate 
over all space we would get 


(ix 2 rar = f ug v)ra: + feve, Yd: (48) 


The last term in this equation is simply (V) [see Eq. (46)] and therefore Eqs. 
(46), (47) and (48) will be consistent only if we assume 


aie [vend Yd: (49) 
and 
2 
(у= [et M = vt as (50) 


Since i д/д1 and —(h?/2m) y? are the operator representations of E and p*/2m 
we can say that the general recipe of determining the expectation value of any 
quantity is to replace it by its operator representation, operate it on ¥ and preo 
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ply by ¥* and then integrate. Thus 


(pe) = [e -is a (5) 
юе) b 
3 = v LRL s je (53) 


etc. Using the above recipe А calculation of the expectation values and also 
using the Schrédinger equation one can show that (see Problem 2.9) 


z (x) = 2 (ру (54) 


d 
ac (= 09) (55) 


The above equations show that there is agreement betwecn quantum and classi- 
cal motions in the sense that in quantum theory the expectation values satisfy 
the Newton's laws of motion. Equations (54) and (55) were first derived by 
Ehrenfest and the general relationship (between classical and quantum motions) 
is known as Ehrenfest's theorem. 

In the next section we will use the various expressions for the expectation 
values to give an exact statement of the uncertainty principle. 


2.6 Exact Statement and Proof of the Uncertainty Principle 


In Chapter 1 we had discussed experiments which showed that it is not possible 
to measure simultaneously the position of a particle along a particular (say x) 
direction and also the corresponding momentum p, with unlimited accuracy. 
Indeed we showed that AxAp, 2: h, where Ax and Ap, were uncertainties in 
the measurement of x and p, respectively. In this section we will give precise 
definitions of Ax and Ap, and using the results of previous sections, we will make 
an exact statement of the uncertainty principle. First, in analogy with the defini- 
tion of standard deviation in statistics, we define the uncertainties in x and p, as 

Ax e (& — (4) PP S10) (хут (56) 

Ap = ((p — p)?» = p») = (Gyr? (57) 
where, for the sake of convenience, we have dropped the subscript on p. We will 
establish that 


Ax ap > rh 8) 


which is the exact statement of the uncertainty principle. In order to prove Eq. 
(58) we would require the following inequality 


[rre fee (еве Jae] (59) 
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where f and g are arbitrary functions of the ‘space coordinates; however, they 


must be single valued and all the integrals in Bq. (59) must exist. The proof of 
Eq. (59) is quite simple. We define three integrals 


=| sea, b= (fae, ogg 
Now 


fiy gl ds ае +. +094 еро 


Because | 74-2122 0 everywhere and we are assuming A to be a real quantity 
Obviously for the above inequality to be satisfied. we must have 
дас > (b + Ь*)? 
which proves Eq. (59); the equality sign will occur when fis a multiple of g. 
We will consider the special case* of (x) = 0 and (p) = 0 and assume 
na jg oY 
fsp =: тіћ ax (60) 
VA Ee ixY | (61) 
Thus 


[ie = xoa] ри ae ds 


-w[[oe[ ve 2)" - (ч 55. Р, dx | 


- Wee РЕМ: S) ааа (p) 
“where we have used Eq. (52) and the fact that Y vanishes at infinity. Further, 
feted = | ve vae - (эу 


and 


fe Eg ) dei [o 2Y* Wade aja ужат 
“af (ese) ace | rere 


because ¥ is normalized and ¥*x¥ would vanish at x = + co, Оп substitu- 
tion in Eq. (59), we immediately get the uncertainty relation given by Eq. (58) 


*For ( x) #0 and (») у 0, we must choose 
/= 0-р y 


апа 


т=(х-—(х))# 
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The uncertainty product is a minimum for a Gaussian wave function (see Prob- 
lem 2.20). 


2.7 The One Dimensional Wave Packet: Concept of | 
Group and Phase Velocities 


In order to describe the corpuscular properties of a free particle, we describe it 
by a wave packet obtained by the superposition of plane waves 
+o 
Fo; МОЕ | Alkes- dk (62) 
4 2n 


where, for the sake of simplicity, we are restricting our considerations to one 
dimensional motion only; the three dimensional generalization is quite straight- 
forward (see Problems 2.19 and 2.21). Now using Eqs. (2) and (4) we may write 
Eq. (62) in the form 


Y(x,t) = T { a(p) exp [«( me 2I (63) 
Thus 72р 
¥(x, 0) = ru |, acp) erp [4 px |i (64) 


where the factor 1/(27h)1/2 has been introduced so that (by using Fourier theo- 
tem—see Appendix D) a(p) is given by the symmetrical relation 
a(p) = NS р W(x, 0) exp [- 2 р | dx (65) 
4 27% М i 
Since, for a free non-relativistic particle 
E = p*/2m (66) 
Eq. (62) is the most general solution of the one dimensional Schrödinger equa- 


tion (see Problem 2.1). 
If ¥ is normalised, it is easy to show that (see Problem 2.7) 


f alp) [ йр =1 (67) 
te 

(р) = | p |a(p) |? dp (68) 
ze 


(pt) | p° alp) |? dp pei 


-® 
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etc. which show that | a(p) |* dp can be interpreted as the probability of the x- 
component of the momentum to lie between p and p 4- dp. 

Equation (66) along with Eqs. (2) and (4) gives us 

h 2 
DET k А (70) 
which is the о — k relation or the dispersion relation* for matter waves in free 
space. 

We will next show that if there exists a small range of k values for which the 
amplitudes of the component waves have significant values then it is possibleto 
assign an average velocity to the wave packet. This average velocity is known as 
the group velocity. We write 


A(k) = | A(k)| et? (71) 


and assume that | A(k) | is very sharply peaked when К lies in a small interval Ak 
around k = k, and negligible everywhere else so that we may write 


(x, t) = ge | | А(Е) | еї[к®-ө=(Ю)1+$ф(®)] dk (72) 
i Ak 


where the integration extends over the domain Ak where | A(k)! has appreciable 
values. Next, we make Taylor expansions of o(k) and ¢(k) around k = ky and 
get 


a(k) = olka) + e kl = k0 + З Бка, (03) 


40-44 + | ek + 4 FE | eka +... 00) 
We substitute the above expansions in Eq. (72) and assume that in the domain 
of integration Ak, w(k) and ¢(k) do not vary significantly so that the terms in- 
volving quadratic and higher powers of (k — ka) can be neglected; under such an 
approximation, we get 


F(x; t) £ f(x, t) eikez-eot $o) (75) 


*A medium is said to be non-dispersive when {һе o — k relation is linear. For example, for 
electromagnetic waves in free space 


ek) = ck 
where c represents the speed of light in free space. For such a case, Eq. (t 2) becomes 
pre 
P(x, t)= -=== | A(k) еїк(а—в1), 
(x, 1) VE (k) efkta-etqk 
Ze 
= f(x — et) 
implying that the packet travels undistorted with speed c. Thus free spaceis a non-dispersive 
medium for electromagnetic waves. On the other hand, whenever the w — k relationship is 


not linear (see, e.g., Eq. 70) the medium is said to be dispersive and a wave packet under- 
goes distortion (see Sec. 2.8). 
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where оо = w(ka), Фу = d(k;) and f(x, t), which represents the envelope of the 
wave packet, is given Y 


fle, ) = TE J | A(E) | efte e-e-nonk (19 
where 
dọ do 
х= — p Mit and „= E b» (77) 


Since the function f(x, t) depends on x and t only through the combina:ion 
X — 0,1, the wave packet propagates without any distortion with velocity v; 
which is known as the group velocity of the packet. It should be pointed out that 
the packet remains undistorted as long as the neglect of second and higher order 
terms in Eqs. (73) and (74) are justified (see Problem 2.16 and Sec. 2.8). How- 
ever, if the о — k relation is strictly linear, the packet will never undergo any 
distortion (see footnote on page 62). 
Now, from Eq. (76) we have 


f(x, 0) = | 400| eta (78) 
4 2r, 
Ak 
It is immediately seen that at x = хо, the integrand is everywhere positive and 
the value of the integral is maximum. For | x — x, | 2 1/Ak the exponential 
function oscillates rapidly in the domain of integration and the value of the in- 
tegral is very small. This immediately leads to the relation 
Ak^x21 (19) 
which when multiplied by A gives the uncertainty relation. 
Thus, at t = 0 ће wave packet is sharply peaked at x = x, and as t increases 
the centre of the packet, x,(¢), moves according to the equation 
x(t) = Xo + vot (80) 
This will be explicitly seen in the next section when we consider the spreading of 
a Gaussian wave packet. 
Now using Eqs. (2) and (4), we get 


do dE 
Se eer 81 
c p (81) 
Thus for a non-relativistic particle for which E = p*/2m, we have 
eh) BEV eat D\T 22 (82) 
dp m 


Further, for a relativistic particle 
E = pe + т?сі 
and we have 
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But 
Е= mo and p= m 
T= oo 41— [e 
giving i 
pe[E =v 
Thus 
DET (83) 


Equations (82) and (83) tell us that the group velocity of the packet is to be asso- 
ciated with the velocity of the particle. 
The phase velocity vp is defined through the relation 
walk ^ i (84) 
and represents the velocity of propagation of an infinitely long monochromatic 
plane wave. Only when o is proportional to k, v, and v, are equal, In general, it 
is the group velocity of a packet which is of physical significance. 


2.8 The One Dimensional Gaussian Wave Packet* 
As an example, we consider the propagation of a Gaussian wave packet for 
which 
1 (x — x,)* i 
V(x, t = 0) = Genin exp [- exe] exp [x pox | (85) 


The wave function is normalized and if we plot | V |* as a function of x we will 
find that it is peaked around x = x, and that the particle is most likely to be 
found. in the region Ax ~~ o. Indeed from rigorous calculations 


(x) = i Vh dem xy (лу = aod (86) 
= 
(у= | (mE a=, (Bin n 
so that T 
Ax = [69) - o» = = (88) 
and 
مھ‎ = [00 - oy] - 27 65 
Thus 
A Ag АСВ (90) 


consistent with the uncertainty principle. If we substitute for ¥ (x, 0) in Eq. (65) 


*The three dimensional Gaussian wave packet is discussed in the solution of Problem 2.19. 
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and carry out the integration we would get 


ар = (ss ) ero [- zn (»-n)- 5 (2-7) x] (91) 


where use has to be made of the integral (see Appendix E) 
+o 
a 


[eene - C 


)' ер eun (92) 


Thus | a(p) |? is peaked at p = py with Ap ~ fi/a consistent with Eq. (89) (see 
also Problem 2.12). Now, 


¥ (x, 0) = au 15 = £1) р 


1/4 


where 
в? it о? і 
Е Pap ky 6-3) 
and 


ү ene sa T t PoXo 
On using Eq. (92) we get 
з 
х= (x. + 2 ) 


1 
| Y(x, OF = (eT exp| — 0 (93) 
where 
tuta 
(t) = с Г + ES] (94) 


Thus the centre of the packet moves with thc velocity р/т conristent with the 
expression for group velocity 


do dE 1 
- — = 55 br ode (95) 
rer еи У pap w^ 


Further, 4 (К) [see Eqs. (71) and (91)] is given by 


00) = — X (p— р)» = — (k — ki) х (96) 


Thus the centre of the wave packet ( = — E Ret ) is x, at f = 0 consistent 


with Eq. (80). Finally we note that since the medium is dispersive the width 
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of the packet [~ o,(t)] increases with time (see Fig. 2.1). Indeed 


с ۹ nut 1/2 я fi 
Ax = Tl! + P | and Ap= 1З (97) 
80 that 
1,гіж та т 
АхАр= 5 س‎ ] (98) 


The time in which there is considerable distortion of the wave packet is given by 
ш aim ہے‎ 2т (А) 
hz CE CRURA (99) 
consistent with the findings of Problem 2.16. 


PROBLEMS 


PROBLEM 2.1 

Using the method of separation of variables show that the general solution of 
the one dimensional Schródinger equation for a free particle [Eq. (13)] is given 
by 


van- ze [neo [x (07 Soe) е (100) 


PROBLEM 2.2 
Using the operator representations of Pe, Py and p, próve that 
[x, p = 0 = D» Pal 
[Pa py] = 0 = [р,, рь] (101) 
D» ГА! =i = [2, р.] 


PROBLEM 2.3 
For the Gaussian wave packet given by Eq. (85) show that 


1 (x — xo)? ^ 
J= {согун FP [- E Pe x (102) 
and interpret the result physically. 


PROBLEM 2.4 
Calculate J for ¥ =- 1/r exp (ikr), r = (x? + y? + z*)! ^ and interpret tne 
result physically. 


PROBLEM 2.5 
Show by partial integration of Eq. (51) that (7z) is real. 


PROBLEM 2.6 
For a one dimensionai wave packet show that 
| Јах = х) (103) 
т 
Discuss the physical significance and generalize to three dimensions. 


ЗәҗәР@ әлем uetssnec) e зо Зошәрео:а pue uo:eZedo:d ou] pz “By 


F—M—————— ua HÀ 0 


hy = 


x SE = 


o o Em 
* x \ de 
AQ = = = 0% « Oy е6. о 


[<4] эн 
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PROBLEM 2.7 
For an arbitrary (normalized) wave function V(x), we define 


a(p) — cu [ F(x) exp [- рх |а (104) 
Show that 
+o 
J абр) 2 dp =1 (105) 
(р) = | a(pdp and (г?) = IL a(p)dp (106) 
PROBLEM 2.8 
Using Eqs. (104) and (44) show that 
(x) - it | а*(р) ы (107) 


Comparison of Eqs. (106) and (107) with (44) and (51) show that a(p) plays the 
same role in momentum space as x does in ordinary space. Further, Eq. (107) 


tells us that the operator representation of x in the momentum space is 


Т) 
m 


PROBLEM 2.9 


Using the general recipe that the expectation value of an observable charac- 
terized by the operator o is given by 


(0) -[eova (108) 
prove that 

d 1 

GaN) > yi Ae) 
and 

d eV 

RM cip 
These equations are referred to as Ehrenfest's theorem. 


PROBLEM 2.10 
Using Eq. (108) prove that 


20) = in| ye ІН, O] Y de + [ec W ds (109) 


where [H, ©] = HO — OH represents the commutator of H and © and 00/21 
is due to the explicit time dependence of ©. [Hint: Differentiate Eq. (108) inside 
the integral sign and use Eq. (24). You may use the Hermitian nature of H— 
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See Sec. 8.3 and Solution 8.14 or else substitute for Н and integrate by parts as 
in the solution of Problem 2.9]. 


. 


PROBLEM 2.11 
For the ground state and the first excited state of the harmonic oscillator the 
wavefunctions are 


do [ у ушу 


respectively (see Sec. 3.6.3). Show that the values of the uncertainty product 
AxAp are Ê and $ (see also Sec. 8.9. 1). 


PROBLEM 2.12 
Consider the normalized square wave packet 
1 
YQ) = x p a seed 
4 i (110) 
=0 Ix|-L 


LI 
Calculate a(p) and give a physical interpretation of the result. 


PROBLEM 2.13 
Study the diffraction pattern due to a beam of electrons passing through an 
infinitely long slit of width 2a. [Hint: You may assume 


YQ, 0) = oe forly| <b 


=0 for ly| > Б 
and calculate a(p,).] 1 


(111) 


PROBLEM 2.14 à 
Extend the analysis of the previous problem to calculate the diffraction pat- 


tern for a double slit. 


PROBLEM 2.15 
For the momentum space wave function given by 
1 Ap Ар 
alp) = (уруп, Po— 7 SPS Pot => 
(112) 


Ap 
= 0, Ip— роі > z 
calculate Ч'(х) and interpret the results physically. 


PROBLEM 2.16 
(a) For the wave packet given by Eq. (72) show that the wave packet remains 


undistorted for t < ta where 
2 2. ka 2m(Ax)* 
B 7h 


o N, > (113) 
dw UE 
(hy ge OD" gy 


fg = 
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where use has to be made of Eq. (66) and the uncertainty relation. 

(b) For a particle of mass 10-* gm and localized within Ax ~ 1073 cm calcu- 
late fọ and compare its value for an electron localized in a distance of 1075 cm. 
Interpret the two results physically. 


PROBLEM 2.17 
Calculate to for the Gaussian wave packet [Eq. (85)] and show that the exact 
results obtained in Sec. 2.8 are consistent with Eq. (113). 


PROBLEM 2.18 
Show that for a non-relativistic free particle 
To 
W(x, t) == | (х, 0) G(x, x’, t) dx’ (114) 
where 
G(x, х", t) = 4. "TE AES [(х — x')?m/241] (115) 


is known as the free particle propagator. What would be G(x, x', 0)? Interpret 
it physically. 


PROBLEM 2.19 
Consider the three dimensional wave packet describing {һе motion of a free 
particle 


x? 
W(x, у, z, 0) = N exp 5 агт i — d A [x i nx | (116) 


Discuss physically the motion of such a wave packet. Calculate the value of 
a(px, Py, р.) and then Fix, у, z, t). 


PROBLEM 2.20 
Show that the uncertainty product is minimum for a Gaussian wave packet. 


PROBLEM 2.21 
Consider the threc dimensional momentum space wave function 


Api 
a(p) == Мехр [- AT (117) 
Calculate ¥(r, 0). s 
SOLUTIONS 
SOLUTION 2.1 
Assuming a solution of Eq (13) of the form ¥(x, t) = X(x) T(t) we obtain 


‚Ау E NL ES = 
TG) ШЕЛ теа 
Thus the variables have indeed separated out and we háve set each side equal to 


(2тіћ 
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a positive constant (= р?); otherwise the wavefunction will tend to an infinite 


value either for x > -+00 or x > —оо. The solutions are X(x) ~ exp (xv) 


ір? 
and T(t) ~ exp [- Sak t |. Since p can take any real value between —oo and 


--eo, the general solution of Eq. (13) is given by Eq. (100). 


SOLUTION 2.4 
Use Eq. (34) to obtain 


АКД ушр Ж 
ag күт (118) 
which corresponds to a spherical wave whose intensity decreases according to the 
inverse square law. 
SOLUTION 2.5 
ov te Cp owe 
- wd 522 me * d айе 
(у= ~in| v* SE ae ШЕ шї | | 


ys 
| =i [¥ س‎ de ууй . (и) 
SoLUTION 2.7 
+o 
1 i 
TR ES 2 
Y6) = poe je exp | i рх | d (120) 
Thus 
(py = -is | ve SE ax | 
+e ^ t» 4 
, , LN] " 
= – iñ | vo adis | i papyon (ерх )Ф x 
+o [+e 
E | ар ad | dp' p'a(p') 8(p — p) 
+o 


2 | a*(p) р а(р) dp 


where we have used Eq. (3) of Appendix F. Similarly, we can calculate for (р?) 
and Eq. (105) follows directly from Parseval's theorem (see Appendix D). 


SOLUTION 2.8 
In Eq. (44) substitute for Y and Y* from Eq. (120). 
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SOLUTION 2.9 
Differentiating Eq. (44) we get 


y* 
20-е mne 
قب‎ | [ves us coros] "e (121) 
where use has been made of Eqs. (28) and (29). Now 
Jets: = Í Voc (хууч) — joe) КУЫ 


The first integral on the right can be transformed to a surface integral by use of 
Gauss theorem and this integral would vanish because a wave packet vanishes at 


infinity. 
Thus 


| (уг?\г*)х Wd: = — | (Vy*) - Va W)ds 
M | V (Y* VxW)d: e Уз (хч) 
The.first integral on the right again vanishes. Substituting іп Eq. (121) we sel 
LC = I [5v Y -— (хт) |н 


= [ve(—in SE n= 2 0p.) (122) 


Using a method similar to that used above we get 


.d INS cp а? CES д aF 
(чест ы 


x rr a 2 (vr) ae Ea E4 (123) 


SOLUTION 2.12 
Using Eq. (65) it immediately follows that 


ap = (A set - numi 


(Po — p) (124) 


In Fig. 2.2 we have plotted | a(p) |? as a function of p. The figure shows that 
[а(р) ? is peaked around p = p, with a width fiz/L. Since | a(p) |? dp рае 
the probability of finding the momentum between р and P + dp, we have 
Ap ~ hr/L and since Ax ~ 2L, we get Ap Ax ~ Ñ consistent with the secertainty 
principle. 
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ap wah 


— |a tjl? 


— р 


Fig. 2.2 The variation of | a(p) |? with p for a(p) given by Eq. (123). The function is sharply 
peaked at p = p, and has a width ~ Ёл, 


SOLUTION 2.13 

Equation (111) corresponds to a wave packet that passes through the slit 
(Fig. 2.3) at t = 0. Now, using Eq. (65) we get 

iod sin? (pyb/ B) 
| a(py) | rR (pb BJ (125) 

The above equation represents the intensity distribution on a screen placed nor- 
mal to the beam beyond the slit; the distance from the centre of the screen 
being proportional to py. Putting py/p = 9, we get 
sin*(0/85) 
XE EUR 1 

0705)" Gan 


where I, is the intensity at 0 = 0 and 6) = h/pb = A/2rb. The above equation 
represents the single slit diffraction pattern. 


I(0) = Ip 


p 
: ШШШ. 
Electrons === ace 
2b 
Slit 


Screen 
Fig. 2.3 Diffraction of electrons by a single slit. 
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SOLUTION 2.14 
If the distance between the two slits is 2d then 


i h 
Lap) = 2 SEL og Bet (127) 


Equations (125) and (127) can be compared with the intensity distributions in 
a Fraunhofer diffraction pattern for a single and a double slit; see, e.g., Ghatak 
(1977) Chapters 15 and 16. ; 


SOLUTION 2.16 
(а) If we substitute for w(k) from Eq. (73) in Eq. (72) we would get 


gio tmo : 
М(х, t) = o || AG) | exp] (х — vat) (k — ko) — iall — kot к 
eee" panem } 


where a = 4 d*o/dk! | saag, Since | A(k) | is assumed to have a negligible value 
for |k — k,| g Ak, the term involving а would make a negligible contribution 
for t < t, where г, is given by Eq. (113). 

In order to understand Eq. (113) physically, we notice that there is a spread 
~ Sp in the momentum associated with the packet. Thus if we consider two 
portions of the packet, one corresponding to p, — Sp/2 < p < po and the other 
corresponding to pa < р < Pe + Ap/2 then the velocity of the packets will differ 
by Ap/2m. Thus there will be distortion in the packet when 


18 ce Ах (the initial width of the packet). 


The above condition is consistent with Eq. (113). 

(b) Forma 104g, Sx 107% ст, fe~2 x 10" sec ~ 10" years. On 
the other hand, for an electron with Ax = 107* cm, tg = 107% sec. Thus for а 
macroscopic particle the distortion is negligible and hence a classical descrip- 
tion is adequate. 


SOLUTION 2.18 
If we substitute for a(p) from Eq. (65) in Eq. (63) and use Eq. (66) we woulc 
get Eq. (114) with 


awx б = ык [eo 2620 d 


= P y exp Ге — хут) 
(see Eq. 92). G(x, x’, 0) = Nx — х) as it indeed should be. 


SOLUTION 2.19 
For a three dimensional wave packet describing a free particle 


van- а енче (с вы em 


к-р remm] аю 
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where 

piros pax + руу + pet, de = 4хйуй, dp = dpudpylp, 
апа 

T 


On substitution of Eq. (116) in Eq. (129), the three dimensional integral be- 
comes a product of three one-dimensional integrals giving 


alp) = а(р,, рь, Pa) 
(uw ar e [= zm (7-7) -An- $^] 


where we have used the fact that the normalization constant N = m7*'!/ 
(2,0,2,)*.. If we substitute for alp) in Eq. (128) we would get (see Sec. 2,8) 


oan | at 
Yir, 9 P7 sation) P r » 


el o J 3 ] 


odt) = of | + a} 
If we assume a, to be very large then there is propagation along the x-axis and 
spreading along the y and z directions. 


where 


SOLUTION 2.20 
The uncertainty product is minimum when fis a multiple of g (see Scc. 2.6); 
thus 


aY 
— 1% r Бе Cix Y 
which gives a Gaussian distribution. 


SOLUTION 2.21 
In order to calculate N we use spherical polar coordinates to get 


an я - - 
ы 
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which gives N = (Ap?/4 Thus 
2 


Y(r, 0) — dass E [> ехр [- Zl [- жен | sinê 29 
0 0 


where we have assumed p, to be along к. On carrying out the integration we get 
* 1 3/2 to 
0= z(2.) + iF 
where rg = hi/Ap. 


CHAPTER THREE 


Simple Solutions of the Schrödinger Equation I; 
One Dimensional Considerations 


3.1 Stationary States 


When the Hamiltonian for a system is independent of time, there is an essential 
simplification in that the general solution of the Schródinger equation can be 
expressed as a function of spatial co-ordinates and a function of time. Thus, as- 
suming the potential energy function to be independent of time, the time depen- 
dent Schrédinger equation [see Eq. (22) of Chapter 2] 


a 0Y 0 BOY 

ih ETE = эт E + V(x) E(x; t) (1) 
can be solved by using the method of separation of variables 

Vx, t) = ф(х) Та) Q) 


Substituting in Eq. (1) and dividing by V(x, t), we obtain 


ih. dr М B dy 1 

TO d Tl ma (3) 
The variables have indeed separated out in the sense that the LHS isa function 
of time alone while the RHS is a function of space alone; thus each side must 


be equal to a constant, say E. We have therefore 


к= f um да+ veo |= E % 
ог 

T(t) = е-івић (5) 
апа 4 

-E S YO = B (6) 
о that the solution can be written as 

W(x, t) = (x) ee (7) 
The probability density is given by 

(х, 0) P= 14) P : (8)‏ |= م 
Now, Eq. (6) can.be written as‏ 

HG) = EG) (9) 
where 

H= E Фур) = D. evo) (10) 
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represents the Hamiltonian operator and E isa number. Equation (9) is an eigen- 
value equation and E is the energy eigenvalue. In general, the eigenvalues can 
have a discrete set along with a continuous range of eigenvalues and the general 
solution of Eq. (1) is of the form 


W(x t) = Y a, Yala) ettet an 
5 L 
where Qj, (x) are the eigenfunctions of H and E, are the corresponding energy 
eigenvalues; a, are constants which can be determined from the form of ¥(x, 0). 
In Eq. (11), £ denotes a summation over the discrete states and integration over 
the continuum states. 

Now, a state with well defined energy has a wavefunction of the form given 
by Eq. (7) and for such à state the probability density [see Eq. (8)] is indepen- 
dent of time [this follows from the fact that E is always real, see Eq. (18)]. Such 
states are therefore known as stationary states. The time independent part of the 
wavefunction V(x), for a stationary state, satisfies Eq. (6) which may be rewrit- 
ten in the form 


Ne ара vo) Juo dd (12) 


which is known as the one-dimensional time independent Schrödinger equation. 
In Sec. 3.2 we will discuss two theorems regarding the boundary and conti- 
nuity conditions of the wavefunction, In Secs. 3.3 and 3.4 we will discuss the 
degeneracy of a state and the orthogonality of the eigenfunctions and in Sec. 
3.5 we will discuss the parity of the eigenfunctions. In Sec. 3.6 we will give the 
solution of the Schródinger equation for four problems of practical interest. 


3.2 Boundary snd Continuity Conditions 


Since the wavefunction Y is to be interpreted as the probability amplitude, ф 
should be single valued and | ф(х) |* dx has to be finite for finite values of dx. 
Therefore 
Lt ae =.0 13 

ее Ii (13) 
In practice, this condition is satisfied by demanding that ф be finite everywhere; 
but this is not a necessary requirement in some cases. We shall discuss this in 
more detail in Sec. 5.3. For the problems we discuss now, we need only assume 
that ф is finite everywhere. Further, we have the following two theorems. 


Theorem 1 
The derivative of the wavefunction dù/dx is always continuous as long as the 
potential energy V(x) is finite, whether or not it is continuous*. 


*It may be mentioned that in many texts the continuity of j and di/dx are taken to be 
axioms. This is not correct because it follows from the fact ihat ф(х) satisfies a second order 
diferential equation [Eq. (12,] Indeed, when V(x) becomes infinite, dy/dx is nof continuous 
see Sec. 3.6.1). 
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Proof 
We integrate the Schrödinger equation [Eq. (12)] from x — e to x + to 
obtain 


х+ е 7 4 x+e 
| Ga | te venons 
x-—e x—ewe ^ 
or 
! x46 
Ver9-ye6-9-- 2 | [E — VOD] Wade 


Since V(x) is assumed to be finite (it could, however, be discontinuous), the RHS 
tends to zero as e — 0. Thus ф' is continuous at any value of x. It is obvious 
that ф has to be necessarily continuous everywhere. 


Theorem 2 
If the potential energy function V(x) is infinite anywhere; the proper bound- 
ary condition is obtained by assuming ‘V(x) to be finite at that point and carry- 
ing out a limiting process making V(x) tend to infinity. Such a limiting process 
makes the wavefunction vanish at a point where V(x) = ес (see Problem 3.2). 
* 


3.3 Degeneracy 


If there are more than one linearly independent wavefunctions belonging to the 
same energy level E, the energy level is said to be degenerate. If there are g line- 
arly independent wavefunctions (фу, Yz . . . 4,) belonging to the same energy state 
then the energy level is said to be g-fold degenerate. It can be easily shown that 
any linear combination of the degenerate wavefunctions 


ф = eh; + Cay +... + Cobo 


is also an eigenfunction belonging to the same energy eigenvalue. We will prove 
this for g = 2, the generalization is straightforward. Since }, and ф„ are eigen- 
functions belonging to same eigenvalue E,, we have [see Eq. (6)] 


i? 4% ] 
= 2m = + К(х)%, = Eha 
and 
+2 Pb. 
Tag ves T V(x) be = Erha 


If we multiply &he first equation by c, and the second equation by c; and add, 
we would get 
pg : ‘ 
Mere (cys + сеф) + V(x) (eda + coe) = Ё (сүф + сафа) 
which shows that the linear combination сүф, + cj, is also an eigenfunction 
belonging to the same eigenvalue Ё. ` 
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3.4. Orthogonality of Eigenfunctions 


We shall first prove that all energy eigenvalues E, are real and that if En 5 Еу, 
the corresponding eigenfunctions are necessarily orthogonal. We write the one 
dimensional Schródinger equation for the two states corresponding to the eigen- 
values En and Е, 


е урф Eds (4)‏ ل 
урур Bh (15)‏ ^9 - 


If we multiply Eq. (14) by Yẹ and multiply the complex conjugate of Eq. (15) by 
ф and subtract, we would get 


"ер; oe оО |= E ри, 


or 
x TE the — 4 d lar (E, — ED [ке 


(16) 
The left hand side is simply 


-E[a d О УН 


"dx 


which would vanish if the wavefunctions аге assumed to vanish at infinity. Thus 
we get 


+o 
(Ё. – ED) | Udnde =0 (17) 


© 
If Kk = п, then since f | js |? dx is necessarily positive*, we must have 
-0 
En = Ex (18) 


proving that all eigenvalues are real. Further, for En E, 


© 


[ aco B (19) 


which represents the orthogonality condition. 


*Except in the trivial case when the wavefunction vanishes everywhere. 
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If E, = En, i.e., if there are two (or more) wavefunctions belonging to the 
same eigenvalue then the corresponding wavefunctions are not necessarily ortho- 
gonal. Since any linear combination of degenerate state wavefunctions are also 
possible eigenfunctions (see Sec: 3.3) one can always construct suitable linear 
combinations which are mutually orthogonal (see Problem 3.3). 

Since the Schrödinger equation is a linear equation, if Y 18-а solution, c vis 
also a solution where c is an arbitrary complex number. One can always choose 


the constant such that: 
© 


| теат Q0) 
Which is the normalization condition. Equations (19) and (20) can be combined 
to write it in the form 


| UE Yn dx Sin (21) 
where 5;,, is the Kronecker delta’ function defined through the equation 
bn, = 0 Куп 
= 1 Е = п (22) 


Equation (21) is known as the orthonormality condition. 


3.5 Parity 
In this section we will show that if 
V(x) = V(—x) (23) 


i.e., if the potential energy function is symmetric about x — 0 then the eigen- 
functions of the Schrödinger equation are either symmetric functions of x [J(x) = 


V(—)] or antisymmetric functions* of x [4(x) = — ф(х). Тл order to prove this 
we first write the Schrédinger equation 
BPO) woe gaps 
ттн, ДӘ + V(x) Ux) = EY) (24) 
Making the transformation x — —x we get 
ВИА Th Vl. 3 ' 2 
"om s (х) +. Vix). ах) = Ex) (25) 


where we have used the fact that V(—x) = V(x). Comparing Eqs. (24) and (25) 
We see that ф(х) and ф(—х) are eigenfunctions belonging to the same energy E. 


"This theorem is.strictly true for non degenerate states only. For degenerate states the wave- 
functions need not be symmeiric or antisymmetric functions of x. However, even for degene- 
Tate states one can always construct appropriate linear combinations which are either symme- 
tric or antisymmetric functions of x, 
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Thus, if the state is non-degenerate then ф(—х) must be a multiple of ф(х) 
ф(—х) = AY) 

Clearly 
U(x) = А (х) = X00) 

so that M—1 or à= +1. Hence 


ф(—х) = ф(х) (26) 
proving the theorem. The eigenfunctions which belong to the class A= +1 are 
said to have even parity and those with А = —1 to have odd parity. 


For a degenerate state (( —x) need not be a multiple of ф(х). Indeed if ф(—х) 
is not a multiple of (х) then from Eqs. (24) and (25) it immediately follows 
that ф( —x) must be another independent solution corresponding to the same 
energy level. Further, any linear combination of (x) and {(— х) could also be 
a possible eigenfunction (see Sec. 3.3) and we can always choose linear combi- 
nations 


[рбх) + 4(—2)) апа [$609 — 4(—2)] 
which are symmetric and antisymmetric functions of x respectively. Thus even 
for degenerate states one can always choose appropriate linear combinations 
which have definite parity, i.e., they are either symmetric or antisymmetric func- 
tions of x. 


3.6 Some Exact Solutions of the One Dimensional 
Schrddinger Equation 


In this section we will consider four potential energy distributions for which 
exact solutions of the Schrödinger equation will be obtained. These results have 
applications in many areas, e.g., in theory of metals, quantum theory of radia- 
tion, etc. 

In Sec. 3.6.1 we will consider a particle inside an infinitely deep potential well 
which will be followed by considering the effects of the potential well of finite 
depth. In Sec. 3.6.3 we will consider the linear harmonic oscillator problem and 
in Sec. 3.6.4 we will consider the double well problem. 


3.6.1 PARTICLE IN A ONE-DIMENSIONAL INFINITELY 
Deep POTENTIAL WELL 


We will determine the energy levels and the corresponding eigenfunctions of a 
particle of mass | in a one-dimensional infinitely deep potential well character- 
ised by the potential energy variation of the form 
Vix) = 0 fo 0<x<a 
= оо for x <0 and for x> a 
(The corresponding three dimensional problem is discussed in Problem 5.2). For 
0<x<a, i one-dimensional Schrödinger equation becomes 


+ k(x) = 0 (28) 


(27) 


i 
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where 


BS 25 Q9) 


The general solution of this equation is 

ф = Asin kx + B cos kx 
Since the boundary condition at a surface at which there is an infinite potential 
step is that Û is zero (see Sec. 3.2, Theorem 2), we must have 

qx = 0) = х= а) = 0 (30) 


The above condition also follows from the fact that since the particle is inside an 
infinitely deep potential well, it.is always confined in the region 0 < x < aand 
therefore ф must vanish for х < 0 and x > L; and for Y to be continuous, Eq. 
(30) must be satisfied. Using the boundary condition given by Eq. (30), we get 


V(x = 0) = B=0 
and 

ф(х = а) = Asin ka = 0 
Thus, either 

A=0 
or - 
ka =m, бп 1,2-5 (31) 
The condition А = 0 leads to the trivial solution of Y vanishing everywhere, the 
same is the case for п = 0. Thus the allowed energy levels are given by 


Па aye) (32) 


The corresponding eigenfunctions are 


DENET TEE (0 < x <a) (33) 


where the factor 42/4. is such that the wavefunctions form an orthonormal set 
[cf. Eq. (21)] 


a 
[ио о) dx = 9, (34) 
0 


It may be noted that whereas }„(х) is continuous everywhere, di, (x)|dx is dis- 
continuous at x — 0 and at x — a. This is because of V(x) becoming infinite at 
x = 0 and at x = a (see Sec. 3.2). Figure 3 | gives a plot of the first three eigen- 
functions and one can see that the eigenfunctions are either symmetric or anti- 
symmetric about the line x — a/2; this follows from the fact that V(x) is sym- 


metric about x == a/2 (see Sec. 3.5). 
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0 а/2 а 


Fig. 3.1 The energy eigenvalues and eigenfunctions for a particle in an infinitely deep poten 
tial well. Notice that the eigenfunctions are either symmetric or antisymmetric about 
x = а|2. 


It can easily be seen that E cannot be negative because then the boundary 
conditions at x = 0 and at x = a cannot be simultaneously satisfied (see Prob- 
lem 3.1). 

Finally, the eigenfunctions given by Eq. (33) form a complete set, i.e., an 
arbitrary (well behaved) function which satisfies the same boundary conditions 
(viz., vanishing at x = 0 and at x = a) can be expanded in terms of the eigen- 


functions of H 


$6) = Y Cas) = 3i а У asin (223) (35) 
n=l, 2... 51 


where $(x) is an arbitrary well behaved function (with 4(0) = ¢(a) = 0) and c, 
are constants which can be determined by multiplying both sides of the above 
equation by у(х) and integrating from 0 to a to obtain 
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f Vs) Фо) dx = Yo Vs V.) dx = У Cn Ban = ст (36) 
0 


n 0 п 
where we have used the orthonormality condition [Eq. (34)]. Equation (35) may 
be compared with the Fourier series (see Appendix D). 
3.6.2 PARTICLE IN A ONE-DIMENSIONAL POTENTIAL 
WELL ОЕ FiNITE DEPTH 
We next consider the square well potential (Fig. 3.2) 
a a 
V(x) = 0 for YES Y (37) 
Wo for |12 а/2 


We first look for solutions corresponding to Е < V,. The Schrödinger equation 
can then be written in the form 


YQ) =0 for |x| < -5‏ + ا 
x (38)‏ 
AC x(x) = 0 for |x| > F‏ 


Fig. 3.2 A potential well of finite depth. The eigenvalues and eigenfunctions correspond to 
«= 2.0. 
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where 


š 2u E 2 
k= = and к= m (И, E) (39) 
Since V(—x) = V(x), the solutions are either symmetric or antisymmetric in x. 


Corresponding to the symmetric solution we may write 


“U(x) = A cos kx lx] < a/2 


= Bexp[—«|x]] [x] > 2/2 (49) 


where in the region | x | > a/2, we have rejected the solution exp [« | x |] 
because then ф(х) will go to infinity as | x |> оо. Continuity of Y and dy/dx 
(see Sec. 3.2) at x = a/2 leads to 


А cos ka/2 = B exp [— к(а[2)] (41) 
and 2 
— Ak sin ka/2 = — Bx exp [— x(a/2)] (42) 
For non-trivial solutions onc gets 
как | HSE 
pT EAR. ] (43) 


The roots of the transcendental equation (43) determine the discrete values of 
E (for given values of u, a and Vo) and one has to use numerical or graphical 
methods to obtain the energy levels. For a particular value of E, the ratio А/В 
can be determined by using either Eq. (41) or Eq. (42) using which one can 
determine ф(х) within a multiplicative constant. The value of А (and hence of 
B) can be determined by using the normalisation condition (see Problem 3.7). 


It is of interest to point out that for V, > E, the RHS of Eq. (43) tends to co 
so that one obtains 


k 1 

T - (rt) p=0,1,2... 
or 
(2р + 1)?n? he 


"i 20а? 


which is the same as Eq. (32) with п now restricted to odd values because we 
have considered only the symmetric solution. For the antisymmetric solution 
(for which Y is proportional to sin kx inside the well and to exp (—x | x |) out- 


side the well) the transcendental equation determining the energy eigenvalues 
would be [cf. Eq. (43)] 


ka к Г 9-Е № 
O к= (c ) (44) 
which for V; — co would give 
2p)? nh? 
pw TEN pee ore a 


2ра? 
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Equations (43) and (44) can be put in the more convenient form 
n tan у = (a? — 42/2 (symmetric case) (45) 
—1cot x = (a? — 2)12 (antisymmetric case) (46) 
where y = ka/2 = (2u Ea?/4h*)!/2 and « = (2u Vqa?/A5h?)!/?. For a given value of 
«, the RHS is a portion of a circle and therefore the roots can easily be deter- 
mined using numerical methods. In Fig 3.3 we have plotted the functions n tan 9 
(solid curve) and —7 cot (dotted curve) as a function of 1. Their points of in- 
tersection with the portion of the circle determines the eigenvalues. Itis easy to 
see that for 0 < « < r there will be one symmetric state, for т а < 2r there 
will be two and for 2r < ж < 3 there will be three symmetric states and so on. 
Similarly for 0 < « < x/2there will be no antisymmetric state, for 7/2 < « «31/2, 
there will be one antisymmetric state, etc. 


Й 


бно on онно see sees 


601 


Fig 3,3. The variation of » tan y (solid curve) and — cot y (dotted curve) as a function of 
л. The points of intersection of these curves with the quadrant of a circle of radius 
а determine the discrete eigenvalues corresponding to the potential well of finite 


depth. 
As an example, we consider a proton (of mass 1.67 x 10-27 kg) inside a one- 
dimensional weli with V, = 25 MeV = 4 х 10-7] and a= 3.65 x 10-1 cm. 


Thus js 
t 
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2 ү? 
== ( Au ) e 2.0 


Since « < r, there will be one symmetric state and one antisymmetric state; the 
corresponding energy eigenvalues are 6.76 MeV and 22.56 MeV (see Fig. 3.2). 

Till now we have assumed E < Vo; had we,considered values of E > V, we 
would have found that all values of E (greater than Va) could be possible, i.e., 
the energy eigenvalues would be continuously distributed in the domain V, < 
Е < оо. However, the wavefunction would not have vanished at large distances 
from the origin—see Chapter 4. Such solutions are of great importance in con- 
nection with the scattering of a particle by a force field (see Chapter 19), where 
the energy is specified in advance and the behaviour of wavefunction at great 
distances is found in terms of energy. 


3.6.3 THE LINEAR HARMONIC OsCILLATOR* 

The one-dimensional oscillator is one of the most important problems in quan- 
tum mechanics. It forms the basis of the theory of radiation (see Sec. 22.3), the 
quantization of lattice vibrations (see, e.g., Ghatak and Kothari, 1972), etc., and 
it also illustrates the basic features of a quantum system. The potential energy of 
a one-dimensional harmonic oscillator is given bv 


V(x) = — mo*x* (47) 


where m represents the mass of the particle and о the classical frequencv of the 
oscillator. The Hàmiltonian for the oscillator is therefore given by 


урн nro 1 
Ina ees a as те E 
The Schrödinger equation is therefore 
dp 1 E 
Hy = om de^. N mo*x*y = Еф (49) 
We introduce the variable 
= еу (50) 


where the parameter « will be chosen so that Eq. (49) reduces to a convenient 
form, On substitution, we obtain 


24 2 
ет [m Bae JO =0 Gn 
We choose « such that the coefficient of £? is unity; i.e., 
Rm (= у 2 
(52) 
Thus the Schródinger equation becomes 
ЫЛ 
Без еу) 0 (53) 


“= : 3 , : 3 
The harmonic oscillator problem is also discussed in Chapter 8 using the bra and ket 
notation. 
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where 


2mE 2Е 


ыс 64) 


In order to obtain an exact solution of Eq. (53), we introduce the function u(&) 
defined through the relation* 


0 = ехр(— 5$ ; ) we) (55) 
Substituting Eq. e in Eq. (53), we obtain 
eue 25-0 T He- Du) =0 (56) 


We seek a solution of this equation in the form of a power series 


u = E @ + щ@Ё+....) = ark. with ay 70 (57) 
r 


Differentiating Eq, (57) term by term and substituting in Eq. (56) we obtain 


© 


Y ICED (r Fs = Da, &'*—Q(res-(—1)a 1-0 
D 


(58) 
Since Eq. (58) is to be valid for all values of E, we equate the coefficients of 
each power of & to zero. Thus 


s(s — 1) a, =0 (59) 


ss + 1)a, = 0 (60) 
and ; 
(rz sd 2) + (+5 + 1) а = Qr 25+ 1 —-€) а; 
r-0,1,2... (61) 


Equation (59) is known as the indicial equation and for a, 0 one obtains 


s=0 ог s=1 (62) 
Further, Eq. (61) may be rewritten in the form 

Ола з 1271.28 75:16 

a (+5+2)(+5+1) (63) 


=» 2/r for large r 


*If we look at the behaviour of Eq. (53) in the region Е? > © we see that 
y es E^ exp (+ 52/2) 
indeed satisfies Eq. (53) because 
dy inet m 
1 
gute 


oa) ese {22 у Ens? e 11 — EY (for large E). 


This suggesis that it might б Ыр to er an exact solution of Eq. (53) of the form given 
by Eq. (55). We reject the solution with positive exponent because then the solution would 
diverge as £ -> + о. 
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Now , l 
S 
е® clc E doen (64) Ж 
= У bikr, br = 1 (4 ) (кезе) 1 
r=0,2,4... 
Hence 
f( Ae 2 ) 
dir. سے‎ LM LE for large r 
bs 1-21 Фа wk 
2° 2 


Thus, the ratio a,+2/a, is the same as that of the coefficients of E^*? and Ё" in 
the expansion of e. This means that if the series given by Eq. (57) is allowed 
to run to an unlimited number of terms, the wavefunction [see Eq. (55)] will 
behave as exp (E?/2) for large* Е and therefore would diverge** for Ё — + oo. 
This behaviour can be averted if beyond a certain coefficient a,, the series is 
terminated; we can do this by setting 


а = 0 (and therefore a; = a, =... = 0) 
апі j 
2ю+25+1—ёеё=—0 (65) 


We see from Eq. (61) that all coefficients 2,42, 2,44, etc., will then vanish. Since 
5 = 0 or 1, we have 


ё='?п+1; n=0,1,2... (66) 
or 

E= (n +) Бо н (67) 
Thus the energy eigenvalues are $ ho, $ fie, 5 ћо,....; one again obtains 


quantized energy levels. The finite value of the ground state energy level } ho, 
which is called the zero point energy, is characteristic of quantum mechanics and 
is related to the uncertainty principle [see Sec. 1.7]. 

In order to determine the corresponding eigenfunctions we rewrite w(£) [see 
Eq. (57)] in the form 


ulë) = E Ка, + a £* + аб...) + {aE + ah...) (68) 
* For a particular value of €, only one of the series can be terminated and since 
ao 0, we must choose a, = 0. Thus the value of r given by Eq. (65) must 


necessarily be even. As an example, we consider the case n = 2 for which € = 
2n + 1 = 5, thus from Eq. (65) 


2r+%s=4 


*This follows from the fact that only for large values of Е will the large r terms dominate 
in the expansion and only then the infinite series will behave as exp (E?). 1 

**[t may be noted that both the infinite series [Pqs. (57) and (64)] are convergent for all 
values of £. They only tend 10 œ as > toa. 


SIMPLE SOLUTIONS OF THE SCHRODINGER EQUATION 91 


Consequently, we must choose s = 0, and the series will terminate at r=2 
Further : t 
m 7026 DESI 2. 
ГУРТ Т, Soo o 
giving 
u(£) = as [1 — 282 (69) 


Similarly one can determine the other solutions. For п = 0, 2, 4,... we must 
assume s= 0 and for n = 1, 3, 5,... we must assume s = 1; the resulting poly- 
nomial wili be of nth degree. Alternatively, one can argue that for € given by 
Eq. (66), Eq. (56) becomes 

du 
5° 
and, for each integral value of п, this equation has a solution Н,(&), а polynomial* 


of nth degree called the Hermite polynomial (see Appendix G). Further, it can 
be shown that 


E. a + 2nu(E) = 0 (70) 


d^ 
Hy (5) = (—1)" exp (Ё?) dg XP C-E) (71) 
The normalized harmonic oscillator wavefunctions are 


Yn(x) = Nn exp (—} č?) НМЕ) = Nn exp (— $ ax?) H,(ax) (72) 


satisfying the normalization ‘condition given by Eq. (21). The first four Hermite 
polynomials are 
Ho = 1; Н) = 2; Н.) = 46? — 2; НАЕ) = 88 — 1228 (74) 
In Fig. 3.4 we have plotted (2), ф, (5), ¥2(&) as a function of (= ох). Notice 
that Vo and Ф, are symmetric in Ё and Y, and Q4 are antisymmetric in Ё. Fur- 
ther since | ф(х)|? dx (= 1/« | ¥(€)|* dé) represents the probability of finding the 
particle between x and x + dx (or between Ё and £ + d£), we have plotted in 
Figs. 3.5 and 3.6 the probability distribution function 


P()- zi we) P (75) 


as a function of £ for n = 0 and и = 10. The dashed curves represent the cor- 
responding classical distribution (see Problem 3.9) which goes to infinity at the 
end points where the particle has zero velocity. The area under both the curves 
is unity. The following two points may be noted: (i) according to quantum 
mechanics, there is a finite probability of finding the particle outside the classi- 
cally confined region and (ii) for large values of п (if we average over the rapid 


*The other solution would be an infinite series which wouid behave as exp (E?) for large Е. 
For n not equal to an integer both solutions wiil behave as exp (°) for & > + œ. 
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-2 -l 0 1 .2 
— $ (sax) 


Fig. 3.4 The oscillator potential and the first three eigenfunctions. 


1.5 


-10 0 1.0 
——= $£(:«x) 


Fig. 3.5 The probability distribution function | %(®) |? for the ground state of the oscillator 
and the corresponding classical distribution (Eq. 117). (After Pauling and Wilson, 
1935; used with permission.) 
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Fig. 3.6 The probability distribution function | фло (E) |? for the n = 10 state of the oscil- 
lator. The dashed curve represents the corresponding classical distribution (Eq. 117). 
Notice that the average of the quantum mechanical result closely resembles the 
classica! result [After Pauling and Wilson, 1935; used with permission]. 


fluctuations) there is a general agreement between the classical and quantum 
mechanical result; this is consistent with the Correspondence principle. 1 


3.6.4 Тнв DOUBLE WELL POTENTIAL 


We next consider the double well potential shown in Fig. 3.7. A study of such 
a potential helps us to understand the formation of energy bands in a solid (see 
also Problem 4.4). Also the evolution of a wave packet with time (for a parti- 
cle in a double well potential) gives very interesting results. The potential energy 
distribution is of the form (see Fig; 3.7) 


Vix) 


x 
-b-a -b b bea 


Fig. 3.7 The double well potential ang qualitative variation of the lowest symmetric (solid 
Curve) and the lowest antisymmetric (dashed curve) eigenfunctions, 
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Vo for O0<|x!<b 
V(x) = 40 for b< |x| < (b +a) ; (76) 
oo at  |x|—-(b- à 
Since V(—x) = V(x), the solutions will be either symmetric or antisymmetric in 
x. For E « Vo, the symmetric solution will be of the form 
p(x) = As cosh Kx; 0«<|х|<Ь (77) 


A, cosh Kb _. i А 
БЕТЕ sink (b+a—|x|); 2<1х1< (6+ a) 


where the subscript s denotes the fact that the wavefunction is symmetric in x 


еве e [8T » 


The constants in Eq. (77) are chosen such that Ф,(х) is continuous at | x | = b. 
Continuity of dy/dx at x = b gives 


Kb Kb 

tan ka = — Ê coth Kb = -- i Un 
ы Е 2E an + (79 
іт A (symmetric) (79) 


for Kb & 1. Similarly, one can consider the antisymmetric case. The eigenvalue 
equation can be combined to write it in the form 


k 2k 
t: A erm irri a е-?КЪ 80 
an ka zz K E (80) 


where the upper and lower signs correspond to the symmetric and antisymmet- 
tic solution. For < К (i.e., E < Vo) we may write the zeroeth order solution as 


tan k® a — 0 


or 
К) a = gx (81) 
giving 
This 
EO = m [Ee G2] (82) 


In order to obtain a better solution, we write k = k® + k; assume ka to be 
small and obtain 


~ ae mía пт[а „к 83) 
ce EE pe аду ( 
Куа 2 Ka e 
or 
2ED _, ЕФ 4 
с с EO — Hn рд DA. gek (84) 
Е, n Koa Ep Koa e 
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where A 
2m I2 

x ee pe zm] (85) 


For V; — co, E, > EY? which represent the energy levels for an infinitely deep 
potential well (see Sec. 3.6.1). However; for a finite value of Vo, there is a 
coupling between the two wells and the levels split*. 

Figure 3.7 gives a qualitative variation of the lowest symmetric and lowest 
antisymmetric wavefunctions; these we denote by 4P (x) and 94" (x) respect- 
ively. It is interesting to note that if at t = 0, the wavefunction is given by** 


Y0 t= 0) = Î UP) + woo | (86) 
then at a later time, Y will be of the form [see Eq. (11)] 


V(x, 0) = a (x) exp {= iE} +9 (х) exp — iE at | 


get pe o ete em] C 
where 
fi 
т == ЛЕ 
апа 


(0) 
AED = ED — BO) zog P. eno (88) 
Ка 


From Eq. (87) it immediately follows that at t = 0, 27, 41, ..., P(x, 1) is pro- 
portional іо 0 +!) and the particle is most likely to be found in the first 
well. At t = т, 37, 5t,..., V(x, t) is proportional to yo — VU and the parti- 
cle is most likely to be found in the second well; i.e., the particle tunnels through 
the barrier in time c « (sec also Sec. 4.3). 

It is of interest to mention that the potential energy function associated with 
the ammonia molecule can be, to a first approximation, described by a double 
well function where x represents the distance between the nitrogen atom and the 
plane containing the hydrogen atoms (see Fig. 20.3). We will briefly discuss the 
consequences in Problem 20.11; for a detailed analysis one may look up Feyn- 
man (1964), Chapter 9. 

We end this section by noting that there are many potential energy variations 
(most of them have important applications) of which exact solutions of the 


*]f there were N such wells (see Problem 4.4) the levels will form a band comprising of N 


levels. These are the energy bands in a solid. 
** ['he factor 1//2 normalises V(x, f = 0). 
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Schródinger equation are known. Examples are 


V(x) = Vy sech? x/a (89) 
r = cut uu (90) 
V(x) = V, ( + tanh х) (91) 
V(x) = V, cot? = . (92) 
ию n(i- х) <0 (93) 
cepe on 


etc. Some of the solutions will be discussed in the following problems. For other 
solutions the reader is referred to Constantinescu and Magyari (1971), Flugge 
(1971), Goldman and Krivchenkov (1961), Kogan and Galitsky (1963) and other 
similar books. For potentials for which exact solutions are not known, one 
employs approximate methods like the perturbation method (see Chapter 11), 
the variation method (see Chapter 12), the WKB method (see Chapter 13), etc. 


PROBLEMS 


PROBLEM 3.1 
Using the one dimensional Schrödinger equation show that tlie energy eigen- 
value cannot be less than the absolute minimum of V(x). 


PROBLEM 3.2 

In order to determine the boundary condition of V(x) going to infinity at a par- 
ticular value of x (say x — 0), we consider the following limiting process: assume 
V(x) = 0 for, x < 0 and V(x) = V, for x > 0; in the limit of V, — co show that 
ф vanishes in the region x >0. 


PROBLEM 3.3 


Let Фу, Ф, ... $, represent a set of linearly independent eigenfunctions corres- 
ponding to a degenerate state. Construct appropriate linear combinations SO 
that the wavefunctions form an orthonormal set. 


PROBLEM 3.4 
Discuss the eigenvalues and eigenfunctions of the matrix 


I0: 
OT r9 
002 


Show that the vectors 
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Lem) 


belong to the degenerate state but do not form an orthonormal set. Use the 
results;of the previous problem to obtain an orthonormal set. 


PROBLEM 3.5 
Obtain the eigenvalues and (normalized) eigenvectors of the Hermitian matrix 


1 —1 
ER 
show that the eigenvectors are orthogonal to each other and that any vector 
like (f) can be written as a linear combination of the eigenvectors. 


PROBLEM 3.6 

For the one-dimensional potential well (Fig. 3.2), derive the transcendental 
equations determining the discrete eigenvalues [i.e., Eqs. (45) and (46)] without 
making the assumption that the wavefunctions have to be symmetric and anti- 
symmetric functions of x. 


PROBLEM 3.7 
Use the normalization condition to determine tke values of 4 and B in Eq.(40). 


PROBLEM 3.8 
For a linear harmonic oscillator prove that the expectation value of the pot- 
ential energy in the nth state is given by 


OG» = (в) вов, 99) 
Further, the uncertainty product is given by (see also Sec. 8.9.1) 
Ах Ар = (n+ 7)" (96) 


PROBLEM 3.9 

Show that the quantum mechanical expression for the probability of finding the 
oscillator between x and x + dx agrees with the classical expression for large 
quantum number л. [Hint: For large n, use the asymptotic forms of the Hermite 
.polynomials—see Appendix G]. 


PROBLEM 3.10 
For the harmonic oscillator in the ground state calculate the probability of find- 
ing it beyond the classical limits. 


PROBLEM 3.11 
For a particle inside an infinitely deep potential well (see Sec. 3.6.1) prove that 


(an = (8) - Gr (1 а) en 
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PROBLEM 3.12 
Show that the discrete energy levels for a particle experiencing а potential 
energy function 


V(x) = — Vo sech? х/с (98) 

are given by 
BD 1\7 

E, = — m$ 3r E A= 0,1,2... (99) 
where 

(2 +1)! (100 
[Hint: Define 

у х 

E2-— (2) (101) 

and 
y 
М9 = 0-7 7 WO (102) 


Show that W(E) satisfies the hypergeometric equation (see Appendix G). Apply 
the boundary condition that the wavefunction must vanish at x == + оо. 


PROBLEM 3.13 
For a potential field of the form 
y = V,sec? (x/a) (103) 
use a method similar to that used in the previous problem to show that the 


energy eigenvalues are given by 


E = Eg wt ms n= 0,1,2... ax 


vy 
where v is the root (which is greater than 1) of the equation 


2 

те (105) 
(Hint: Define Ё = sin?x/a and (9) = (1 — E)? F(E); show that F(5) satisfies the 
hypergeometric equation (see Appendix G) and use the boundary condition that 
the wavefunction vanishes at x = + 1a/2]. 


vv —)= 


PROBLEM 3.14 

Consider the bouncing of a particle over a horizontal plate of glass. Thus for 
x > 0, V(x) = тах and ф(х = 0) = 0; the latter condition implying elastic 
reflection at x — 0. Introduce the new variable 


и 2m?g Vi? EM ^ h? 213 2mE 
eO) oh (me) FF 0 
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and show that the wavefunction is of the form 
YO) ~ EIE Fal) + Jus} for <0 


where 7 = $|E|*2. Applying the boundary condition at x — 0, show that 
for n > 1, the energy eigenvalues are determined by the following equation 


„{ B \ Kf 3r 1\)28 
ae ( 2m?z ) 2m Uo 32 )} (о) 
(Hint: Use the asymptotic forms of Bessel functions; see Appendix H.] 


PROBLEM 3.15 


Solve the Schrédinger equation for the double oscillator for which the poten- 
tial field is of the form 


VG) = zmo? (|x| — a)? (108) 


Compare the results with those obtained in Sec, 3.6.3. 


SOLUTIONS 


SOLUTION 3.1 
We write the Schrédinger equation in the form 


pe = [ve = E) 


If V(x) > E for all values of x then ф” has the same sign as { everywhere. Thus 
if ф is positive at some value of x then ¢“ will also be positive. Hence if ф' > 0 
then |) + оо as x — co’ and if b’ < 0 then | — со as x > — оо, As such we 
must have some value of x for which E — V(x). 


SOLUTION 3.2 - 
Since V(x) = 0 for x < 0 and V = У, for x > 0 the solution of the Schrödinger 
equation is 
W(x) = А sinkx + Bcoskx forx<0 
es Cete for x >0 


where k = (2mE/h?)''3 and к = [2m(V, — E)/i?] /*: we have assumed WE 
and rejected the solution e** which goes to oo as x > со. Continuity of Ф and 
d)/dx at x = 0 gives 
С 8 
k 1 i 
کے‎ -( p ) y 


20 
p! 


Thus as V, > oo, C > 0 (and hence B — 0) implying that  — 0 for x > 0. 
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SOLUTION 3.3 
Let 
in = ies i 
وم کرت‎ фу= i’ 1, =| |v} n dx (109) 
1, is known as the length of the vector v, (see Sec. 7.1). We next define 
وت‎ = ф, — сәф, ولإ‎ = ў, h= ac v ax} (110) 
2 


cs is such that v, is orthogonal to Y, 


= [natas |9 pde — cn 


or 
o = | Af ax 

Similarly 
RS e de = m IEZ F (11) 
en [Utd dx and са s Jt d. dx (112) 


are such that v, is orthogonal to ф, and ф,. In general 


Dati = Pnt — $ [к $4 dx] Um; (113) 
m=1 


Pati = alls Insa =[ fore Unis dx f 


Thus б, %,.... form an orthonormal set. This is known as Schmidt’s ortho- 
SOLUTION 3.4 
We choose 


gonalization procedure., 
h =n = | ) 


seni 
(DG 


Jı and ф, form an orthonormal set and correspond to the degenerate eigenvalue, 


оо ~ 
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It may be mentioned that 


m e iul 
ali) = a(i) 


also form an orthonormal set. Thus there can be an infinite number of ortho- 
normal sets. 


SOLUTION 3.6 
The wavefunction would be given by 


А exp (xx) for x < —a[2 
ф =% B sin kx + С cos kx for — a[2 < x < 42 (114) 
D exp (— кх) for x > a[2 


continuity of ф and d}/dx at x = + a/2 will give us four equations from which 
we may obtain 
2B sin» = (D— A) e, 2kB cos) = x«(—D + A) eë (115) 
2С cosy = (р + A) е7, 2kC sin» = «(D + A) e* (116) 
where у > ka/2 and & = ка/2. From this we immediately see that 


either B= 0 and D = A (the symmetric solution) and one obtains Eq. (45), 
or C= Qand D = —A(theantisymmetric solution) and one obtains Eq. (46). 


SoLUTION 3.7 
For the symmetric mode 


B= [exp (2). 7 |4 


and the normalization condition gives us 


f$: M sin ka , 2cos? (ka[2) 1? 
jd S PEE ек е ар 


SOLUTION 3.8 1 А 4 
Using the generating function of Hermite polynomials (see Appendix G) it 


can be shown that 


Кода, | inen este dy 2031 


Therefore 


(„= | YC) = metis) ах 
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Further ? LT 
p 1 
Gn = (н), ~ (И), = T5 
Now 
(x),90 and (p).—0 
because in both the cases the integrand is an odd function of x. Thus 
Ax Ap = [(x*) (р) = (n + }) E 


SOLUTION 3.9 
Classically, the probability of finding the oscillator between x and x + dx is 
given by 


Р(х) dx == si) - xa us (117) 


where а is the amplitude of the oscillation. Notice that f Р(х) dx = 1- Quantum 
ЕС] 
mechanically 
a 
P(x) = Io. |2 = uz exp (—52) НДЕ) 
2х 1 Е пк 
~ сов? | | 2n + — —— 
sVn — d [( Ў 1) Tim z] 

where Ё = ax = E2 x and use has been made of the Stirling's formula 
[nte 2n (л/е)") and the asymptotic expression (valid for large л) 


n "a 
2+1) — 


В is the smallest positive angle whose sine is £/ 4/3, The average of the factor 
cos*[+++ +] over many periods is $ and since the total energy of the oscillator 
is d muta’, we have 


«(Te (2) 


we obtain 
1 
m 120; 
PO)" aoe am 
SOLUTION 3.10 


The required probability is 


2f | d(x) |? de = 0.16 
a 
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SOLUTION 3.12 
If we make the substitutions defined through Eqs. (101) and (102), we would 
find that W(E) satisfies the equation 


1-9 Gh + [= (eros +] = we) =0 (121) 


where 
a=A—t(v—1), b= —A—30— 1) 
е i. а 


Equation (121) is the hypergeometric equation (see Appendix О) the solutions 
of which are F(a, b, с; E) and E-*F(a + 1 — e, b + 1— 6,2 — c; E). For the 
wavefunction to vanish as x ~» + oo (i.e, £-» — oo), W(£) should be a poly- 
nomial. For the first solution this can happen if a or b is a negative integer but 
for b equal to a negative integer, the wavefunction increases exponentially; thus 
a should be a negative integer. Similarly, for the other solution, а + 1 — с 
should be a negative integer. Combining the two cquations we get Eq. (99). 


SOLUTION 3.15 
We introduce the variables 
b c J'e-» for x»0 (123) 
and 
с (xy (х+а) for x<0 (124) 
The Schrödinger equation becomes 
s 
(6-9) for x>0 (125) 
and 
. 
£ (1-1) for x<0 (126) 
where 
ve den, е 2 a2) 


The boundary conditions for solving Eqs. (125) and (126) are now, ў -* 0 as 
Е +оо and => — оо, Observe that for a = 0 Eqs. (125) and (126) become 
equivalent to the harmonic oscillator equation and v will then be 0, 1, 2,... 
The solution of Eq. (125) vanishing for E -» оо is the parabolic cylinder func- 
tion* DAE) which is related to the confluent hypergeometric function (see 


*Sce, e.g., Magnus, "Olerbettinger and бом 1966), p. 323. 
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Appendix G) through the following relation: 


r( A ” 
бөз"; i, «[341) 


PAL 
Aie) ә 


чер) 


V. 38 The variation of 2E/ Bu with С, (= muah. Notice that as a + =, the energy 
eigenvalues correspond to two independent harmonic 


¢ 
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— È 
* 


Vi 39 Potential energy variation for the double oscil'aror (vae 108) end tha correspond. 
кн OG pial танинен. ерус 


Since 

i, 0 (29) 
we must choose the solution БМ) for x > O and Di—t) for x <0. (Thuc ¢ 
would tend to zerto ss x ^» $ e). Purther, since the potential aboot 


i ERR eed, o cue pie ond 6 wavefunc- 
We now condition of continuity of ¢ and At x — 0, Por 
even parity eigenfunctions, if the lope has to be continuous ee = û, da dira 
must be zero, Le., for even parity eigenfunctions 


DO leg = 0 = DAT) lae (120) 
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giving а 
Эте T AX 
р; (- Е )=0 ^ qan). 


Similarly, for odd parity eigenfunctions, if they have to be continuous at x = 0, 


the eigenfunction itself must vanish at х = 0. Thus, for odd. parity cigenfunc- _ ч 


tions 


"n ^ Las 

by (— 4/722 (=0 (132) 
Equations (131) and (132) are the equations determining the eigenvalues y which: 
‘determine the energy level E through Eq. (127). Figure 3.8 shows how 2E/ io 


varies with the separation between the harmonic oscillator wells. For a = 0, the 
double oscillator reduces to the harmonic oscillator and the solutions correspond 


to integral values of v. As a increases, the eigenvalues change and for sufficiently . _ 


large values of a, the problem reduces essentially to two independent harmonic 
oscillators and v again takes on only integral values, but the levels are doubly 
degenerate. Figure 3.9 shows the first two energy eigenvalues and the corres- 
ponding wavefunctions for € = 1.125. 


CHAPTER FOUR ; 
One Dimensional Barrier Transmission Problems 


4.1 Introduction 


In the previous chapter we considered the bound states corresponding to one 
dimensional potentials. For example, we showed that for a particle ina onedi- 
mensional potential well of finite depth (see Sec. 3.6.2 and Fig. 3.2) there exist 
a number of discrete states (for E < Vo), the corresponding wavefunctions 
vanishing at large distances from the origin. In this chapter we will consider 
solutions for E > V, and will show that the corresponding wavefunctions in the 
region | x | > a/2 do not vanish at large distances from the origin and Æ can 
have any arbitrary value (greater than Vo). Thus, for such a potential well there 
exists a number of discrete states (with E < Ve) and a continuum of states for 
E> V,. It may be mentioned that there are situations where the continuous spec- 
trum does not exist at all; e.g., for the infinitely deep potential well (see Sec. 3.6.1), 
the linear harmonic oscillator (see Sec. 3.6.3), etc. On the other hand, there may 
be situations where the discrete spectrum may not exist at all and one may 
have only the continuous spectrum; examples of such a situation are the poten- 
tial step and the rectangular potential barrier discussed in Secs. 4.2 and 4.3, the 
free particle discussed in Problem 8.2, etc. Further, there may be a continuum 
along with an infinite number of discrete states as in the hydrogen atom problem. 

The solutions corresponding to the continuous spectrum are of great impor- 
tance in conaection with the scattering of a particle by a potential field. For 
example, in Secs. 4.2 and 4.3 we will consider the incidence of a particle (of speci- 
fied energy) on a potential step and on a rectangular potential barrier respect- 
ively and in each case we will calculate the reflection and transmission coeffi- 
cients.* Such barrier transmission problems have many practical applications, 
e.g., in Esaki tunnelling (see Problem 4.8), field emission (see Problem 13.10), 
a-decay (see Problem 13.17), etc. However; unfortunately for most practical cases 
the exact solution is very difficult and one usually resorts to approximate tech- 
niques; one such technique is the WKB approximation which will be discussed 
in Chapter 13 along with some practical applications. 


4.2 The Potential Step 
We first consider a potential step (see Fig. 4.1) for which 
V(x)=0 for x<0 
(1) 
= Pa, for x-0 
We consider the incidence of a particle (of energy E) from the left on the 


*In the corresponding three dimensional situation, the scattering occurs into а solid angle 
df; see Chapter 19. : 
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V(x) 


о 
Fig. 4.1 Mhe potential step. 


barrier. Classically, if E> Vo, the particle penetrates the barrier and keeps on 
moving (with reduced kinetic energy) in the positive x direction; on the other 
hand, if E < V, the particle is reflected back at x = 0 because the particle does 
not have sufficient energy to be in the region x > 0. Quantum mechanically, we 
will show that for E > V,, the particle may undergo reflection and for E < Vp, 
although the reflection coefficient is unity, the wavefunction is non-zero in the 
region x > 0 implying that there is a finite probability of finding the particle in 
the region x > 0.. | 
We will first discuss the case E > Vo. The Schrödinger equation is 


FY Li mo for x<0 


dx? 
and (2) 

ETET) | for x>0 
where 

k= [2тЕЙЁР and ky = [2m(E — Vo)/ $2)! 6) 
The solutions are 

= Дейв ik А 
ф = Лей + Bertie fo х<0 4) 


= Cehs Desa ° for x >0 
If we multiply the wavefunctions by the time-dependent factor exp( —iEt/) we 
can interpret the terms de‘** and Ce‘ as waves propagating in the +x direc- 
tion and the terms Be-* and Лет as waves propagating in the —x direction. 
Since wo are considering the incidence of a particle from the left on the barrier 
at x = 0, there cannot be a wave propagating in the —x direction in region 
х > Üand hence we must put D = 0, Continuity of Y and dv/dx at x = 0 gives us 


A+B=C 
and 
ik(A — B) = ik,C 
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from which we readily obtain 


-k-k 
Cube (6) 
2k 
C= Erk, A (6) 
Now, the current density is given by [see Eq. (36) of Chapter 2] 
h oy 
J=Re [ws CDI (7) 


The current densities associated with the wavefunctions Ae‘, Ве-%= and Сез 
represent the incident current, reflected current and transmitted current res- 
pectively; these are given by 


Е 2 
Jine = P |AP (8) 
ے‎ Bk 
Jref = Ж РЫ (9) 
апа 
= Маса 
Дек SIG] (10) 
Thus the reflection and transmission coefficients are given by 
_ лч _1ВЁ (кў ay 
Лас 1А}? (К + k,)* 
and 
_ Jie ІС 4kk, (12) 


= Jme kK IAP +R 


It is easy to see that R + T = 1 as it indeed should be. 
For E < Vp, the analysis remains similar except that k, has to be replaced by ix. 


2 
> =1 [nE] (13) 


In the region x > 0 we now have solutions Ce-** and De**. We have to reject 
the latter because it increases indefinitely with x. Continuity of Y and 4ф[4х 
leads to 


k—ix 
k + ік 


B= A=e* A (14) 


where 
tan a= к/Ё (15) 


Equation (14) tells us that there is a phase change on reflection but the ampli- 
tude of the reflected wave is the same as that of the incident wave. In the region 
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x >> 0, since the wavefunction is now real; the transmitted current vanishes and 
oné has 


RM and Т=0 (16) 


It may be noted that although the transmission coefficient vanishes, the wave- 
function is not zero in the region x > 0, i.e., there is a finite probability of find- 
ing the particle in the ‘classically-forbidden’ region. However, in order to 
observe the particle in the region x > 0, A x ~ 1/x (see Problem 4.7) and there- 
fore the uncertainty in the momentum should be given by 


Ар; оак о MT E) an 


The uncertainty in the kinetic energy will be ~ (Ap)*/2m ~ (Va — E) which 
should be sufficient to raise it to the classically allowed region. Thus, if we try to 
observe the particle in the region x > 0 we necessarily impart so much of kinetic 
energy to it that the total energy is greater than Vo. ° 

In order to get a better physical insight, we shouid consider the reflection (and 
transmission) of a wave packet. This is discussed in Sec. 4.4 (sce also Problem 
4.6). 


4.3 The Rectangular Potential Barrier 


We next consider a potential barrier of the type shown in Fig. 4.2. Classically, 
for a particle of energy E incident on the barrier, if E < V, the particle gets 
reflected by the barrier and if E > V, the particle gets transmitted through the 
barrier. We will see that according to quantum mechanics, even for E < Vo 
there is a finite probability of the particle tunnelling through the barrier. This is 
entirely a quantum meckanical effect and field emission of electrons (see Prob- 
lem 13.10), emission of « particles from the nucleus (see Problem 13.17), etc. 
are examples of this tunnelling phenomenon. Further, for E > Vo, there may 
be a finite probability for reflection. 


V(x) : 
де'** 
-ikx Eure 
a Be. 
o d х 


Fig. 4.2 A rectangular potential barrier. 
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We first consider E < V,. For such a case the solutions of the Schródinger 
equation in the three regions are given by 


Фф = Ae {Bet x<0 


= Се“ + De? 0<х<а (18) 
= Жен PFGE а 
where 
1% — Е) ү! 
ea (E) and = (2928) 09) 


As in Sec. 4.2 we set С = 0 because there cannot be а wave propagating in the 
—x direction in the region x > a. Continuity of } and 20/4х at x = 0 and at 
x= à give us 


A+B=C+4+D 
Ka- poc-D 
Thus 
1 ik 1 ik 
= )1+ 2) 9-(1- 8) в (20) 
and 
1 ik 1 ik 
Ege diu Ua ZEN E 21 
D (1 £) 4+ (1+ Ж) в (21) 
Continuity conditions at x — a give us 
Сека 4- Deka = Feta (22) 
and 
xCe®? — «Dekt = ik Fek (23) 


Substituting for C and D in Eqs, (20) and (21), one can immediately get the 
ratios B/A and F/A : 


B (R5 - жз) (1— e») 
4 7 hak D ге (29 
F (—i) 4kxe-tks ека 
A ix? — (E + ік) ens (25) 


which lead to the following expressions for the reflection and transmission co- 
efficients 


hk 1 
E | Bp 
Me m 4e(1 — €) 26 
к= Лас БК jae 1 sinh? xa id 
ВК pe 5 
Т Jiran m 12| sinh? ка (27) 
7 Jinc hk [4 Ё 4«(1 — e) 
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where є = E/V,. Notice that R + T = 1. Further, we may write 


xa = Мі e (28) 
where | 


mV ga? ү 
wae ( g ) 
is a dimensionless variable characterising the potential. It may be noted that for 
каъ1 
T = 16e (1 — e) exo (30). 


For E > Vo, the analysis is very similar, excepting that, in the region 0 < x <a, 
instead of the solutions e** we will have solutions e+*"* where 


F2m(E — n 7 
Е, = [4E 1 (1) 
Thus we have to replace к by Vn everywhere. The final results are Ҹ 


4(є — 1) 9 
no = [! + “sin? ka en 


_sin а а i 


Once again R + T = 1. In Fig. 4.3 we have plotted the variation ‘of the trans- 
mission coefficient with e(=E/V,) for « = 10.0. It may be noticed that the х 


МШЕ AE 
P М E ES. 
; a 
m 
IL. per сут слу 
0 10 20 30 “0 | 
ا‎ 


Fig. 4.3 The variation of the reflection and transmission coefficients with € = (E/Vy) for a 
rectangular potential barrier (see Fig. 4.2) with « = 10.0, 
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transmission coefficient is unity for 
LSU REUS (34) 


(аА в» 


where A, = 2r/k,. Thus whenever the barrier width is a multiple of 4,/2 perfect 
transmission occurs*. This is also observed for a potential well as discussed in 
Problem 4.1. 


or 


4.4 The Reflection and Transmission of a Wave Packet 


In the analysis discussed in Secs. 4.2. and 4.3 we obtained expressions for the 
reflection and transmission coefficients by considering the time independent 
solutions of the Schródinger equation. However, in order to get a better phy- . 
sical insight we consider the incidence of a wave packet on a potential barrier. 
For the sake of simplicity we consider the reflection of a wave packet by a pot- 
ential step; similar analysis can be carried out for other potential barriers also. 

We assume that the component waves, the superposition of which gives the 
wave packet, correspond to E < V, so that ibe solution in the region x < 0 is 
of the form [see Eqs. (4) and (5) with К, replaced by ix]: 


le ika Кік a. 
Vm ett opis ] 
== A [ette 4- era) othe) (36) 
where 
FIR ү — ЫТ 
tana(k) = =(“—) -[: — ] (37) 
1/2 
E Eg (38) 
Thus a wave packet in the region x < 0 will be of the form 
p 
V(x, t) 2 E A(k) [eis + ELI ex eg ilk dk 
N 2r 
0 
B 
E ath | | А(®) | [et = + $0] 4- e Ii eor (0) #00] qe (39) 
jer 0 
where 


A(k) = | A(K) | ef# (40) 


*This is indeed similar to the interference patiern observed in a Fabry-Perot etalon (see, 
e.g., Ghatak, 1977), 
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mL S «n 


[vce Eq, ӨЙ It should be mentioned that since Е < V, k lı lems than f and «(0 
is real’, Now, liq. (00) can be written in the form 


Y 1) = Nomen t, 0 an 


and 


hen 
Tels, 0= ais ie ares), an) 
M д 
vet. ale [intrent - na 
the incident and reflected waves 


represent the packets describing respectively. 
“Аа le See. 2.7 we вате | A) | to be sharply peaked around k — ku thus, the 
aantre of the wave packet associated with the incident and reflected waves would 


be gives by [ме Fas. (76) and (79) of Chapter 2] 
aae as ny an 
Ж =а- м" (4 
where 
К - XL. “7 
LI an 
Е! 


ve AL, - раг E 


represent the tier delay introdoced daring refirction of the pact et. Obviowity, 
boch al Û) and al и) should be negative becuose Yir, /) as given by Bq OP 
conveiponds to the region x < 0. Now at t = 0 we amome the packet to ће for 
away from the barrier (see Pig. 4.45) and at г increases the packet mover te 
wards гы Бат Af s SC later time the reflected pachat moves towards Mê 


LISSE. 48. 
se Tc Ne 9 EY sadip sd fram rh fiit Our + жые Ow vesc a mie I 


ONS DIMBNIEONAL такал» за озен Fe сома t n 


иб (ме LI vee) n, Al aaarnas tee the 
SIE yaya lr y apea m de 


ein di. b 68 nio o> у the OMI avs pridat edd be 


i 
rem gh ps pi- «йй + — дый 5 40) = 1. 


where adh) i gwen by К (41) end wia us han rode of iu fout bid tae eli 
— o 5 ње Г. ^" 


C= PE р on 
Vertu, d we malt Тарбие evga of ndh) sdh) und AO) omnl = û, ond 
retos rem ep oo Leet ondes we mend gre 


veu EHE t вы] „и, 
лн; „ 
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where use has been made of Eqs. (47), (48) and (49). The above equation imp- 
lies that Ytr has maximum value at t = (a + 7/2)/z, and would be negligibly 
small for 


|e- JL um 132 E I (53) 


where Ak is the width of A(k). It may also be noted that because of the expo- 
nentially decaying factor, the wave packet will have a negligible value for 


x 2 l/x(ko) (54) 


at all times. Thus the wave packet can be thought of as penetrating into the 
region x > 0 for a certain distance [1/x(k;)] and then coming back. 

We conclude this section by noting that Goldberg et al. (1967) have obtained 
numerical solutions of the time dependent Schródinger equation to study the 
reflection and transmission of a Gaussian wave packet by a square well and by a 
rectangular barrier. One of their results is shown in Fig. 4.5. Figure 4.5(a) tells 
us that at t = fy the particle (localized around x = a) is described by a Gaussian 
wave packet and is approaching the square well potential. Figures 4.5(b), (c) 
and (d) give us the form of the wave packet at subsequent times. Itis interesting 


(5) 


ШАШ ae 


Fig.4.5 Reflection and transmission of a wave packet Ьу a square well; the mean energy of 
the packet corresponds to the well depth (adapted from Goldberg er al., 1967). 
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to note that at t= tı the particle is described by two packets one centred 
around x = x, апі the other around x = ху. Thus at t = f, the particle is at 
both the places in the sense that there are finite probabilities of finding the par- 
ticle around x — x, as well as around x — x,; however, if we try to determine 
the position of the particle then it will be found either near x — x, or near 
x =x,. A similar situation arises when we consider the reflection and transmis- 
Sion of a wave packet by a potential step (see Problem 4.6). We may mention 
that the arguments are the same as in the case of Young's double hole experi- 
ment (see Sec. 1.5) where the particle passed through both the holes to produce 
the interference pattern. 


PROBLEMS 
PROBLEM 4.1 
Consider a square well potential given by 
V(x) = —V |x |< a/2 
=0 |x| > a/2 (55) 


(see Fig. 4.6). In Sec. 3.6.2 we had discussed the bound states for such a poten- 
tial well. Discuss the solutions of the Schrödinger equation for E> 0 and 
assuming the incidence of a particle of energy E from the left show that the 


transmission coefficient is given by 
т=|\+ HE = Ay sint(k a] (56) 
A» 4\k, k * 
where 


к = (QmE[52) ?, k, = [2m(E + М) (51) 


Notice that transmission resonance occurs when k,a = пт. Interpret the result 
physically. It may be mentioned that such transmission resonances occur in the 


V(x) 


Fig. 4.6 The square well potential. 
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scattering of electrons trom noble gases such as argon and neon. This is known 
as the Ramsauer-Townsend effect. (See also Sec. 19.5.2 and Mott and Massey, 
1933, p. 133.) 


PROBLEM 4.2 
Consider a potential barrier of the form (see Fig. 4.7) 
V(x) = Vs |x| < a/2 
0 |x| > a/2 (58) 


In the region | x | > a/2; the solution of the Schródinger equation can be 
written a8 


v = Aet + Berik x< —alz ; (59) 
= Feite + Getz x > +a/2 
Using continuity conditions at x = + a/2 show 
NS Ee MS) 
( B ) -( Ry Ra G e, 
where 
Ry = [ cosh xa + ex sinh ка ] enn 1 
i | 
К = [ cosh xa — > sinh xa | eR n (61) 


Ria = (їт/2) sinh xa = —Ry 
в = (x/k) — (k/x), « = (xik) + (Ек) J 
k and к are defined through Eq. (19). For E < V,, к is real and for E > Vo, x 
is pure imaginary. 


V(x) 


-a/2 +а/2 


Fig. 4.7 A.rectangular potential barrier. 


PROBLEM 4.3 

In the previous problem if we set G — 0 then it will physically correspond to 
the situation of a wave incident from the left on the barrier and getting partially 
reflected and partially transmitted by it. Calculate the transmission coefficient 
for the cases E < Vo and E> V, and show that the results are the same as 
obtained in Sec, 4.3. 


ONE DIMENSIONAL BARRIER TRANSMISSION PROBLEMS 119 


V(x) 


! 


-a[2 aj? а[2+Ь x 
eod ора hc. 


E E 


Fig. 4.8 A periodic potential. 


PROBLEM 4.4 У 
Consider a periodic potential of the form* (see Fig. 4.8) 
V(x) = Vo —al2«x«-al2 | 62) | 
= 0 a[2 < x < a2 + b (62) 
with 
V(x + 1) = V(x) (63) 


where | = a + b represents the periodicity-of the potential. We label the ЈА 
valley (of the periodic potential) as 


(n = 11+ al2 <x < nl — a[2 (64) 
with n = 0, +1, +2,.-.- and write the solution of the Schródinger equation 
in the nth valley as 

(x) = An exp ik(x — nl)] + B, exp E— ik(x — nI) (65) 
We write 

(ова e) 66 

( Bn+1 Ra Ras Bn e 
Use the continuity conditions to determine Rir Riz» . . . + etc. and show that the 
matrix elements are independent of л. Thus it immediately follows that 

(а) - (Be ey (40) (6) 

В ) Ra Rm Bo 


Using the boundary condition that the wavefunction must remain finite at x > 
+ co obtain the equation which leads to the allowed and forbidden energy bands, 

*Such a periodic potential is of great importance in band theory of solids (see. e. g , Kittel, 
1956, Dekker, 1957, McKelvey, 1966). The present method of solution for the periodic poten- 
tial is adapted from Merzbacher (1970). 
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PROBLEM 4.5 
Consider a potential barrier given by tbe following equation 


7= А z«0 


= V, z>0 (69) 


with V, > Vj. Consider the incidence of a plane wave (at an angle) on the sur- 
face z — 0. Solve the 3-dimensional Schródinger equation in the two regions 
and using continuity conditions determine the laws of reflection and refraction. 
[Hint: Without any loss of generality assume the x-axis to lie in the plane of 
incidence so that the y-dependence of the wavefunction can be neglected.] 


PROBLEM 4.6 

In Sec. 4.4 we had considered the reflection of a wave packet by a potential 
step and had assumed that the component waves, the superposition of which 
gives the wave packet, correspond to Е < Vo. Discuss the reflection (and) trans- 
mission of a wave-packet whose component waves correspond to E > Vo. 


PROBLEM 4.7 
For the potential step problem (see Sec. 4.2) the wavefunction in the region 
x > 0 is of the form e-*" Calculate (x), (х2) and show that Ax ~ 1/к. 


[Hint: (x) =| хё-2к= || = dx, etc.] 


0 0 
PROBLEM 4.8 
Consider a potential energy variation given by (see Fig. 4.9) 
V(x) = 0 x« —a and x>0 
-%(1+ X) —а<х<0 (69 


Obtain an exact solution of the Schródinger equation and obtain expressions for 
the transmission coefficient. 


Vix) 


-a ې‎ X 


Fig.4.9 The potential energy variation given by Eq. (69). 
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PROBLEM 4.9 


Extend the analysis of the previous problem to study the transmission through . 
a triangular barrier given by* 


V(x) = 0 |x| >a 
-»(1- 1) Valea. (70) 
PROBLEM 4.10 
Consider a delta function potential of the form T 
V(x) = S9(x) (71) 


Show that the transmission amplitude (= F/A) and the transmission coefficient 
(= | F/4 P) are 


С -) 


Е|(Е + mS?/2%*) 
respectively. 


and 


SOLUTIONS 


SOLUTION 4.1 
For a particle incident from the left, the solutions of the Schrédinger equa- 
tion are 


ф = Aes + Be-te x< — a[2 
= Cei? + Derike a[2 > x < — а]2 (72) 
к= Рей» x a[2 


The continuity conditions at x = + 2/2 immediately lead to the transmission 
coefficient (= | F/A |). For ka = ит the transmission coefficient is unity and 
this is again similar to what happens in a Fabry-Perot etalon (see also Sec. 4.3). 


SOLUTION 4.4 
The continuity conditions immediately give 


Ry = ей [cosh xg — = sinh xa] ‘ 
Ru = — $ sinh ка ef*(«t? (73) 


Е, = Rî, Ка = Ris 


*Tunnelling through such a barrier is of importance in solid state physics (see, ¢.g., Roy 
and Ghatak, 1971), 
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where c and т are defined through Eq. (61). Now the eigenvalues of the R 
matrix are given by 


= а] (74) 


eae we have used the fact that Ry Reg — Ё,; Roy = 1 and 1 = Ry + Ry = 
11+ Ri; which is a real quantity. Further, any column vector can also be 
де Ve as a sum of two eigenvectors and therefore we may write 


a) Gt) +(e) 
( Bo ) TONDE i 
where (2) апі ne ar eigenvectors corresponding to the eigenvalues A, 
+ 


and A. respectively. Thus 


(2)-7(x)-5(:)*() as 
Clearly if |» | > 2, the two roots are real and the wavefunction will diverge either 
for x > co or x» — оо. Thus we must have 

Inj<2 (76) 
for which | à+ | = [А | = 1. Since » is real we can always write 


+ N= cos 9 (77) 
or 
cos = cosh «a cos kb +- = sinh xa sin kb (78) 


For kb = Nr, it immediately follows that Eqs. (76) and (78) cannot be satisfied 
and hence such energy values are not allowed. By plotting 7/2 as a function of 
E one can readily obtain regions of allowed and forbidden energies—these are 
the energy bands and are discussed in any book on solid state physics. 
For E > Vo, the corresponding equation becomes 
K+ 
2kk _ 
which again leads to the allowed and forbidden energy bands. 


In order to get a numerical appreciation, we consider the limiting case of 
Va > co and a — 0 such that 


соз 9 = cos Куа cos kb — BE sin Куа sin kb (79) 


ma Ра Р 


(This is known as the Kronig-Penney model). For such a case Eq.{78) becomes 


cos Ф = ix sinkb + coskb (80) 
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sin kb * cos kb 


2T 
kb 


КАМЫЗ АЛАА 


SEA 


EX 


Fig. 4.10 The shaded regions correspond to [cos e | < 1 and therefore the corresponding 
energies are allowed. 


In Fig. 4.10 we have plotted the right hand side as a function of kb for P -2n. 
‘The shaded region corresponds to allowed energies. Notice the formation of 
allowed and forbidden energy bands. 


SOLUTION 4.5 
The three dimensiona! Schródinger equation 


vii + е [E — YO G2 = 0 (81) 
with , 4 
V(z) = У, 2<0 
= V, 220 (82) 


can easily be solved by using the method of separation of variables. The solu- 
tion corresponding to the reflection and transmission of a particle is given by 


9 = A exp [i(k,,x + kisz)] + B exp lix — kuz)] z< 0 
= C exp [i(ka,x + Кы2)] z>0 
where we have assumed (withcut any loss of generality) that К, = 0, i.e. the 


(83) 
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L 
[ 
| 
1 
| 
| 
Fig. 4.11 The reflection and refraction of a plane wave at the plane z = 0. 


x-axis is chosen to lie in the plane of incidence (see Fig. 4.11). Further, 


kh + М, = КЬ + = 2 (E И) (84) 
and 
kis + Hi, = 2 (E— Y) (85) 


For the wavefunction to be continuous at z = 0 (for all values of x) we must 
have 


Кы = Кы = Kay (86) 


Thus kas = kıs [see Eq. (84)] implying that the angles of incidence and reflection 
are equal. Further, if i and г represent the angles of incidence and refraction 
then 


sini = kis Е ee 5 y" k. (87) 
(62 + ky" 2m(E — Vy) s 
and a similar relation for sin r, from which we immediaiely obtain 
sini DA E—yVy,Vn 
sinr (=) i 
which is nothing but Snell's law. The critical angle is given by 


ae ( E— V, yr 


E-—Y, e» 


For i > ie ky, is pure imaginary and there is an exponcntially decaying wave in 
the region z > 0. 
Now, continuity of ф and 20/42 at z = 0 gives [cf. Eqs. (5) and (6)] 


В _ К. kas _ cosi — (sin*i, — sint)! (90) 
A Кы + Kg, cost + (sini, — sin? i)? 
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and 

2k. 2cos i en 
Кы + Nu bum cos i + (sin? i, — sin? i? 
For i > i,, | B/A| = 1 and the reflection coefficient is unity. However, the wave- 
function is given by 


(Gye agen 
С = 


(sin? — sin? jj? ] (92) 


=C {кх sini ЗА 7 
ф exp [ixx sin i] exp [ KZ aye 
where к = [2m(E — V;)/|h?]U?,. The above wavefunction gives the following 
expression for the current density 


_ Ёк sini ud (sin? i — sin? i,)!? 
Ta sini, Ге бер | sin i, z] ©з) 
J,=J,=0 


Such a wave which is propagating in a particular direction and has an expon- 
entially decreasing amplitude in another direction is known as an evanescent 
wave and is a subject of considerable importance in optics (see, e.g., Ghatak 
and Thyagarajan, 1978, Chapter 11). Because of this evanescent wave, the beam 
(on reflection) undergoes a lateral shift which is known as the Goos-Hanchen 
effect (see, e.g., Ghatak and Thyagarajan, 1978). 


SOLUTION 4.6 
For E > Vo, the incident, reflected and transmitted wave packets would be 


[сс Eqs. (43), (44) and (52)] 


Vine (x, t) = [| 40 | exp [kx — (Юг + $00)] dk, (ve 
7 


к= М 
Es 


| Аг “ёр [— i(kx + olk)t 


1 

Fief (x, f) = F= 
eg 

— (oak (95) 


; XP [VR — Bg x — ofk)t 


з= у |! Ae ee 
+0 00) 


where we have used Eqs. (5) and (6) and the fact that 


ье ege pns (97) 


Notice that since B/A and C/A arc real [see Eqs. (5) and (6)], there are no addi- 
tional phase factors appearing in the exponent. Thus the centre of the wave 
packet associated with the incident, reflected aad transmitted waves would be 
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Fig. 4.12 The reflection and refraction of a wave packet at a potential step. The discussion 
at the end of Sec. 4.4 is also valid here. 


[cf. Eqs. (45) and (46)] 


Xe =—a+t t 
xf eal ot (98) 
, 
Tre Ug / 
2 ле Tot 


where* 
y BVP (99) 
s m 


which represents the group velocity in the region x > 0 (see Fig. 4.12). 


*The expression for А follows from the fact that 


(к — BAP x — ot = [us -pu + dr em — К +... |x 


[овоне = ko e 


5 [e BE otk | + (k — ko) VERI 


Hee 
iat tt E eo 
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SOLUTION 4.8 aas 
h Schródinger equation can be rewritten in the form 


азр 
де +790=0 Ж Б = а>, (100) 
d 

вео -h«teh aon 


E = e(l + xla) — 5, 


oboe 2, h=, (102) 
LJ 
є = [2m V, af [fius 
һе solutions are 
WE) = etr + r eê Ё<— 
—AU,(—ED- BU(-b) | —-&«t«& - (103) 
= tes < 8, 


The U, and U, functions (along with their derivatives) have been tabulated by 
Пігпоу (1960) and are rclated to the Bessel functions through the following 


lations , 
U,(s) = 3713 Т(2/3) 3 Ios (2/3 9 (104) 
Uls) = 315 T(4[3) Уз Jya (2/3 °. 


pplying the boundary condition at £ = — & and & 
ression for the tunneling coefficient T = | #|*. 


= E, we can easily get an 


SOLUTION 4.10 
In the results given in Sec. 4.3 take the limit of Vo 


le product V, a — s. 


-» co anda + 0 such that 


CHAPTER FIVE 


Simple Solutions of the Schrodinger Equation ЇЇ: 
Three-Dimensional Considerations 


5.1 Introduction 


In Chapter 3 we had discussed the stationary states of the one-dimensional 
Schrédinger equation; the corresponding considerations for the three-dimensional 
equation are very straightforward. For example, by using the method of sepa- 
ration of variables, the solution of the time dependent Schrédinger equation 


Ph? h* 

ih ууз за 2m VY + V(r) ¥ (1) 
is of the form 

Vr, t) = Ф(г) exp [—iEt/5] Q) 
where (г) is the solution of the eigenvalue equation [cf. Eq. (6) of Chapter 3] 

H(r) = Ey(r) (3) 
and 

i БО, 12 + pj +p 
BE SV PO) SEL и) (4) 


represents the Hamiltonian operator and E the energy eigenvalue. The poten- 
tial energy function has been assumed to be independent of time. In general, the 
eigenvalues can have a discrete set along with a continuous range of eigenvalues 
and the general solution of Eq. (1) is of the form [cf. Eq. (11) of Chapter 3] 


Yr, t) = D an Yn(r) exp (—iEst/ hi) 
n 
where X denotes a sum over the discrete modes and an integration over the 
n 
continuum, 
Equation (3) is usually written in the form 


уз + ЦЕ - YO Y( = 0 9 


Which is known as the 3-dimensional time-independent Schródinger equation. 

As in Chapter 3, the wavefunction satisfies continuity and boundary condi- 
tions. Thus | 

(1) The wavefunction and its gradient are continuous everywhere as long as 
the potential energy function is finite. 

(2) The wavefunction should also be single valued everywhere so that it cor- 
responds to a definite physical situation. 

(3) For a degenerate state any linear combination of the degenerate eigen- 
functions is also a possible eigenfunction, ` 
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| The orthogonality of the wavefunctions can be proved by using a method 
similar to the one used in Sec. 3.4. Indeed, instead of Eqs. (14) and (15) of 
Chapter 3, we will have 


h? 
е7 у? d, + V(r) Yn = En Yn (6) 
2 
x Ze be + Vir) Yr = Ex Ye (7) 


If we multiply Eq. (6) by фк and multiply the complex conjugate of Eq. (7) by 
Yn and subtract, we would get 
hh? E 
- E [vmve-evaa-c — ues 
By using Gauss theorem, the LHS becomes a surface integral 


-. [uve — eve 


which would vanish if the volume integral is over the entire space. Thus, as in 
Sec. 3.4 we will have 

E, = Е? (8) 
proving that all eigenvalues are real and the wavefunctions belonging to differ- 
ent energy levels are orthogonal. By appropriate normalization we can always 
have : Д 


[к Ya de= дь (9) 


which is the orthonormality condition. For degenerate states one can always 
construct appropriate linear combinations so that the orthonormality condition 
is satisfied (see Problem 3.3). 

In Sec. 5.2 we will show that as long as the potential is spherically symmetric 
(i.e., as long as the potential depends only on the magnitude of the distance from 
a fixed point) the angular part of the wavefunction is a spherical harmonic and 
the potential energy function enters only in the radial part of the equation. In 
Sec. 5.3 we will solve the hydrogen atom problem and obtain the discrete states 
for the Coulomb potential and will show that the results are consistent with the 
experimental data. 

In the Problems we will discuss several other examples for which the exact 
solution of the Schrédinger equation are known. However, once again, for most 
problems of practical interest it is not possible to obtain exact solutions and one 
has to resort to approximate and numerical methods, some of which are discus- 
sed in Chapters 11, 12, 13 and 16. 


5.2 Motion in a Sphericaily Symmetric Field 


One of the most important problems in quantum mechanics is the motion of a 
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particle in a potential which depends only on the magnitude of the distance from 
a fixed point 

V(r) = V(r) 
Now, in spherical polar Ek we have 


1 8 9 
vie 1 ep ل‎ у (sino 4) + wae oe y 
o 


1 
Urn (»)+5 жа M 
where the operator Д is defined through the following equation 
Iia ay 1 2% 
Dem Le ( sino SE + ind op 


From the above equations we note the-following very important feature. 
long as the potential is spherically symmetric, the angular part of the Hami t 
nian is fixed. We therefore expect the angular dependence ofthe wavefunctions 
for such problems to be the same in all cases. 
We can determine the angular part by writing 
V(r, 9, €) = R(r) Ү(0, Ф) 
Substituting this into Eq. (5), we have 


E Fre) + -rojont Ê ^re o= 
Dividing by RY/r?, we Pol 


B idt ı 2m AY(0 p) 
E эщ ЧЫ ДЕ? MEE AE 
r [5 да C + Сүз m e ve) )| YO, €) 
where we have set the terms equal to a constant А because the left hand side 


Eq. (14) depends only on r while the other term depends only on 0 and e. 
above equation gives us the eigenvalue equation 


AYG, 9) = — AYQ, 9) 
Now, in Chapter 6 we will show that the operator A is related to the quant ш 
mechanical angular momentum and L; indeed 


d fai Ts а 
t= — ШЕ 2 аА 
sin Û 20 d 0 ^ snm sinê) og? p 


(sec Sec. 6.2), here L = L2 -+ 2 L,, L, and L, representing the Carte ji 
components of L. We will also didw that the eigenvalues of the operator Li 


КЕ Dae I Oe epee 
i.e., well behaved solutions are obtained when 
A= (l+ 1) 
the corresponding eigenfunctions being the spherical harmonics 


Yim(®, 9), m= -—I,—-I+1,...1 
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(see Secs. 6.3 and 6.4 and Appendix I). Thus Eq. (14) takes the form 
ÆR 1 dR 2m (I+ 1)8? 
DEL A [r-vo- LERE no =o (19) 
which is known as the radial part of the Schródinger equation. If we define a 
new radial function 


u(r) = rR() 00 
and use Eq. (17), then Eq. (14) becomes 
а? 2 
AD + | E— ve) — eu] иф) = 0 (21) 


Comparing this with Eq. (12) of Chapter 3, we may consider the radial motion 
to be similar to the one-dimensional motion of a particle in a potential 


yp + ELS (22) 


Now, according to classical mechanics, if a particle (of mass m) is rotating (with 
speed v) іп a circular orbit of radius ғ then the angular momentum associated 
with such a circular motion is L = mur. To maintain such a circular motion 
there must be a centripetal force given by 


F = – — r = —— r (23) 


where the negative sign implies that the force should be directed towards the 
origin. The corresponding potential energy is — L*/2mr* which should be sup- 
plied by V(r) and hence the effective potential is V(r) + I^|2mr* which is con- 
sistent with Eq. (21) if we replace L? by /(7 + 1)В?. \ 


5.3 The Hydrogen Atom 


Since the potential experienced by the electron in a hydrogen atom possesses 
spherical symmetry, the angular part of the wavefunction is already determined. 
However, strictly the proton in the hydrogen atom cannot be reparded as fixed; 
but (as we will show now) the two body problem can always be reduced to a one 
body problem provided the potential energy depends only on the magnitude of 
the distance between the two particles (this is obviously true for the Coulomb 
potential), Now for the hydrogen atom problem, the Hamiltonian is 
H= 2+ Ж + Win np) 
2m, 2m, ДЗ. 

ws ja Lu e 24) 

= Эй У Она УЛП V(|ry — ral) ( 
where we have made use of the recipe of replacing p by = iñiy; the subscripts 1 
and 2 refer to electron and proton respectively, Further, 


E SN 
v= о Өй wt 
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where (x;, у, Z1) and (xq, ys, Z2) represent the co-ordinates of electron and pro- 
ton respectively. The Schródinger equation is 


[— эю; VE эк VER Yn ra | Fera) = E Yir) 05) 


It can easily be shown that if we try to separate the variables by assuming 
Ter T) = Yn) ¥2(r2) 


the variables will not separate. However, if we introduce the centre of gravity 
co-ordinates 


— тп + ти 
m, + m (29 
and the relative co-ordinate 
т=г—[, (27) 


of the two particles, }һеп the Schródinger equation becomes* 


np 2° Ed Ф 
[- 2(т + mis) (un tant um) 


- (a+ = ir) нир) уви) = БҰ) 08) 
where 
тта 
C m, a ma id 


is known as the reduced mass, Since the potential does not depend on R at all, 
we write 

F(R, г) = ф(т) Ф (R) (30) 
and the Schródinger equation is now separable giving the following equation 
for $ 


m e o e 
— om | ax® 59 ay7 + |= ERQ . (31) 
the solution of which is 
expli P- Rt]. Er = ВАР? 
$c»exp[iP-R/b]; Er = 2M (32) 


*[n obtaining Eq. (28) one has to use relations like 


av _ oF ax 99 ay aw az 


ах ax Ox, ФУ ax + ez ax 


p.22 9X , 2WU oY , e aZ 
aX әх, oY oxy 9Z Әх, 


DE SL INL 
ex т +m, ax ° 


= 


сіс, 


m 
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where 
M= m + m, 


Equation (32) represents a plane wave and describes the motion of the hydrogen 
atom as a whole. On the other hand, Ņ(r) describes the internal motion of the 
atom and satisfies the equation 


-A vt YO = Ec (33) 
where у? = Ес а с yea and E, is the relative energy, i.e., it is the 
ر2‎ д2% р 
difference between the total energy E and the centre of mass energy En 
Е, = Е — ER (34) 


Equation (33) is, of course, the same as that for a single particle in a potential 
V with the difference that the mass is replaced by the reduced mass and the co- 
ordinates are the relative co-ordinates. 

In order to solve Eq. (33), we use the same method as discussed in Sec. 5.2 yi 
and write 


YQ) = к) Yin (O, 9) = “© Yin 0,0) 65) 


The radial part of the wavefunction satisfies the following equation [see Eq. 


(19)] 
1 df „ак 2 Ze + DB? 
TE [~ ак) 5 = [а E EXIT o Jro =0 (36) 


where we have removed the subscript on E since we are interested only in. the 
energy levels associated with the relative motion and therefore we can take the 
centre of mass to be at rest. Further, we have set 


2 
к e i _ (in MKS units) (37) 
= — Zélr (in CGS units) 


which represents the Coulomb potential (see Fig. 5.1) and the nuclear charge is 
assumed to be Zg so that the analysis will hold for hydrogen-like systems (like 
Het, Li**, ... ) as well*. 

In order to solve Eq. (36) we introduce the dimensionless variable 


per (38) 


*а and e represent the electronic charge in MKS and CGS units and e, the permittivity of 
free space. In MKS units since the energy is measured in Joules [= 107 ergs] and distance is 
measured in metres [= 10% cm] we have 


Я А 
2x 109 70: [6x 10719? c х 10974 р 
| = ] = [s X38 x os | лот еш 
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Еа 


-5 


Vir) (in electron volis) 


Fig. 5.1. The Coulomb potential for Z = !, Negative E corresponds to discrete states and 
E > 0 represents the continuum, 
where the ee x is to be conveniently chosen later. Equation (36) becomes 


ri zal" Fl [I Ó E = RM Ro = =0 (39) 


We choose* 


E 8uE 

eu ЗЕЕ ВЕ 40) 
and sei 

EE LL AR ШМ mu. үл 

Am dad - 2 (sts) (41) 
Thus Eq, (39) becomes 

1 : (+1 

ЕЕЕ 05 ]no - o (42) 


In order to obtain an exact solution of Eq. En we introduce tie function F(E) 
defined through the relation** 


Rie) = Fleje?? (43) 


*We are looking for energy levels corresponding to bound states; therefore E < 0. The 
parameter « is not to be confused with the fine structure constant. 

**As in the harmonic oscillator problem (see footnote on p. 89) if we look for solutions 
valid for p > + œ, we find that R(9) ~ p" exp (+ 9/2) satisfies Eq. (42) for large values of p. 
This suggests that we look for a solution of the form given by Eq. (43). * 
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On substitution we obtain 


ФЕ йу \ GK Acai M+) 
de ii ( Р 1) dp +[ е e |۶۵ T (44) 
We now try a series solution of the form з 
F- Y ар" ED 
p=0,1,..- 


Substituting this into Eq. (44) and equating the coefficients of the lowest powers 
of e, we obtain 


ss + 1)— (I + 1) =0 
Thus 
ys or —1— 1. 


For s = —I —1, F(p) would diverge for р 0; thus we should reject the solu- 


tion s = —[ —1 (see however the discussion at the end.of this section). We also 
obtain the following recurrence relation 
pii _ p+iti-a (46) 


a, (р+1)(р+21+2) 

For large values of p, dpi. ~ a,/p. This is also the ratio of terms in the expan- 
sion of exp (¢). Thus if the series (45) does not terminate then R(e) will behave 
as exp (фр) for ¢ > оо and will diverge. We can make the series terminate by 
requiring that 

A=n=n' + 1+1 (47) 
then ap} = 0. Since n’ and I can be positive integers or zero, п can have the ` 
values 1, 2, 3,.... The number rt is called the total quantum number. Using 
Eqs. (41). and (47) we obtain 
uZ*e* 
2him ’ 
Equation (48) gives the energy levels ofthe hydrogen atom. Before the deve- 
lopment of quantum mechanics, it was known from experimental studies of the 
hydrogen atom spectrum, that the energy levels are given by 


Enc —\ En) = — п = 1,2; 35 Ук (48) 


= — Ea op Pau ae Ruben (49) 


and from observations Er was found to be 13.6 eV. Bohr then devised a model” 
which gave Hq. (49) and predicted that Er should be 21/202. It was the first 
(and the most dramatic) success of Schrédinger’s wave mechanics that it could 
reproduce this result from a basic equation of motion for the system. 

The corresponding eigenfunctions are related to the associated Laguerre poly- 
nomials (see Appendix J). The complete solution is 


Yaim = Ru(r) Yin(@®, 9») (50) 


*This is now known as the old quantum theory. 
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and the first few Rn are given by (see also Appendix 2 
Ryo(r) = (Zíag!? 2 exp (— Zr/as) 


Ry(r) = (2/2)3 (2 - = ) exp (—Zr/2a,) (51) 
Ви) = (2/240 a exp (—Zr/2ay) 


where 


= 051A (52) 


th? 
do = "T 


is known as the Bohr radius. The normalization constants are such that 
~ ` 
] | Ri(r) |? rtdr —1 (53) 


Looking at Eq. (48) we see that the energy depends on the total quantum 
number и. Since for each и we have values of I ranging from 0 to и — 1 [see 
Eq. (47)] and for each value of J, the m values range from —1 to +1 [see Eq. 
(18)] there are 


n=l 


CEDE. 
120 


states лт belonging to a particular energy*. The degeneracy with respect to m 
is due to spherical symmetry of the potential energy function, But the /-de- 
generacy** is peculiar to the Coulomb field and is, in general, removed for non- 
Coulomb potentials (see e.g., Problem 5.6). 

Returning to Eq. (45) it will be noticed that if one chooses the indicial 
equation 


Ses 


then for /= 0, F(r) ~ 1/r or ф(г) ~ 1/r for small values ofr. It is often wrongly 
stated that if becomes infinite (as indeed the above choice does) then | ф |? d^, 
which represents the probability of finding the particle in the volume element 


*The states / = 0, 1, 2, 3, 4, . . . etc. are labelled as 5, p, d, f, g, etc. so that a state 5g cor- 
responds to л = 5, [ = 4. In this connection we would like to clear a common misconception 
about the correspondence between Bohr-Sommerfeld orbits and these states. It is incorrect to 
picture—if one must picture—the s states as the one Corresponding to a circular orbit. It is the 
very opposite since / — 0 should suggest that the electron moves in a straight line through the 
nucleus, the orbital angular momentum being zero. Thus the Sf state should be more nearly 
circular than the 5s. There is, of course, no classical model which will be wholly satisfactory, 
see White (1934). 

**This is so-called accidental degeneracy has bcen related to a symmetry of the Coulomb 
field in momentum space, see Fock (1935). 
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d* will go to infinity*. This argument i$ not correct because the requirement 
Lt | V P.r?dr = 0 
aan ! во 


is satisfied by the choice ф ~ 1/r. In order to understand the reason for reject- 
ing the solution ф ~ 1/r we consider the solution of the Schródinger equation 
[Eq. (33)] corresponding to V(r) = 0. If we assume E = 0, Eq. (33) becomes 


vy = 0 (55) 
'The radial part of this would be [cf. Eq. (36)] 


3r RY 1 +1) RQ) =0 (56) 


For 1= 0 one of the solutions of the above equation is 1/r which is however not 
a solution of Eq. (55); this follows from the fact that 


VI /r) = 0 (57) 
for all values of ғ excepting at the point r = 0. Indeed** 
V(1/r) = — 4n8(r) = —4nS(x) 8() 8(2) (58) 


where 8(r) is the 3-dimensional Dirac delta function. We therefore see that the 
function 1/r is a solution of Eq. (56) but is not a solution of Eq. (55). This im- 
plies that as r> 0 the wavefunction should not tend to co as fast as 1/r other- 
wise y? operating on the wavefunction will give a delta function. Thus we have 
the boundary condition - 


Lt 0 =0 or «(0) = 0 (59) 
гә 0 


which immediately leads to the rejection of the solution corresponding to s = —1. 


*Indeed the wavefunction Q(r) ~ 1/r exp (—«r) can be normalized because 
o 
J [р а = [ + exp (—2ar) 4rr? dr == z 
0 


**This can be easily seen if we consider the integral 
с ^ 
Hil vtr) = = I" (у Unde = J Jo Ifr)- rds 
V M 5 


zx x [| ا‎ 


where the volume V corresponds to a sphere (of radius R) whose cenire is at the origin. The 
volume integral las been transformed to a surface integra! by using Gauss theorem and on the 
surface of the sphere the integrand has a constant value equal to —1/R*. Using the fact that 
vr) = 0 for r 40 we immediately get Eq. (58); see the definition of the Dirac delta func- 
tion in Appendix F. 
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5.3.1 THE PROBABILITY DISTRIBUTION FUNCTION FOR THE 
GROUND STATE OF THE HYDROGEN ATOM 


For the ground state the wavefunction is spherically symmetric 


he uu) exp (2л) (60) 


If P(r) dr represents the probability of finding the electron between r and r -- dr, 
then 

P(r) dr = | Yoo |? 4nr*dr = A(Z Jaa) r° exp [—2Zr/agldr (61) 
Thus P(r} = 0 at r = 0 and at r = co and has a maximum value at r = a,/Z. 
This implies that the position of the electron is not certain but we can say for 
the hydrogen atom (for which Z — 1) that most probably the electron will be 
found around the Bohr radius. This is consistent with the uncertainty principle 
(see Problem 1.2). It may be noted that 


f P@ar=1 (62) 
0 


as it indeed should be. For higher excited states the probability density is maxi- 
mum at a greater distance from the nucleus (see Fig. 5.2). 


0.6 


(n=1,lso,m =0) 
0.4 


P(r) 


(n*2,1:0,mso) 


0.0 


L- 4.0 8.0 120 
— 1/Q 


Fig. 5.2. The probability distribution function form = 1,/=0,m—=Oandn = 2,1 0, 
m = 0 corresponding to z = 1. 


PROBLEMS 
PRoBLEM 5.1 
Consider a potential energy function of the form 
V(r) = 0, 0cr-ca 
= оо, r>a be (63) 


А> > 
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which represents an infinitely deep spherically symmetric potential well of radius 
a. Obtain the energy leveis and corresponding eigenfunctions. 


PROBLEM 5.2 
Consider a potential energy variation of the form 


Vix, y, 2) = 0 for OSES 0-—y-L, Oo zsh 


==ао, everywhere else 9 


which represents a particle in an infinitely deep potential well inside a cube of 
side L. Determine the energy levels and the corresponding eigenfunctions. 


PROBLEM 5.3 

Problem 5.2 has an important application in the free electron theory of metals 
where the electron can be approximately assumed to be free and confined inside 
the box. 

(a) Using the expression for the energy levels, show that the density of states 
is given by 


0 = 2097. ка (65) 


where there is an extra factor of 2 which is due to the fact that each state can 
be occupied by 2 electrons. 

(b) Assuming that the probability of finding an electron with energy E is given 
by the Fermi-Dirac function 


1 
FE) TF exp KE EDIKTI (66) 
show that 
EXT = 0) =Ев = Ez Ju п= У (67) 
kT * (kT™\ 
Ex(T) = Er [1-4 293] T xar (&) B ‘| (68) 


where п represents the number of electrons per unit volume and in the last ex- 


pression we have assumed Er/kT > 1. Further, show that the electronic contri- 
2 5 
bution to the specific heat is zz wm OR [ TAT ) . Discuss the result physically. 


2 L ЗЕ, 
[Hint: Use the integrals 


= | F(E) dE 


{E) = | E&(EJ:F(E) dE 
0 


Integrate by parts and use the factthat dF/dE is very sharply peaked at E = Er]. 
(c) In order to have a numerical appreciation of the previous problem, 
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calculate Ez, and the electronic contribution to specific heat for the sodium metal 
(assume 1 free electron per atom and density of sodium = 0.97 g cm ?). 


PROBLEM 5.4 

The deuteron nucleus consists of a neutron and proton. The neutron-proton 
interaction can be approximately described by the following spherically symmet- 
ric potential function* 


V(r) = со r<a 
-—hu а<г<а--Ь (69) 
=0 r>at+b 


(a) Obtain the transcendental equation determining the energy eigenvalues 
corresponding to the / = 0 state and show that if we assume V, = 40 MeV and 
the binding energy of deuteron to be 2.225 MeV then the value of b = 1.9 x 
107? cm. ў 

(b) Also assuming a = 0.4 X 107° cm show that for the ground state 


(гух = 4.16 х 107? ст 


which compares well with the experimental value of 4.2 x 10-13 cm [Data quo- 
ted from Enge (1966); the value of a is suggested from the high energy experi- 
ments, see also Sachs (1953)]. 


` PROBLEM 5.5 
Consider the three-dimensional harmonic oscillator described by the potential 
energy function 


V(x, y, 2) = 4 т(о?х? + o$y* + o8z?) (70) 


Using the method of separation of variables, solve the 3-dimensional Schródin- 
ger equation and obtain the energy eigenvalues and the corresponding eigen- 
functions. For an isotropic oscillator o, = ©; = оу = о (say) show that the 
energy eigenvalues are 


(n + 3)" 1 
where n = 0, 1, 2, .. . . and for a particular value of zt, the state is 3( + 1) x 
(п + 2) fold degenerate. ' 


*The potential function described by Eq. (69) is known as the ‘hara core’ potential accor- 
ding to which the two particles cannot get closer than a certain distance a, This type of poten- 
tial is indeed suggested by scattering experiments. Tt may be mentioned that the actual poi- 
ential energy function describing nuclear forces is very complicated but many low energy 
phenomena are rather insensitive to the form of potential energy function and are reasonably 
well described by a short range attractive force of the type given by Eq. (69). For more de- 
tails see Sachs (1953), Chapters 2 end 3. 
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PROBLEM 5.6 
For an isotropic 3-dimensional harmonic oscillator solve the Schródinger 


equation in spherical polar coordinates and show that the final result is consis- 
tent with the findings of Problem 5.5. 
(Hint: In the radial part of the equation make the transformations 
R(E) = exp (—8/2)8 ? F(£) with § = (то/%)ғ? 
and show that F() satisfies the confluent hypergeometric equation (see Appen- 
dix G). In order to satisfy the boundary conditions, the series has to be termi- 
nated which gives the eigenvalues of the problem.) 


PROBLEM 5.7 
Consider the spherically symmetric potential well 
V(r) = — Va exp (—r/a) (71) 


For | = 0, solve the Schrödinger equation by making the following transform- 
ation 

E = exp (—r/2a) (72) 
which will transform Eq. (21) into a Bessel’s equation. [see also Problem 12.3]. 


PROBLEM 5.8 
Solve the Schrédinger equation for the following spherically symmetric poten- 


tial energy function 


V(r) = Afr” — Bir (4>0, B>0) (73) 
and show that the energy levels are given by 
I2 717z 
E= – 722 [ape + {о ++ y + 804 3i ] (14) 


where p= 0, 1, 2,.... Positive values of E Wi to the continuum and 
negative values correspond to the discrete spectrum. 

(Hint: Аз in the hydrogen atom problem, introduce the variable 
p = (—8u.E/f2)!?r and set 


g(g + 1) = I F1) + 


The resulting equation will be TRE to the one obtained in the hydrogen atom 
problem.) 


ud 


PROBLEM 5.9 
Solve the ВУ equation for the following potential energy function 


V(r) = 4+ ва(а>0, B> 0) (75) 


and show that the energy levels are given by 


E-k(x x) [ap +24 [ore 2-2 "ip = ota... 
(76) 


(Hint; see Problem 5.6.) 
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PROBLEM 5.10 

(a) In the simplest model of a rotating diatomic molecule*, it is assumed to 
be a rigid rotator, i.e., the distance between the two atoms is assumed to be fix- 
ed. Show from classical considerations, that the rotational energy of such a 
rigid rotator is given by 


13 
2812 


where u represents the reduced mass, r, the distance between the two atoms (as- 
sumed to be fixed) and L represents the angular momentum of the molecule 
about the axis passing through the centre of mass. Obtain the quantized rota- 
tional energy levels. 

(b) Molecules like HCl, HF, LiH can be considered as rigid rotators and be- 
cause these molecules have permanent dipole moments, transitions take place 
only between adjacent rotational energy levels (this is the selection rule). Show 
that this leads to-equally spaced lines in the emission as well as in the absorp- 
tion spectra. 

(c) Therotational absorption spectrum of HCI appears at wavenumbers 21.18, 
42.36, 63.54, 84.72 and 105.91 cm-1. Show that R, zz 1.3 A; assume Mc, = 35Мн 
and Мн = 1.68 x 107? р. It may be mentioned that these lines correspond to 
the far-infrared region where frequencies can be measured with great accuracy; 
as such the accuracy in the determination of. Ry is limited on account of the vali- 
dity of the simple rigid rotator theory rather than the accuracy in the measure- 
ment of positions of the spectral lines. 


PROBLEM 5.11 
(a) In the previous problem we had neglected the vibrational motion or the 
liatomic molecule. In the simplest model describing the vibrational motion, the 


potential energy function corresponds to a Hooke's law type of interaction and 
is given by: 


Vir) = 3-0 г) (77) 


where k is the force constant and r, the equilibrium distance. Assuming vibra- 
tions of small amplitude solve the Schrödinger equation to obtain the vibration- 
rotation spectra of diatomic molecules. 

(b) The molecule HCI is known to give a single intense line at 2885.9 cm". 


Assuming that vibrational transitions take place between adjacent levels, show 
that k = 4.8 x 105 dynes/cm. 


(c) Discuss the simultaneous rotation-vibration spectra. 


*A nice elementary account of diatomic molecular spectra has bcen given by Dunford 
(1968). 
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SOLUTIONS 


SOLUTION 5.1 


For 0 < r < a, the radial part of the Schrödinger equation can be written in 
the form T Eq. (19) for V = 0) 


RES ar [1 юар [=o (T8) 


where p — m - Weis The solutions of the above equation are the 


spherical Bessel functions and the spherical Neumann functions (see Appendix 
H): 


R(e) = Ajı(e) + Вт) (79) 


Since (e) diverges at р = 0 (see Appendix Н) we must set В = 0. Further, 
since the potential well is infinitely deep, R(c) must vanish at r = а. Thus the 
transcendental a which determines the energy eigenvalues is 


Sika) = (80) 
Now jale) = sn, thus for I = 0, Eq. (80) gives 
ka = nx 
or 
mneh? : 
= Эта (81) 
For / = 1 one obtains the equation 
tan ka = ka (82) 


which determines the energy eigenvalues. Similarly one can obtain the transcen- 
dental equations (determining the energy eigenvalues) for higher values of /. 


SOLUTION 5.2 
The Schrédinger jo n is 


32А (83) 


0cycL 
0<2<1 


with the boundary condition that ф should vanish everywhere on the surface of 
the cube. We use the method of separation of variables and write ф = 
X(x) Y(y) Z(z) to obtain 
l| BY ОЪ ФЕ 1 2 age 
ха Kady S ds nt 
The first term is a function of x alone, the second term of y alone, etc., so that 
each term has to be set equal to a constant. We write 


(84) 


)85( – کک 
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and similar equations for Y(y) and Z(z) with 

kê + kj += 212 (86) 
We have set each term equal to a negative constant; otherwise the boundary con- 
ditions cannot be satisfied. The solution of Eq. (85) is 

X(x) = A sin k,x + B cos k,x (87) 
and since ф has to vanish on all points on the surfaces x = 0 and x = L we must 
have B = 0 and k, = пт, with n, = 1, 2, . . . (cf. Sec. 3.4.1). Similarly for k, 
and k,. Using Eq. (87) we get 


B= ee (+ л} + 18); My My, Ne = 1,2,3,.... (88) 
The corresponding normalized wavefunctions are 
1/2 
v= (3) sin х sin Ne, uu ъл, (89) 


SOLUTION 5.3 
In order to calculate the density of states g(E) we first calculete N(E) which 
represents the total number of states whose energies are less than E. Obviously 


N(E) = | &(E) dE ` (90) 
and therefore E 

a£) -20 (91) 
Now, 

т + nj 0 = 2E = Rt (say) (92) 


Thus N(E) will be the number of sets of integers whose sum of the squares is less 
than R*. In the n,, пу, ri; space each point corresponds to an unit volume and 
if we draw a sphere of radius R then the volume of the positive octant will ap- 
proximately represent* N(E); we have to take the positive octant because л, пу 
and a, take positive values. Thus 


BUT Eram Sen 
МЕ) = 206 X. M-— a BU (93) 


*If the reader finds it difficult to understand he may first try to make the corresponding 
2-dimensional calculations in which one is interested in finding the number of sets of integers 
such that n$ +n, < R. if one takes a graph paper then each corner corresponds to a set of 
integers and each point can be associated with an unit area. Thus the number of sets of integ- 
ers would be 1/4 zR? where the factor 1/4 is because of the fact that we are interested in the 
positive quadrant, ј 
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where an additional factor of 2 has been introduced as a state can be Occupied 
by 2 electrons. Using Eq. (91) we get Eq. (65). : i 


(b) AtT=0, 
Е(Е) =1 for E < Er 
=0 for E> EF 9 
Thus $ 
3 2m)3!2 
N= | (Е) F(E) dE = | g(E) dp = От gp an 05) 
0 0 


which gives Eq. (67). For metals like Na, Cu, etc. Er, = few eV, which is much 
greater than KT( zz 1/40 eV for T= 300°K). Thus Eg, |kT 1. Now, for T0 


eget 8 _ Отузу? = 2р Е 
ye &(E) F(E) dE = | ка RE sege] 


_ _ (Отузу ав ( ( ХЕТ \3 dr 
"us iram asas J КОСЕ. ) dx d* (96) 
—Ep|kT 
where x = (E — Er)/kT. Assuming Er/kT > 1 and since dF/dx is very sharply 
peaked around x = 0, we replace the lower limit by —оо, expand (1 + xkT/Ep)*/? 
in a binomial series and integrate term by term to obtain* 


To 


| Qmy? VE? ui 3 (4f 2 xet dx 

N= essen [ro] о zr) | (e 
шунд). ] 
От)? VER r ( kT \? 
em (+ F( Fr) ] ө? 
Thus 
лї (kT ү 
Er(T) = Er, [1 -5 (2. Mero d (08) 
* e © 
| p dx — 2| x*e-7 (| + e-2)-* dx 
“o 0 
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Similarly 
m Ome увез T дт ү, 
(E) = | Eg(E) F(EME = — „Отут EET | (1 4t E F(x)dx 
0 — © 
(99) 
from which we get 
3 : 58 f kT ү 
(E) e rE, [1e HE) +a] (100) 
and 
d 3nk "KT 
(Ce)electronic = s (E) REFIT ( Ее ) (101) 


where 3nk/2 represents the classical expression for the specific heat of the elect- 
ron gas. For sodium metal Er, 22 Зеу and for T zz 300°K, kT = 1/40 eV and 
the quantity inside the brackets is about 1/40. 

(c) For sodium 


23 
n= 6023 x 10 x 0.97 c2 2,54 x 102 electrons/cm* 


Thus 


(OSS 10797)? 


£ = 33 941 x 10-59 (372 x 2.54 x 10%) ergs = 3.20¥ (102) 


SOLUTION 5.4 

The solution of Eq. (21) for 1 = 0 and V(r) given by Eq. (69) is very straight- 
forward. The boundary conditions are u(r = a) = 0 = u(r = oo). The continuity 
conditions give 


E Кк Se 
cot kb = — K/k = [Mx 
where k? = 2(7, — | E | )/ Bà, k? = 20 | | /B*, u being the reduced mass. The 
lowest value of b will correspond to the ground state. Further 
© a+b 
(r) = [r | u(r) | adr = | r sin? ear 
0 a 


1/2 
] = — 0.2427 (103) 


+B | exp (—2kr) dr 
44b 
with 


и Г end Be in kb 
= [+ Г and В = A exp [K(a + b)] sin 


SoLUTION 5.5 
Using the method of separation of variables, i.e., writing ф = X(x) YO) Z@) 


SIMPLE SOLUTIONS OF THE SCHRÖDINGER EQUATION П 147 


we get 
Dae 
“ae arty z ment = E (104) 


and similar equations for Y( » and Z(z). The above equation is the same as Eq. 
(49) of Chapter 3 and therefore 


E-— E, + E, + E, 


= (n, + 4) Tio, + (m +) Be, + (a + $) Bus (105) 
where n,, па, 13 = 0, 1, 2,3,.... The corresponding normalized wavefunctions 
are 

1 1/2 et 
m (magn) 9 а eoe (= $) 
(106) 

where 

п= т +m + Ng, 

mo, 8 _ (то, ү тоз ү 

c (m f ) эл = ( E ) Gm ( ) z (107) 
and 

= ът 
For an isotropic oscillator o, = oa = ©з = © giving 

m (s ra 5) fio (108) 
The degree of degeneracy is 

(п + D) nd (n =1) + ..: + 1= (n+ ҷи + 2)2 
SOLUTION 5.6 
If we define Ё = (то/ћ)ғ° апі 
R() = exp (—E/2) У а" (109) 
r 


the indicial equation gives s = //2. The other root gives a negative value of s. 
The recurrence relation immediately t 
А aati) E | 
RO= exp (igaj + ED р 
да+ D(at2 B ts 3 
ib c(c + 1) (c +2) 3! $ 
= exp (—E/2) £'^,F, (a, c, E) (110) 


* R(£) satisfies the equation 
ак з dR Е E & RD- 
ap t3 atla а -4]59 
the asymptotic forms of the solution is oby iously exp (+ 5/2) which suggests Eq. (109). 
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where ‚F, (a, c, E) is the confluent hypergeometric function (see Appendix G) 
and 


IBY Sah ee 2 
a——33 М a 


The series has to be terminated, otherwise it will behave as exp (E) as Е co; 
thus we must have a = 0,—1, —2, . . . which gives 


E= so[1- 20 3 ia 2e qu | 
| 
| 


Yhe normalized wavefunctions are 


U8, 9) = N exp (— me) F,(- 41+ ips) (112) 


| 
| 
where | 

1 | 


2 2/2 = 
ТУН See NM то \2 4 А | 
м [сз] (F) “reno 


1 3 
Tm [C96 D qo rp ЫЫ 
TU + 3/2) а! ) 


SOLUTION 5.7 
The transformation Ё = exp (—r/2a) transforms Eq. (21) into the Bessel's 
equation, the solution of which (not diverging at £ — 0 or r — oo) is 


u(&) = A Jv(s9) (113) 
where 
5m Еа? ^? 8m Vaa? |? 
У = Е ъ? апа Mum [== 
The condition that u(r = 0) = 0 gives 
Ма) = 0 (114) 


which determines the energy eigenvalues. It may be mentioned that for 
g < 2.405 [the first zero of Jo(x)] there is no root of Eq. (114) and consequently 
no discrete mode exists. Numerical calculations for the deuteron problem are 
given in Solution 12.3. 


SOLUTION 5.10 : 

The rotational kinetic energy is } Го?, where I(= ur?) is the moment of 
inertia about the axis passing through the centre of mass and p the reduced 
mass, Further the angular momentum L = Jo, Thus 

та D 


Retational kinetic energy — a ae (115) 


Using Eq. (52) of Chapter 6, we gel the following expression for the rotational 
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energy levels 


JJ + Dh 


B 2r? 


(116) 
where J(= 0, 1, 2,....) is known as the rotational quantum number. For 
emission J; = J, — 1 (f and i refer to final and initial states) and the wave- 
number of the emitted radiation is given by 

vom) = BC E = ane (117) 

c 

where B = h[8r?ur,! is known as the rotational constant. Thus the lines are 
equaly spaced. Similarly for absorption J; = J; + 1 


vius) c» Sod Pay (118) 


SOLUTION 5.11 
Erud (21) for V(r) given by Eq. (77) can be written in the form 
с-ка t :] A 
tw EO ui»-i7]e9- ~ 
where we have written J(J + 1) instead of I(/ + 1) (so as to be consistent with 
the spectroscopic notation) and р. = r — re. Now for small vibrations we may 
neglect p in the denominator so that Eq. (119) becomes 


ЈОЈ + 1а — 
+ #- pre TE 


z |u@) =0 (120) 


with the S NN T condition that u(r = 0) = 0 = u(r = оо) which gives 
ulọ = — re) = 0 = u(e = оо). We may consider this approximately equivalent 
то ulọ = — со) == 0 = и(р = oo). Thus Eq. (120) and the boundary conditions 
are equivalent to the one dimensional oscillator problem so that we may write 


E = Erot +- Evib (121) 
where 
_ J+? 
Erot = оп E (122) 
and 
n 1 ES 
Evib = (» + +) EV kle (123) 


represent the rotationa and vibrational energies respectively. If we neglect Erot 
then transition between adjacent vibration levels will give rise to a line of wave- 
number 


— 1 
y(cm™) ES те prs N kle (124) 


from which we can determine the value of k. For a simultaneous vibrational 
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~ 


ånd rotational transition the selection rules are 
2, — 04 1, =Л+1 
йу == wl, J;2J,—1 
2j = w—1, Ј= 2+1 
vf = v — 1, J;,—J.—1 


(125) 


and since, in general, (1/2лс) 4 k/u. Э B the first two selection rules correspond 
to absorption and the last two to emission. 
It is of interest to mention that in a more accurate analysis we write 


ОЈО Ба SIS ar sir LJ ET) Bt МЕШ 
ш 2wr,tg* 2 те 2ur? oe im um +) 
Л кё FEX em E Exot 
2 ne =“[® Жү 3Erot + $ kr? ] 
1 3Erot 
(ze 3e (126) 
Exot re 


where č = p — Jeo Y cM Thus a more accurate expression for the energy 


eigenvalues is 


bt Егу 
< ко 
E EE ay p+ [e+ EINER iC = y. (127) 


CHAPTER SIX 
Angular Momentum : I 


6.1 Introduction 


The theory of angular momentum occupies a very important place in the study. 
of quantum mechanics because of its application in numerous problems of phy- 
sical interest. The basic theory of angular momentum will be developed in this 
chapter as well аз in Chapter 9. 

In Sec. 6.2 we will define the angular momentum operator through the classi- 
cal relation L = r Х p and replace p by its operator representation —ihy. We 
will then consider the representations of the cartesian components of the angu- 
lar momentum operator in spherical polar co-ordinates and solve the eigenvalue 
equations for L° and L,. In Sec. 6.5 the commutation relations between Lz, Ly 
and L, will be derived which will be the starting equations in Chapter 9. The re- 
lationship of angular momentum with rotations will be discussed in Sec. 6.6. In 
the remaining sections, certain important characteristics of the angular momen- 
tum operator will be discussed. 


6.2 The Angular Momentum Operators and their Representation 
in Spherical Polar Co-ordinates 


In classical mechanics the angular momentum of a particle is defined through the 
relation 


L=rxp (1) 
where r and p represent the position and linear momentum of the particle. Thus 
Ls = ур, — Zps (2) 


with similar relations for Ly and L,. In quantum mechanics we replace Py, Py 
and p, by the corresponding operators [see Eq. (19) of Chapter 2] to obtain the 
following operator representations of L,, L, and L, 


АЖ UR СӘ о) 
Ls = ур, — 2р, = it (2 (| 
x 9 а 
э = 2ра — Xp, = —ih (z 2-2) 6) 
заь с, ы де eo" 
Ls = Xpy — Ура = љ (22 »&)) 


In order to determine the eigenvalues and eigenfunctions of the operator 
L*( = L2 + 1 + L2) it is convenient to express L,, Ly and Г, in spherical polar 
co-ordinates which are defined through the following equations (see Fig. 6.1) 

х =r sin 9 cos ọ (4) 
у = r sin Û sin 9 (5) 
2-—rcos0 (6) 
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Thus 


Now* 


*Notice that —— = sin 0 cos o = =. Thus em # | =) 
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Fig. 6.1. The definition of spherical polar co-ordinates. 


г № у 22 

vant ios СЕ) 

nec 2 

or =2х 

2 tan 0 sect 9 2 — 2% =2 tan 0 sec 6 cos Ф 
sec ge = — Z = — L cosec 0 sec tan е 


ax 
ar ar. 


(2 
(8) 


(9) 


(10) 


(11) 


(12) 
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giving 
or 
AU = sin 0 cos 9 (13) 
908 . | 
37 95 0 cos 9 (14) 
29 1 
эу = — y sin Ф cosec 0 (15) 
Similarly we can obtain dr/gy, 0/dy, etc. Now 
Lite, o= in x 2 — 2 
= – а: (8 ағ. 0) 09 , oV $e) 
; or p 90 y [I3 ду 
‚( дф Or , әр 90 дф (| 
ar ax д0 Ox ' дф Ox 
= — j| r sin 0 cos ọ 2 sin б sin \ 
í дг Ф) 
+ EC cos Ө sin °) + w(t cos 9 cosec в)} 
ob \r 
Nag INR AE ) 
r sin 0sin 9 { or (sin 0 cos ») + Qr cos Ө cose 
away ] 
+ др = 5 sin 9 cosec 8 )} 
or 
L, (r, 8, 9) = —ih => , 00 » 9) (16) 


Since the above equation holds x arbitrary U(r, 9, Ф), we have the following 


operator representation for Ls 
9 
І, = —ih 29 
Similarly (see also Problem 6.3) 
г 9 
La —ih (sine ae -+ cot 0 cos Ф 25) 
г 2 + cot Osi +) 
L, =i8 (совер + ° n? ор 
The operator L? is defined through the following equation 
12 = 13+ IL +L} 


where the square of an operator is defined by 
L? = Ls La tc. 


(17) 


(18) 


(19) 


(20) 
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Thus 
f Q^ ахз. а? 
1% (г, 9, Ф) = 2,1,0 = (— i5) те 3v ф= Б сл 
Hence, the operator representation of L2 is given by 
9? 
БЕА га (21) 


Similarly we can obtain the operator representations of L2 and 22 (although the 
algebra is much more involved). Adding up, we get (see also Problem 6.5) 


ju ЫС, QI 22 
12 = —ћ? | ae Эб ( sin 0 30 ) + ant) opi (22) 
It may be noted that (see Problem 6.6) 
Ae pe HD 13 
Га --pu lv 7 ðr (r дг Q3) 


6.3 Eigenvalues and Eigenfunctions of L? 


The eigenvalues and eigenfunctions of L? play an extremely important role in 
quantum mechanics (see, e.g. Sec. 5.2). In this section we will solve the eigen- 
value equation 

LYG, 9) = АН? Y(0, o) (24) 
where АЗ? represents the eigenvalues of L* and Y(0, o) the corresponding eigen- 
functions. We will show that A takes the values /(I + lywhere] = 0, 1, 2,... 
and the:corresponding eigenfunctions are the spherical harmonics. For each 
value of / there will be (27 + 1) fold degeneracy; i.e., there will be (2/ + 1) eigen- 
functions belonging to the same eigenvalue Kl + 1)h*. 

Now, substituting for L* from Eq. (22) in Eq. (24), we obtain 


E ow ct ara d BINOY 
maT a nt ) + are ано 0 =0 ea 


In order to solve the above equation, we try the method of separation of vari- 
ables and write 


Y(9, Ф) = @(8) Ф() (26) 
On substitution and subsequent multiplication by sin*0/Y(0, o) we obtain 


sin 1a ,d@ 1 dÒ 
oy “fy (sno) +2@@]=—4 =m 07 
The variables have indeed separated out and we have set each side equal to a 
Positive constant m*, the reason for setting equal to a positive constant will 
shortly become clear. Equation (27) gives us 
ao 
d$ + и Ф(ф) = 0 


n ЁС دی‎ 
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the solution of which is given by 
Ф(ф) еә gime 
For the wavefunction to be single valued, we must have 
Ole + 2л) = Ф@) 


or 


erm — 1 
giving* 

m=0,+1,+2,.... 
We label the functions by the subscript m 


909) = etme, m=0,+1,4+2,... 


where the factor CEL ensures that 
42x 


2r 
[лое ва = 1 
U 


Indeed 
2r ' 
| ФУ @ Фи йр = 2 
0 
The equation satisfied by @(0) is [from Eq. (27)] 


jog ar . o dO MEME bv 
and au (nt “iy ) +(*— т JOO eo 


Writing cos 0 = u and @(@) = F(z), we obtain 
E 
[а Dpt- raso 


We first consider the case m = 0 and then m 52 0. 


6.3.1 CASE I: m = 0 
For m — 0, Eq. (32) reduces to 


IP 
@ — وم‎ SE — 24 55 ary) =0 
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(28) 


(29) 


(30) 


(31) 


(32) 


(33) 


*It immediately follows that we could not have set 1/Ф (4*9/d9*) to a positive (ог complex) 


constant for, then the wayefunction would not have been single valued, 
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where we have substituted P(u) for F(u). As in the case of the linear harmonic 
oscillator problem, we try'a power series solution 


Pw = Y ar (34) 


r=0,1,... 
Differentiating (34) term by term and substituting in (33), we obtain 


Ж [( + 9) (--s— 1) ape — {( + s) +35 — 1) + 203 
=O 
{ — А} аш] = 0 


Since the above equation is to be valid for all values of p, we equate the coeffi- 
cients of each power of y to zero. Thus 


s(s — 1) ag = 0 (35) 
s)s + 1( а = 0 (36) 

and 
(+s +2) (rs 1) arya = [(F + 5) (r Fs + )—23]a;r20,12... 
(37) 


The roots of the indicial equation [Eq. (35)] gives 
s=0 or s=1 (38) 


For s = 0, the recurrence relation is* 


dra йу А) А. | 
a (-D(r-2 


- Thus, if the series does not terminate, it will diverge for values of = +1 (i.e., 
for 6 = 0 and т). However, for 


^= (+1); 1=0,1,2... (39) 
the series will terminate at аш; this can easily be seen by writing Eq. (34) as 


(as r — co) 


PO) = a [1 +t Sug... [+] + et а... 
1 1 


For example, for / = 2 the even series will terminate at u? (because a, = а; = 

. == 0); however, the odd series will not terminate and hence we must set 
а, = 0. Similarly, for an odd value of / the odd series will terminate at p? and 
to terminate the even series we must set do = 0. The resulting polynomials are 
known as the Legendre polynomials P,(u). The first few Legendre polynomials 
are 


Py) = 1; Р) =v; P(e) = 4 (302 — 1) etc. (40) 


*Since the root s = 0 makes a, indeterminate, it provides all the necessary i 
А ry independent 
solutions (see, e.g., Irving and Mullineux, 1961). E i 
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The Legendre polynomials satisfy the following relation 

an | 

, 2 , 

| Р/р) Pi (e) dp = Wri 9 (41) 

=f 
Thus the orthonormal set of solutions of Eqs. (32) and (25), for m = 0, are 
2l 41 

2 


Q9) = ( jt P,(cos 9) 
and 


Yo 00, Ф) = T ©) = ( 4 x | y i P,(cos 0) (42) 


respectively. The subscripts of Y(0, ¢) represent the values of / and m. The 
orthonormality condition is 


|| ө Yio sin 0 40 do = [э fall Gv(8) 9:09) sin 0 ao | 
= 8 н s (43) 


6.3.2 Case Ш: m 4# 0 


We first consider positive values of m. Now, in order to obtain the solution of 
Eq. (32) for m > 0, we differentiate Eq. (33) m times to obtain 


apm dpi ЕЧ vd 
(1 е. — Um +1) “a +P =m(m + 1)] Py) = 0 (44) 
where 
my) = TE 
Рр) = E (45) 


Further, in Eq. (32), if we make the substitution 

F(u) = (1 — в)" G(u) (46) 
then G(u) will be found to satisfy the same equation as satisfied by P'"" [i.e., 
Eq. (44)]. Thus for m = 1,2, 3, . . . the solution of Eq. (32) is the associated 
Legendre polynomial (see Appendix I) 


рг) = а uen Р (47) 
; e 
defined only for non-negative integers. Since Pi(p) is a polynomial of degree 1, 


we must have m < /. Obviously, 


PPE) = Pile) 
Thus, the ‘well-behaved’ solutions of Eq. (25) are 


LE 1/2 
34,9) = Cie [ E C99 ^ Pecos) ent; m о (48) 
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* For negative values of m, Eq. (32) and therefore the part dependent on 0 remains 
the same, only the Ф dependent part changes. Thus, for m < 0, we may define 
the solution 


Yi (0,9) = (—1) Y? (0,9; т<0 (49) 
Further, 

i= es ы ae КЕЛ oo Fl (50) 
The constant factor* in Eq. (48) is such that 

2r ж 

f de | sin 0 49 YF, (O, v) Yvm (O, 9) = 3u' Sow (51) 


Thus the eigenvalue equation for L* [see Eq. (24)] takes the form 
L? Yon (0, 9) = K+ 1)®% У (8, 9) (52) 


where Д1 + 1)3? (with / = 0, 1, 2, . ..) represents the eigenvalues of L*, Yin(0, Ф) 
being the corresponding eigenfunctions. Notice that the eigenvalue /(/ + 1)? is 
(21 + 1) fold degenerate; i.e., corresponding to a particular value of / there will 
be (2/ + 1) values of m( = — 1, — L + 1,..., 1 — 1,1). Since the -dependence 
of Yim(0, Ф) is of the form exp (img), we obtain 


Le Yi (9) = — ih 0 zm] 


І, Yi (0, 9) = mh Yin(®, Ф) 63) 


where we have used Eq. (17). Thus Yiw(0, v) are simultaneous eigenfunctions 
of L? and L,. It is easy to show that they are not eigenfunctions of Lz and Ly 
except for the case / = 0, m = 0. In fact, it is impossible to construct eigen- 
functions of any but Z? and one** of the three components of L; This follows 
from the fact that Ls, Ly and L, do not commute (see Sec. 6.5). 


6.4 The Spherical Harmonics 


The functions У,„(0, 9) are known as spherical harmonics, In Appendix I we 
have given some of the properties of these functions. In this section we will just 


*The choice of the constant factor is consistent with the definition of Y;,,(0, 9) given by 
Condon and Skortley (1953), Blatt and Weisskopf (1952), etc.; however, it differs by a phase 
factor fzom the definition given by Schiff (1968). 

**Once again, the case / = 0, m = 0 is an exception because У,0(0, Ф) is a simultaneous 
eigenfunction of the operators L*, Ly, Ly and Ly. 
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give the expressions for the first few spherical harmonics. 


1—0: 1+1=1; m=0 
i 
Yu س‎ 
0,0 44x (54) 
Га |; 2+1=3; т=1,0,—1 
muli P 
1л = TE sin бе (55) 
\ 3 1/2 
Тө = (©) cos 0 (56) 
3 1% ү " е 
һа = (GL) ose (т) 
1=2: Sid) =5; таоло 1-292 
15 із: T» T 
Ү, = (52) sin? 0 e (58) 
БАРАР, 
qm (&) sin Û cos 0 е? (59) 
ка 5 pb 2 н! 
Ум -( i ) (3 cos? 0 —1) (60) 
15 1/2 7 
Y= (5) sin 0 cos 0 e~? (61) 
1/8 
Y,- = ( = ) sin? 9 e~ (62) 
1==3: 2014-127; m=3,2,1,0,—1, —2, — 3, etc. 


6.5 'The Commutation Relations 


In this section we will show that the components of the angular momentum 
operator do not commute. For example, 


2, Ly] = LeLy — ГГ. 
= (ур, — 2ру) (xp, — zpo) — (хр — zps) (yps — 2p) 
= YP:XPs — Ург2ра — ZpyXDs + Zpszps 
— Ххр«Ур + 2ргур: + Хр.2ру — 2P22Py 
= yps(zps — P2) — Хру(2р: — paz) 
= (ура — Xpy) i 
ог 
[Lz, Ly] = iñ L; (63) 
where we have used the commutation relations derived in Sec. 2.3. Similarly, 


[Ly, La] = iB Le (64) 
[Ly Ly] =iBL, (65) 
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These commutation relations will be the starting point of Chapter 9 where we 
will show that if we just use these commutation relations then the angular mo- 
mentum components can have values 0, $ Ñ, fi, 2 В, 20, etc.* This existence of 
systems having components of angular momenta whose values are half integral 
multiplies of i leads to extremely important considerations. We will discuss 
these in Chapter 9. 


6.6 Angular Momentum and Rotations 


We now show that the angular momentum is related to the rotations of a syss 
tem**, In fact, each component of L is related to an infinitesimal rotation about 
the corresponding axis. For example, the effect of a rotation about the z-axis 
through an infinitesimal angle A« results in the following transformations (see 
Fig. 6.2) 

x = x’ cos (Aa) — y’ sin (Aa) 

у= х' sin (Aa) + у cos (Aa) (66) 

z=2' 
or 

x' = x cos (Ав) + y sin (Aa) 

У' = —x sin (Aa) + y cos (Аа) 

2 = 2 


Fig. 6.2. Rotation about the z-axis by an angle A«. 


*It may be noted that in this chapter we have shown that components of angular MO» 
menta, defined as r x p can only have eigenvalues 0, fi, 2h, .. . etc, 

**Later, we will show that if the system has rotational symmetry, then the eigenstates of 
the Hamiltonian will have well defined values of Ел, 
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Since A« is infinitesimal, we may write 


x = x + yâ 
y-y—x&a (67) 
z =z 


Thus, if R,(Aa) represents the rotational operator corresponding to a rotation 
about the z-axis through an infinitesimal angle A«, then the effect of this rota- 
tion on an arbitrary function Y is given by 


R; (Ao) ф(х, y, 2) = ф(х, y’, 2’) 
= ф(х + y Aa, y — x ^a, 2) 


= Ac OY _ ay 
= ф(х, y, z) Tet xha у 


where we have retained only the first term in the Taylor expansion because A« 
is infinitesimal. Thus, B 
д д 

RAA а = [1 + (0—0) ] и») 

But 
ANE E 

L: = xp,— ур» = i5 |» ac oy 

and since ф(х, у, Z) is arbitrary we can write ? 


Е.(Аа) = 1 + AL, (68) 
Similarly, 
К.(Ао) = 1+ = Ls (69) 
and 
Ax (70 
кАк) = 1 + Ly y ) 


The operators, Lz, Ly and L: are called the generators of the infinitesimal rota- 
tions about the three co-ordinate axes. 

In order to find А.(о) for some finite rotation « about the z-axis, we note that 
the effect of a small increase in the magnitude of a, from a to х + Ax, is to 
follow the finite rotation R-(«) by the infinitesimal rotation А.(Ло) to give 


Ва + Ae) = R(x) Баба) = [ 1+ g^ Lı |R 


Thus 


ARTE E E xb 


da Au. Ах 
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The above equation can be integrated to give 


В.(о) = exp les * а L] (1) 


where we have incorporated the boundary condition that А.(0) = 1. It may be 
mentioned that the exponential of an operator has no meaning except as the 
infinite series given below 


0-1+0+-00 + 000. , es (72) 


Equations (68)-(70) сап be used to obtain the differential operator represen- 
tation of the components of the angular momentum operator in spherical polar 
co-ordinates [see Eqs. (17)-(19)]. For example, if we consider rotation about 
the z-axis through an infinitesimal angle Ag, then, the transformations of the 
spherical polar co-ordinates are given by 


гт, 070, 9—9 – Да 
b R:(Ax) U(r, 9, 9) = Y(r, 0, p — Ax) 


ог 
n 
La і (As) L. | U(r, 8, 9) = Ur, 9, 9) — Ax 2 
Since the above equation is valid for arbitrary ф we obtain the following difler- 
ential operator representation of L; [see Eq. (17)] 
І, = —ih - (73) 


Similarly, we can obtain the corresponding representations for Lz and Ly (see 
Problem 6.3). 


6.7 Active and Passive Points of View 


We next consider a more general case in which the wavefunction depends on ^ 
co-ordinates, as 


Шү Ej... In) 


and the infinitesimal rotation by an angle 39 is about an arbitrary axis, the 
direction of which is denoted by the unit vector n. Under this rotation the c0- 
ordinates r; will all change. (Imagine the axis to be fixed, but the points r; to 
move. This is called the active point of view. We could also consider that the 
axes are rotated by an angle ёф about n the passive point of view.) The new co- 
ordinates are 

r = ry + SF; (74) 
where 


3r; = $ф(п X rj) (15) 


ANGULAR MOMENTUM : 1 163 


Thus the wave function is now to be evaluated at rSn. rn M 
tm + дг, and will yield a new number, 


vr, + 8r, т; + дг... ‚т + Fy) 


= фть... r) + У (уй) + dry (76) 
: і 


to first order in the 8r;. From Eq. (75) we obtain for the change* in ф 


Ve) — Ye) = 3» Y (ах в). уу 
i 


= 2 in (r x v4) 
j 


= Son nx vp (070) 
j 
Where we have used the identity (a X b) -c = a- (b X c). If we define, as 
| before, 

LD-rnXp-c-ihr x у; (78) 

| we obtain 
000—090 (yrs c (79) 

Ј 


if we define the total (orbital) angular momentum of the system 


L= Yl, уме 180) 
7 


then 
ie) = 49) = Len LY (81) 
Which could be written as 
«= + геа. Я wo) (82) 


For a finite rotation v, built up by successive rotations 8 ¢ (around the same 
axis!), it is easy to see that we shall obtain 


Ur’) = exp [+ Фп. L] Yr) (83) 


The meaning of Eq. (33) is this. Tf we know UE n P ende D. 
Ty Ts... , then we can calculate itat any other point rq, To, . i which can ү 
gencrated by a rotation provided we know the orbital angular Amen S 
the system about the axis of rotation’ We shall sce, later, that there are classes 


*We shall sometimes write (r) for $(r,, Fa, . .. Tr). 
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of wavefunctions for which it is not enough to know the orbital angular momen- 
tum to determine the state of the system for a rotated configuration. Writing 


Rug) = exp (08-1) (84) 
we have* 

Qr) = Role) U(r) ; (85) 
The inverse operation is obtained by substituting —ọ for q so that 

R^(9) = R(—9) (86) 


We could go through the same arguments from the passive point of view. 
Here, we consider two co-ordinate systems E and FX’, the second obtained from 
the first by rotation about an axis п, by ап angle —9. Let r be the co-ordinate 
in Z and r’ the co-ordinate in Z’ of the same physical point. If the Z observer 
defines the state of the system by ф(т), the E' observer will define the state by a 
different function }’(r’). However, both measure the same amplitudes at a par- 
ticular physical point. Hence 


Ur) = v'(r) (87) 
For infinitesimal transformation 
r=r+d9(n x r) (88) 


(It may be recalled that our axes are rotated by — 39). Using the same logic as 
before, we see that 


V) = ( ERETI L) væ (89) 


and for a finite rotation 


Ve) = op( ево) (90) 
From Eqs. (87) and (90) we nave 

v= е (ейш) о (91) 
or, 

V) = R; (e) 4@) (92) 


In the ensuing discussion we shall adopt the passive point of view. 


6.8 Rotational Symmetry and Conservation of Angular Momentum 


Let us first see how an operator transforms under the rotation discussed above. 
The problem posed is this: Suppose an observer in E constructs an operator** Н 


*It must always be rememb red that the co-ordinates г and r’ are related through r’ = r + 
^ 


пх г. 
**We specialize our discussion to the Hamiltonian. 
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according to the recipe 

H= H() (93) 
i.e., given any set of co-ordinates the operator is known for that set. If now the 
observer in X' constructs his operator according to the rule H'(r), what is the 


relationship between H(r) and H'(r)? The two observers write their eigenvalue 
equations as 


H) фт) = E (r) (94) 

H'() Y'(r) = E (r) (95) 
Using Eqs. (92) and (95) we have 

H'(r) R> (т) = E R (г) (96) 
Multiplying by R on the left, we have 

RH'(r) R> U(r) = E (т) (97) 


Comparing this with Eq. (94), we see that H and H' are related through the 
vimilarity transformation 


H(r) = RH'(r) R- (98) 
In all known physical problems the Hamiltonian has the property that for 


two observers whose axes are rotated with respect to each other, the Hamilto- 
nian is the same for the same argument r, i.e., the function is the same. Thus 


H'(r) = H(t) (99) 
Equation (99) is a physical statement that has to be verified by experiment. One 
knows of no result that is in contradiction with this. Equations (98) and (99) 
yield 

[R, Н) = 0 (100) 


If R refers to an arbitrary infinitesimal rotation it is easy to appreciate [see Eq. 
(82)] that this implies that 

IL, H] = 0 (101) 
This is precisely the condition that a system can have well defined eigenvalues 
of H and any one of the components of L, since Lz, Ly, L: do not commute 
among themselves, only one of them and L? can have well defined eigenvalues 
along with H. For an isolated system the energy and the eigenvalues of L? (and 
one of the components) wili be constants of motion. Equation (100) is quite 
general. However, there are cases (e.g., when the wave function represents par- 
ticles with spin angular momentum as well) where R is not simply related to the 
orbital angular momentum as in Eq. (84). In such cases Eq. (101) will not follow. 


6.9 Degeneracy 


Consider a function Y which is a simultaneous eigenfunction of H and Ls. Since 
Н also commutes with Zz and Ly, we have 


H(LaY) = ХНУ = LE) = ECL) (102) 
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Thus Ly is an eigenfunction of H withthe same energy E. Moreover, since Ls 
and L, do not commute, L, cannot be well defined in the state Y, i.e., 
Ly > Аф 


Consequently, 9^ = L,Y must represent a different state. Thus, whenever the 
Hamiltonian of a system commutes with a set of operators which do not com- 
mute among themselves, we expect degeneracies. (Another example of this is the 
permutation degeneracy for a system of identical particles**). 


6.10 Reflection Invariance and Parity 


We have introduced parity in Sec. 3.5. Here we discuss the general relationship 
between reflection invariance of the Hamiltonian and parity. We introduce the 
reflection operator by the relation 


PY(r) = ф(—тг) (103) 
Since 
P(r) = Y(r) 


the eigenvalues of P are obviously +1. Under the transformation P, the 
Hamiltonian will change into [exactly following the discussion leading to Eq. (98)] 


H(—1) = H'(r) = PH(r) P3 


Here one should interpret H(r) as the Hamiltonian as written down by an obser- 
ver in one frame of reference and Н (г) as written down by the observer in the 
reflected frame. In most physical problems 


H(—r) = H'(r) = H(r) (104) 
‘Where the invariance [i.e., Eq. (104)] holds, we have 
[P, H] =0 


so that eigenfunctions of H belong to a well defined eigenvalue of P, i.e., eigen- 
functions of H have even or odd parity. я 

Angular momentum eigenfunctions clearly exhibit this property, In polar co- 
ordinates the effect of reflection is to change 0 to x — 0 and gton + o. Nowit 
can be shown that 


Yim (т — 8, 9 + т) = (—1)! Yo (0, 9) 


Clearly eigenfunctions with even /have even parity and those with odd / have 
odd parity. 


"This is not true for an S (i.e., 7 = 0) state. Thus the conclusion about degeneracy is not 
valid for this state. 
**See Landau and Lifshitz (1968). 


ANGULAR MOMENTUM : I 167 


The concept of parity is useful in deducing simple selection rules. In quantum 
mechanics the transition rates depend on matrix elements of some operator be- 
tween the initial and final states. Аз an example, consider the so-called dipole 
transition (see Chapter 21) between the 2S and 1S states of the hydrogen atom. 
The relevant matrix element will be 


M = (200 | p1100) 


Phere the symbol 100 refers to the values of n, | and m and p is the dipole ope- 


rator. Since р = er is an odd operator, it is easy to show that the matrix ele- 
ment vanishes. We have 


M= Wf Ysog(F) p Proar) dr 


— © 
Changing the variable r to ~r and using the results 
Vs (— T) = aoo); Yoo( 1) = jur) and р(—г) = —р(0) 


we get 
M = — [|| Sun p) оо) a 


= — [Jf Фо ро drool) a 
-0a 
or M = 0. Thus 25 + 1S dipole transition is forbidden. This, of course, is a 
special case of a general rule that odd operators do not connect states of the 
same parity—a jargon that simply means that the matrix element is zero. 


PROBLEMS 
PROBLEM 6.1 1 
Derive the commutation relations 
(a) [La x] = iY, [Ls pz] = iip 
[E31 ifix, {Le pi — iip. 
[Ls z] = 0, [Lz p:| = 0 ete. 
(b) [Lar] = [Ly, r] = Us pj-20 
PROBLEM 6.2 
Show that 
L-p=9 
and 


L-r=0 
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PROBLEM 6.3 d 

Assuming R-(«) = 1 — (i/f) « Ls [see Eq. (68)] and similar relations for А, 
and Ry, obtain explicit differential operator representations of Lz, Ly and Ls in 
spherical polar co-ordinates. 


PROBLEM 6.4 
Prove that 


1 д 2 1 ә" 
2 2 2 Ri LA АША DE Ад; 
ЗАГА +13413 = E 2 (sino а) zr Z] 


PROBLEM 6.5 
(a) We define the ladder operators 
Ly = La + iL, (105) 
and 
L- = Lz — iL, (106) 
Prove that 
Lt = } (L,L- + L-L+) +12 (107) 


(b) Substitute the differential operator representations of L+ and L- to prove 
Eq. (22). 


PROBLEM 6.6 
Using vector method, prove that 
134 = (—ifir X v) = Бора + ne (a) (108) 
er or 
PROBLEM 6.7 
Using the following representation of pr 
г д 1 
pr = —ih (2 sis +) (109) 
(see also Problem 8.16), prove that 
E RR ) туча D 
2m (- 2n У ) = 2n ^ Im ^ (110) 


Interpret the above equation physically. 


SOLUTIONS 


SoLUTION 6.3 

Let us suppose that when there is a rotation about the x-axis by an angle 
Да, 0 becomes 0 + 36 and 9 becomes p + ?9; obviously, г remains unchanged. 
Now, for rotation about the z-axis [see Eq. (67)] 


хох фуд  yy-—x^a, and 22 


ANGULAR MOMENTUM HH 169 


Similarly, for rotation about x-axis 
ужу + 2۵,  z-z—yA« and хх 
which are obtained by replacing z, x, y by x, y and z respectively. Thus 


= B(rsin Ө cos Ф) = 0 
dy = ¥)r sin 0 sin Ф) = zA« 


and 
82 = 3(ғ cos 0) = —yA« 
or 
cos 6 (80) cos o — sin Ө sin p 8p = 0 
cos 9 (50) sin e + sin 0 cos 9 9o = cos 0 Да 
— sin 080 = — sin 0 sin 9 Дх 
which give 
80 = sin 9 A» (111) 
and 
8p = cot 0 cot o 30 = cot 0 eos 9 Ах (112) 
Thus 
В„(Аа) (т, 6, 9) = (r, 9 + 30, p + 39) 
= 909,9) + = = sin Ф (Ах) + æ cot Û cos p Aw 
But 
Ag 
Rao) 6.9.9 = [1-5 | 
L cit [sine ay + сог$соз e 2] (113) 
Similarly 
9 
L, =iñ| — cose у 38 + cotO sin p= (114) 


SOLUTION 6.5 
(b) Using Eqs. (18) and (19), one readily obtains 


9 
L, = Le + il et (i + cot 0 5) 


ә 
Laie ane (+02) 


170 QUANTUM MECHANICS 


Thus 
LiL) = (iB)? ef? [ass p — ie~? 4 (cot 9 E: 
2 (ie a) 2 aera) 
—icot 0 2. (e + cot os os 
ER б суун LEA: E 26 2) 
- »[3. 22 sini) oF + cot) = + cot A 
— i cot$ @——— 
i cot? 0 24 Ф 
Therefore 
тае ЕЗ + cot 0 D. + сово 2. Es (115) 
Similarly 
ә" 50 
Rot ka] coms i үн, 16 
L-L. t E + cot 03 + cot? 0 T il 39 (116) 
Since 
9? 
L = -f 2g? 
we obtain 


I? = } (L,L- + L-L) +12 
ү. П. a dur 
m - [ay 29. (sino 2. x) + sin! o m 
SOLUTION 6.6 
LY = (—tBr X y} = — Br XV ‘(r X WY) 


—Ħ’r. [y x (r X у 4)] (by interchanging the dot and cross) 
Hr: [(уф.у)т — (т-у) уф — VV ° r) + r(v- v5] 


where we have used a vector identity. Thus 
LM = r& г. (r x vw) = „2 3+ rv] 
mom п = + ayy | 
+ KA дф wy) 
—®?г?| ytd — 2 
NE [v ? Or ( or 


DRM дф 1 =a 
а „Ор ш 
я [ sin Û 90 e 00 ) 2 sin*0 дф° 


yog 


Ш 


y 


\ 


SoLuTION 6.7 
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Си оз д} 14] 


2m Lor f pag 
-- (5) 
2m EP or V^ or 


Using this Eq. (110) follows immediately. Now, in classical mechanics, the kine« 
tic energy of a particle (in spherical polar co-ordinates) is p2/2m -+ L?|2mr* 
where pr represents the radial component of the momentum and [3 the square 
of the angular momemtum*, Thus, in quantum mechanics the radial component 
of the angular momentum is represented by Eq. (109). 


*Classically, А. 
^ 
L = (r X D) = 7p, — Ру? 
Therefore Із = рї + rp and Ж 
рор tpt = PF +" 


CHAPTER SEVEN 
Vector Spaces 


7.1 Function Space 


In quantum mechanics we use words like orthogonal functions, linearly iade- 
pendent Hilbert space, etc., which conjure up a picture of vectors in a strange 
space and we are not clear about what really those entities are. The difficulty is 
that, while abstraction is desirable and even essential in later stages, insistence 
on rigour and abstraction deters the student from understanding very simple 
ideas. In this chapter we will try to develop an understanding of what we 
imply by words like ‘orthogonal functions’ and also introduce vector spaces; 
these concepts will be useful in understanding the next chapter. 

Suppose we want to describe the behaviour of a function—say f(x) = x? in 
a definite interval x = —1 to +1. A complete knowledge of this function means 
that we know f(x) for an infinite number (non-denumerable) of values of x. 
Suppose, however, we limit our ambition and want to represent f(x) for x = 
—1,0 and +1. We call these values of x as x,,x, and x, We erect 3 axes 
(cartesian) and represent the value that f(x,) takes along axis 1, f(x,) along axis 
2, etc. Note that it is the value f(x;) which is measured off along axis 1, etc. Then, 
for representing f(x) for only these 3 values, a single vector joining the origin 
to the point 1, 0, 1 will do the trick. Similarly, the function f(x) — x will, on 
the same diagram be the vector joining the origin to the point —1, 0, 1, etc. It 
may be noted that the vector representing f(x) = 4x? is in the same direction as 
the vector representing f(x) = x*. For the sake of convenience, we can norm- 
alize all such vectors to be of unit length and in this particular case the function 
f(x) = xI Z is normalized. залу, the function х/4/2 is also a normalized 
function. 

Moreover, we can imagine erecting 3 vectors mutually perpendicular repre- 
senting 3 basis functions. Any function (as long as our interest is only in 3 
values of x, i.e., xy, x» and хз) can be represented as a linear combination of 
the 3 basis functions. Let us try three such functions 


жый, МАКЫ ый 
fe) ES 437 g(x) 43 5 A(x) =]— x? (1) 
They form an orthonormal set in the sense that the representing vectors 
1 1 1 1 | 
— == ,0, +=]; = ,0, -= |; 2 
[ 42 zl Ee : a]e ho R 


are mutually perpendicular and each vector is of unit length (i.e., they are nor- 
malized), We now assert that any function requiring only the specification at 
x = —1, Оапа 1 іза linear combination off, gand h. For example, the function 
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u(x) = 3 + x gives the vector (2, 3, 4) and is given by the following linear com- 
bination 


ux) = 2 f(x) + 3 2 g(x) + 3h (x) (3) 
(The coefficients are easily obtained by evaluating the scalar product of the 
orthonormal vectors f, g and h with u.) 

We can generalize this to n dimensions, i.e., if we want to represent functions 
at n points Xy, Xs, . . ., х, We can do so in an /t-dimensiona! diagram, The vector 
for f(x) will be the line joining the origin to the point f(x), f(x»), . . ., f(x») where 
we lay off measures f(x,) along 1-ахіѕ, f(x) along 2-axis, еіс. Once again, it 
should be remembered that it is the values of f(x) that are plotted along the n- 
axes and the function is represented by a single vector. We can normalize the 
vector by demanding 


n 
У ver = 1 Q 
j=1 
Thus if f(x) ~ x?, we simply try f(x) = ах? and adjust a. Next, we need п 
linearly independent such functions 


A), ҺО9),... fx) 
By linearly independent we imply that none of the functions should be expres- 
sible asa linear combination of the remaining (и — 1) functions. This means we 
have 
n 
* a; fo (x) 0 ў (5) 
p-i 
for any set of numbers a, to a, for all x; (J= 1,..., п). : 
We can generalize these ideas to include a continuous range of values of x in 
the interval a < x < Б by letting z go to infinity. But now we come across а 
problem. How do we know that for a function f(x) 


n 
ut > Uer ; © 
ne EA 
is finite? In fact, it will be generally infinite—since each f(xj) is finite. We adopt 
а stratagem. We assume Xy, Xs, - . . to be equally spaced and instead of plot- 
ting f(y) along the j-axis we plot f(x) Wh, where 


y ae (0 
n 
Then normalization requires 
b 
(8) 


[07290 ax should be finite, 
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This is a reasonable condition for most functions. 
We next consider n vectors Лб), fol), ..., fal); these will be orthogonal if 


n 
Y AOD fl) =0 exu 9) 
j=l 
For n — co and with xj, Xn... equally spaced, Eq. (9) works out as 
b L 
[A95 ar =0 pu (10) 
a 


We then call f, and f, orthogonal and we now have a vivid picture of why we 
call them so. 

Unfortunately, in quantum mechanics, we deal with complex functions and 
we need to modify our ideas slightly. We do this by demanding 


b 
Í љо) P dx = 1 for all р an 
b 

and OE dx=0 forpu (12) 


a 
Equations (11) and (12) constitute the orthonormality condition [cf. Eqs. (20) 
and (21) of Chapter 3]. 


Ап example of an orthonormal set of functions are the trigonometric func- 
tions sin zx and cos nx in the interval 0s х< 2т. 


2x 1 

| sin nx cos mx dx = 0 all n, m | 

0 

2r 1 (13) 
f sin nx sin mx dx = ram, etc. | 
0 J 


We can, of course, normalize these easily. Such a space of functions is called a 
function space £. In such a function space, each normalized function фу(х) 
(p = 0, 1, 2,.. .) is a vector. If the functions p(x) form a complete set in this 
space then any function f(x) can be expressed as a linear combination of фу(х). 
Indeed f(x) itself is a vector in this Space. 


7.2 Operators 


Frequently, we have to study operations which cha nge a function f(x) to another 
function g(x). For example f(x) may besin*xand the operation may be T = d/dx. 
Then 


g(x) = 2 sin x cos x = sin 2x 
Note that f(x) = 4 (cos 2x — 1) isa vector with components along the function 
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axes cos mx, m = 2, 0; i.e., f(x) is a vector in a plane of the m = 2, 0 basis vec- 
tors cos mx. Then the operator Т rotates f(x) to а vector g(x) which, in this 
case is entirely along the sin 2x axis. 

Since every function (vector) can be expanded in terms of the basis functions 
of the space 7, we can predict the effect of T on any f(x) provided we know the 
effect of T on each basis function Ф „(х). Moreover, this effect is merely to rotate 
9$, (x) to another vector which is a linear combination of the basis functions 


Ф(х) = T$,(x) = у, Tee p(x) (14) 
m 


Thus the entire operator T is specified by knowing the complete matrix T, 
Т»... Tas Toa, --.. We then call the matrix T the representation of the 
operator T. Obviously, using the orthonormality condition we immediately 
obtain 


T, = [6269 99) dx = [ 62) Té G0 dx (15) 


Now, in matrix form, if we write 


1 
Ф 0 (16) 


then Ф = T0 : (17) 


The above definition of operator is still far too general for our purpose. In 
quantum mechanics, we essentially deal with operators which leave products 
such as | f f*(x) g(x) dx |? invariant under transformations. This requires us to 
study a special kind of operator, namely, the linear operator. Foran operator 
to be linear, we must have 


T(Cif + Cag) = СУ + С.Т (18) 


where C, and C, are constants. We can now define Hermitian operators 


[er Tf ax = [a* dxf (19) 
which will give 
Tev eum EA (20) 


Often we deal ith operators which do not change the ‘length’ of the vectors; i.e., 


ве) $40) de = Y | Th 63 Tae фу dx 
Xe 


1=] 
= SD The Tae Spa =Y MD. QU 
à p ^ 
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Thus 

TT = 1= тті (22) 
where 


аа 2 Tf, (23) 


Operators satisfying Eq. (21) are known as unitary operators (see also Sec. 8.1 1). 
It is seen that Hermitian operators are represented by Hermitian matrices and 
unitary operators by unitary matrices. 


7.3 An Example : Coupled Pendulums 


As a simple example of the use of vector Spaces, we consider the oscillations of 
a pair of coupled pendulums of equal length 1 (see Fig. 7.1). We write 


= (f + eı s (24) 
= (55 x) + ta (25) 


where x, and x, are (small) displacements from the mean positions, k the spring 
constant, M the mass and g the acceleration due to gravity. To decouple the 
variables x, and x, we form linear combinations 


x = (xı + XIN 
E уут ш) 


to obtain 
x d 9 х, 
and eS (27) 


where о? = 8/1 
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g 2k 
and o = "b — М (28) 


зо that 


Xt) = A, sin (ost + $s) 
a A $) e» 


x, and ха are the normal co-ordinates of the system. From Eq. (26) we can solve 
for x, and x, to obtain 


xlt) = (xs + ха) 
Xt) = (xs — x2/42- (30) 


Now how do we represent such a system in a vector space? Assume, first, that 
we are interested in the values of x, and x; at a particular time t. We construct 
а two-dimensional vector space with the values x,(t) and x,(t) laid off along the 
x and y axes. Thus a vector 


0) = ext) + êy x(t) 


will represent our system, 2 and p being the unit vectors along x and y axes. 
(Note that we are not representing x, and x, for different values of t in this plot.) 

In this two dimensional space, the vector r will change with time. From Eqs. 
(24) and (25) we may write 


[E stus ev ае Я 
= S(t) (31) 


The vector S(t) will in general be different from г so that we may regard the 
effect of the operator d?/dt? as one of rotating (and, in this case, also changing 


the length of) the vectorr (t). 
Instead of x, and x, we may wish to represent x, and xa. We rotate the x and 


y axes by 45? and the new components are 


ДЕ x = х 
ا ے وبر‎ and x= TE c 


In this frame Eqs. (27) tell us that vectors directed along х, (or xa) are not rota- 
ted by the operator @:/4°. This, then, is the distinctive property of normal co- 


ordinates. 1 
Now the vector r can also be represented by a column matrix 


-E = 
! | 
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so that Eq. (31) can be written as 
дат х 
hea = Ar (33) 


where A is the 2 x 2 matrix 
DS (tee >. 
(+ +у) М 
Ec уш x) 
M ig; M 


We are therefore searching for a new basis for the vector r in which Eq. (33) 
would reduce to 


oF = ix = ax (35) 


(34) 


where a is a number. This is an eigenvalue problem; i.e., we have to find the 
eigen-values of the matrix A, This is done by setting the determinant 


ар —À а 


= 0 
а аз — А 


where 411, аул, dı, аз, ате the elements of the matrix A. Тһе two solutions of A 
are then the eigenvalues we seek and the corresponding eigenvectors are x, 
and xa. 

The relevance of this discussion to quantum mechanics is, as we shall see in 
Chapter 8, that the state of a quantum system is described by a vector in an 
abstract space, often infinite dimensional. Àn observable is represented by an 
Operator and its eigenvalues are the spectrum of values that one obtains on a 
measurement of the physical quantity corresponding to the observable. 


7.4. Bra and Ket Vectors 


It is convenient to represent a column vector 
x 
ха | by the symbol | x) 


called the ket x. A scalar product is obtained by taking the matrix product 
х 


D х... Цох |е х +... 


However, іп quantum mechanics, the numbers x,, х,, . . . are, in general, com- 
plex, so that it is appropriate to define the scalar product as 


Dix». J| xe = lal 15 -.. 
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Accordingly, we denote the row vector, corresponding to the column vector 
|x) by 


GT Dx F 
(x | is called the bra x. [The product (x | x) isa bra(c)ket!]. More generally, 


a scalar product is of the form (x | y) and it will be a complex number. Note 
that 


(x ly) = (i x)* 


In the next chapter, we deal with the algebra of bra and ket vectors. 


CHAPTER EIGHT 
The Bra and Ket Algebra 


8.1 Introduction 


In the earlier chapters, we had developed quantum mechanics by obtaining the 
Schródinger equation and solving it for problems of physical interest. In this 
chapter we will develop what is known as the matrix formulation of quantum 
mechanics* in which the states of a dynamical system will be denoted by certain 
vectors (which will be called, following Dirac, as bra and ket vectors) and ope- 
rators representing dynamical variables (like position co-ordinates, components 
of momentum and angular momentum, energy, etc.) by matrices. 

In Sec. 8.2 we will discuss the vector representation of states. In Secs. 8.3-8.7 
we will discuss linear operators and develop the algebra involving bra and ket 
vectors and linear operators. This algebra is due to Dirac and for a detailed and 
thorough treatment, the reader is referred to the classic treatise of Dirac (1958); 
an authoritative account can also be found in Messiah (1970). In Sec. 8.8 we will 
discuss the relationship between the bra and ket vectors and the wave functions 
introduced in Chapters 2-6. In Sec. 8.9 we will show how the bra and ket alge- 
bra can be used to solve the harmonic oscillator problem; the basic assumption 
will be the commutation relation. In a similar manner we will solve the angular 
momentum problem in the next chapter, once again the basic relation will be 
the commutation relation. In Sec. 8.10 we will show that if the operators cor- 
responding to two observables commute, one can construct a complete set of 
simultaneous eigenkets. In Sec. 8.11 we will briefly consider the unitary trans- 
formation and in Secs. 8.12 and 8.13 we will develop the Schrédinger, Heisen- 
berg and Interaction pictures; these will be used in later Chapters. Finally, in 
Sec. 8.14 we will introduce the density operator which plays a very important 
role in statistical mechanics. 


8.2 Vector. Representation of States : The Bra and Ket Vectors** 


Because of the superposition principle (which allows one to superpose two states 


*It is worthwhile to point out that historically it was the matrix formulation which was 
introduced first by Heisenberg in his paper entitled ‘The Interpretation of Kinematic and 
Mechanical Relationships according to the Quantum Theory’ (Zeitschrift fur Physik, 33, 879, 
1925). This formulation was further developed by Born and Jordan in their paper entitled 
‘Quantum Mechanics? (Zeitschrift fur Physik, 34, $58. 192°). Schrüdinger's papers came later 
His three famous papers were under the same title ‘Quantization as an Eigenvalue Probiem’ 
and all the papers were published in Annalen der Physik (79, 361, 1926: 79. 489, 1926; 81, 169, 
1926). In hetween, he had also pubiished a paper with the se;f-explanatory title ‘On the Rela- 
tionship of the Heisenberg-Born-Jordan Quantum Mechanics to Mine’ (Annalen der Physik 
79, 734, 1926). All the abovementioned papers by He senberg, Born, Jordan and Schrödinger 
are reproduced in a book by Ludwig (1968). 

**Sections 8.2-8.5 are adapted from Dirac (1958); this is with the kind permission of Ox- 
ford University Press. 
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to get other states of the system) it is possible to represent every state of a dyna- 
mical system by a certain type of vector which, following Dirac (1958), we call 
as a ket vector or simply a ket and represent it by the symbol | }. In order to 
distinguish different kets we insert a label; thus the state А of the dynamical Sys- 
tem is represented by the symbol | 4) and is read as ‘ket £’. 

The kets form a linear vector space*; i.e., any linear combination of ket vec- 
tors is also a ket vector in the same space. For example, if we have two ket 
vectors | 4} and | В) then the linear combinatiop 


а | A) + ¢ | В) 


is also a ket vector in the same space; here c, and с, are arbitrary complex 
numbers. Thus, to quote Dirac, ‘each state of a dynamical system at a parti- 
cular time corresponds to a ket vector, the correspondence being such that if a 
state results from the superposition of certain other states, its corresponding ket 
vector is expressible linearly in terms of the corresponding ket vectors of the 
other states, and conversely.’ Further, the kets | A) and c | A) (where c is an 
arbitrary non-zero complex number) correspond to the same state. In other 
words the state of the system is defined by the ‘direction’ of the vectors. In this 
respect the superposition principle in classical and quantum theories differ. For 
example, the superposition of a vibrating string on itself gives, inclassical phy- 
sics, a mode with twice the amplitude and four times the energy of the initial 
state of vibration. In contrast, in quantum mechanics, the superposition of a 
state on itself gives the same state. 

Now, with every vector space there can be associated a dual vector space such 
that one can form a scalar product of the two vectors, one from each space. The 
vectors of the space dual to that of the ket vectors will be called bra vectors or 
simply ‘bras’ and will be denoted by ( |. The scalar product of the ket | 4) 
and bra В | is denoted by (B | A) and is a complex number. 

A bra is said to be a null bra if the scalar product vanishes for any ket, thus 


(B\=0 if (B| 4)=0 for any | A) (1) 
Two bras are said to be equal if their scalar product with an arbitrary ket are 


equal, thus 
(BAl-€Rh| if (Bıl 4) = (В.14) for any | A) (2) 


It is further assumed that л 
(i) There is a one to one correspondence between kets and bras in the sense 


that a state of a dynamical system represented by | 4) can be equally well re- 
presented by the corresponding bra (A |. Further, if 


|P) =| 4) +128) then (P| = (41 (В| (3) 
and if + 
|R)=c|A) then (R[— «Al (4) 


* A rigorous treatment of finite dimensional vector spaces can be found in Halmos (1948). 
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8.1 Introduction 


In the earlier chapters, we had developed quantum mechanics by obtaining the 
Schródinger equation and solving it for problems of physical interest. In this 
chapter we will develop what is known as the matrix formulation of quantum 
mechanics* in which the states of a dynamical system will be denoted by certain 
vectors (which will be called, following Dirac, as bra and ket vectors) and ope- 
rators representing dynamical variables (like position co-ordinates, components 
of momentum and angular momentum, energy, etc.) by matrices. 

In Sec. 8.2 we will discuss the vector representation of states. In Secs. 8.3-8.7 
we will discuss linear operators and develop the algebra involving bra and ket 
vectors and linear operators. This algebra is due to Dirac and for a detailed and 
thorough treatment, the reader is referred to the classic treatise of Dirac (1958); 
an authoritative account can also be found in Messiah (1970). In Sec. 8.8 we will 
discuss the relationship between the bra and ket vectors and the wave functions 
introduced in Chapters 2-6. In Sec. 8.9 we will show how the bra and ket alge- 
bra can be used to solve the harmonic oscillator problem; the basic assumption 
will be the commutation relation. In a similar manner we will solve the angular 
momentum problem in the next chapter, once again the basic relation will be 
the commutation relation. In Sec. 8.10 we will show that if the operators cor- 
responding to two observables commute, one can construct а complete set of 
simultaneous eigenkets. In Sec. 8.11 we will briefly consider the unitary trans- 
formation and in Secs. 8.12 and 8.13 we will develop the Schródinger, Heisen- 
berg and Interaction pictures; these will be used in later Chapters. Finally, in 
Sec. 8.14 we will introduce the density operator which plays a very important 
role in statistical mechanics. 


8.2 Vector Representation of States : The Bra and Ket Vectors** 


Because of the superposition principle (which allows one to superpose two states 


*It is worthwhile to point out that historically it was the matrix formulation which was 
introduced first by Heisenberg in his paper entitled ‘The Interpretation of Kinematic and 
Mechanical Relationships according to the Quantum Theory’ (Zeitschrift fur Physik, 33, 879, 
1925). This formulation was further developed by Born and Jordan in their paper entitled 
‘Quantum Mechanics’ (Zeitschrift fur Physik, 34, 858, 192°). Schrédinger’s papers came later 
His three famous papers were under the same title ‘Quantization as an Eigenvalue Probiem" 
and all the papers were published in Annalen der Physik (79, 361, 1926; 79, 439, 1926; 81, 169, 
1926). In between, he had also pubiished a paper with the seif-explanatory title ‘On the Rela- 
tionship of the Heisenberg-Born-Jordan Quantum Mechanics to Mine’ (Annalen der Physik 
79, 734, 1926), All the abovementioned papers by He senberg, Born, Jordan and Schrödinger 
are reproduced in a book by Ludwig (1968). 

*^Sections 8.2-8.5 are adapted from Dirac (1958); this is with the kind permission of Ox- 
ford University Press, 
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to get other states of the system) it is possible to represent every state of a dyna- 
mical system by a certain type of vector which, following Dirac (1958), we call 
as a ket vector or simply a ket and represent it by the symbol | ). In order to 
distinguish different kets we insert a label; thus the state А of the dynamical sys- 
tem is represented by the symbol | A) and is read as ‘ket 4’. 

The kets form a linear vector space*; i.e., any linear combination of ket vec- 
tors is also a ket vector in the same space. For example, if we have two ket 
vectors | 4) and | BY then the linear combinatiop 


cı | A) + ey | BY 


is also a ket vector in the same space; here c, and c, are arbitrary complex 
numbers. Thus, to quote Dirac, ‘each state of a dynamical system at a parti- 
cular time corresponds to a ket vector, the correspondence being such that if a 
state results from the superposition of certain other states, its corresponding ket 
vector is expressible linearly in terms of the corresponding ket vectors of the 
other states, and conversely.’ Further, the kets | 4) and c | A) (where c is an 
arbitrary non-zero complex number) correspond to the same state. In other 
words the state of the system is defined by the ‘direction’ of the vectors. In this 
respect the superposition principle in classical and quantum theories differ. For 
example, the superposition of a vibrating string on itself gives, inclassical phy- 
sics, a mode with twice the amplitude and four times the energy of the initial 
state of vibration. In contrast, in quantum mechanics, the superposition ofa 
state on itself gives the same state. 

Now, with every vector space there can be associated a dual vector space such 
that one can form a scalar product of the two vectors, one from each space. The 
vectors of the space dual to that of the ket vectors will be called bra vectors or 
simply ‘bras’ and will be denoted by ( |. The scalar product of the ket | A) 
and bra (В | is denoted by (B | A) and is a complex number. 

A bra is said to be a null bra if the scalar product vanishes for any ket, thus 


(B| =0 if (B| 4)-0 for any | A) (1) 

Two bras are said to be equal if their scalar product with an arbitrary ket are 
equal, thus 

(Ad -( if (вл) = CR | 4) for any | 4) (2) 


It is further assumed that a nih 
(i) There is a one to one correspondence between kets and bras in the sense 


that a state of a dynamical system represented by | 4) ua SAN Well re: 
Presented by the corresponding bra Жш 


[ру = 14) +18) then (P| = (41 + (ВІ (3) 
and if fi) 
|R)=c|A) then (R [= «41 (4) 


*A rigorous treatment of finite dimensional vector spaces can be found in Halmos (1948). 
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where c is a complex number and c its complex conjugate. 
G) (4|8) = (BTA) (5) 
where the bar on the top implies the complex conjugate of the quantity. Put- 
ting | B) = | A) we get 

(414) = (атау 
implying that the scalar product (A | 4) isa real number. We further assert 
that 

(4| 4) 50 (6) 


the equality sign holds only when | A) = 0; i.e., | A) is a null ket. 
If (4 | B) = 0 then the kets | A) and | B) are said to be orthogonal to 
each other. If 


(4| 4) =1 


then the ket | 4) is said to be normalized. Since the kets | A) and c | A) cor- 
respond to the same state we may always associate normalized kets to each 
state. Even then, a normalized ket is defined only within an arbitrary phase 
factor e‘ (where y is a real number). 


8.3 Linear Operators 
Ап operator « converts a ket | A) into another ket | 8) 
| B) =a| A) (7) 


The above equation reads as: the ket | B) equals the operator « applied to the 
ket | 4). One may picture the action of an operator as that of rotating a ket 
vector to another ket (see Sec. 7.2). An operator is said to be linear if it satis- 
fies the following equation 


(с Га) + a1 4) *..)—a2| 4) + ае | 4) Tr: ow (8) 
where Cı, €, . . . are arbitrary complex numbers. Henceforth, we will consider 
only linear operators. An operator « is said to be a null operator if 

*|4)-—0 — forany| 4) (9) 
Thus a necessary and sufficient condition for an operator to be a null operator is 

(41«14) —0 гапу | A) (10) 
An operator « is said to be an unit operator if 

%14)=|A) гапу | A) (11) 


It can be easily seen that a number can be regarded as a linear operator. Two 
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operators « and ф are said to be equal if and only if 
(Al«14) - (41814) — forany | A) (12) 


The sum (or difference) of two operators « and $ is defined through the equ- 
ation 


(xx: | 4) = «| 4) +81 4) a3 
Further 

a+(6+y=(@+8)+r=2+B+y7 (14) 
and 

(со) | 4) = с. («| 4)) (15) 


where c, is an arbitrary complex constant. The product of two operators « and 
В is defined through the equation 


(к) | 4) = B| 4)) =B | B) (16) 
where | B) = «| A). In general 

pa з o. 
The commutator of two operators is defined by (sec Sec. 2.3) 

[s 8] = aß — Ba = —18, a] (17) 


So for we have assumed a linear operator to act on kets; we can make a 
linear operator « to operate on bras as well, the rule is that the bra has to be 
put on the left of the operator like (P | « and the operation is defined through 
the equation 

(P1914) = (P1614 forany |4) 
=(P | B}, | B) =2| 4) 
(The combination «( B |.is meaningless). Indeed because of the associative law 
we need not put any brackets and write simply as 
(P| apy | 4) 
It is interesting to note that the combination | B) (4 | can be considered as a 
linear operator because 


(LBY(A DP) = 18) 41Р) 
=c|B) 


because ( 4 | P) (=e) is just a complex number. 
The adjoint of the operator & is denoted by « and is defined through the 


equation 


(41918) = (8114) (18) 
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where (B [а | A) is the complex conjugate of the number (В| «| A). Now 


(4118) = (41812) Gea 
= (81814) = (ваа) 
= (8 |814) «(Bl«14) (19) 


because the complex conjugate of the complex conjugate of a number is the 
original number itself. Since Eq. (19) holds for arbitrary | А) and | B) we have 

а= (20) 
i.e., the adjoint of the adjoint of a linear operator is the original operator itself. 
Further, the adjoint of the product of the two operators « and f is the product 
of the adjoint of the two operators in reverse order, i.e., 


ap = Bu (21) 
The proof is straightforward. Let 
«|Ау=|Р) 


then 
(41«|8) = (Bia| 4) = (BI P) 
= (P| B) [using Eq. (5)] 
Since the above equation holds for arbitrary | B) we have 


(P| = {А | x= conjugate of | 4) (22) 
Thus, if 

19) —«814) 
then 


(01= (41«8 Q3) 
But, if we write " 

10) = 14) = «| R) 
where | К) = § | A) (consequently CR | = Ç A | B) then 


(Q|=(Rla=(A| Ba (24) 
Comparing Eqs. (23) and (24) we get Eq. (21). In general 

wBY...— ... Y Ba (25) 
An operator is said to be self-adjoint if 

= а (26) 


A self-adjoint operator is also called a real operator or a Hermitian operator. 
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8.4 The Eigenvalue Equation 


For the linear operator a, consider the equation 


а | An) = Ay | An) (Q7) 


where a, is an arbitrary complex number. Equation (27) represents an eigen- 
value equation; the | Аһ) s are known as the eigenkets of the operator а, а, & 
being the corresponding eigenvalues. It can be easily seen that c | An) (where с 
is an arbitrary complex number) is also an eigenket belonging to the same eigen- 
value an. Now, if there is more than one ket (and they are not linearly дереп» 
dent on each other*) belonging to the same eigenvalue, i.c., if 


«| 41) =a, | 41) Q8) 

«| 4g) = а | Aa) (29) 
then the state is said to be a degenerate state (cf. discussion in Sec. 3.3). If there 
are g linearly independent kets belonging to the same eigenvalue then the state 
is said to be g-fold degenerate. For the sake of simplicity, let us consider a 
2-fold degenerate state described by Eqs. (28) arid (29). If we multiply Eq. (28) 
by c, and Eq. (29) by c, and add we would get 

«|P)-alP) |P) = 214) +41 4,2 
implying that the linear combination с; | 4,) + ¢ | A) is also an eigenket 
belonging to the same eigenvalue. Similarly, one can discuss a g-fold degenerate 
state. 

When « is real, it can easily be shown that all the eigenvalues are real and for 

two different eigenvalues (i.e., for a, = ay) the corresponding eigenfunctions 
are necessarily orthogonal, і.е. 


(An | Am) = 0 for а, # am (30) 
Further, one can always normalize the kets and choose appropriate linear com- 
bination for the kets belonging to a degenerate state such that (see Problem 3.3) 

(As | Am) = am Gne 
The proof is very simple. Premultiplying Eq. (27) by (4n | we get 

(An | & | An) = Gn (4n | And 


*A ket Р) is said to be linearly dependent on the kets | 4i), | 42)... and | Ap) if 
we can write 


Р 
[P> = У ed 4> 


n=l 
crete states. For states belonging to continuum the 


Me ion (31) is strictly true for dis 
Pie pit is replaced by the Dirac delta function (see Eq. 42, Problems 8.1 


and 8.2). 
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Now (4. | do) fa always real and not a pall ket [otherwise Eq. (27) has no 
meaning]. Further, since « is real 


(Aa | «| Aa) = (Aa [T | 4.) = GAS T TAs) 
implying that ( 4, | = | Ag) is also real and hence a, must be real. Further, in 
order to prove Eq. (30) we consider 

«|40 =a 14) (32) 

«| 40 = a | 4) (33) 
If we put| P) а | 4), then (P| = (4, [а (A4, | a; alio (P | а, 
(As | = а, (A, | because a, is real. Thus 

(As | = (4,1 (34) 
Premultiplying Eq. (32) by (А, | and postmultiplying Eq. (34) by | 4,) gives 

(1214) = а, (А, | A) = о, (As | 4) 


which immediately gives the orthogonality condition given by Eq. (30), Equa- 
tion (31) follows from Problem 3.3, 

Sinco the formalism is symmetrical with respect to bras and kets we also have 
the eigenvalue equation. 


(Ba | «= (Be | ba m de (8, | 


where ( B, | are the eigeabras and b, the corresponding eigenvalues. It can be 
easily seen that when a is a real operator and if | А) із an eigenket then (A | 
is an cigenbra belonging to the same eigenvalue. 


8.5 Observables 


Any dynamical quantity (like the position co-ordinates, or components of the 
momentum or angular momentum, etc.) that can be measured is known as an 


Further, the result of measurement of any observable must be an eigenvalue of 
the operator corresponding to the observable and since the measured value must 
be a real number we assume that the corresponding operator must be real. 

Let us assume that a dynamical system із in a state which is an eigenket of the 
observable « belonging to the eigenvalue а", Now, if a measurement of the ob- 
servable « is made then it is certain that the value «' will be obtained. On the 
other hand, if the system is in a state described by the normalized ket 


Ip) meis) ele) 
(PIP) = 1) then а measurement of « would lead either to a’ ora” with 
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probabilities | e, | and | e, |" respectively, Since (P | P) = 1, it immediately 
follows that 


laf +12 1 05 


In general, if the system is in an arbitrary state then a measurement of « will 
make the dynamical system jump to one of the eigenstates of «. We further ase 
sume that the possible eigenstates of « to which the dynamical system may jump 
are such that the original state should be linearly expressible in terms of the 
eigenstates, Thus, any state can he expressed аз a linear combination of the 
cigenkets of the observable and thus the cigenkets of an observable must form 
a complete set. Ny 

A beautiful example of the above argument is the famous Stern-Gerlach ex- 
periment (see Sec. 1.9, 9,4-9,6) where an inhomogeneous magnetic field (in the 
z-direction) splits the silver beam into two components, one going in the + s 
direction and the other going in the =z direction; the experiment tries to make 
a measurement of the z-component of the angular momentum (which we 
denote by M,) and the result shows that M, has only two eigenvalues. If one 
of the components of the beam їз again passed through a similar inhomogeneous 
field (in the z-direction) then no further splitting will occur because the system 
is already in an eigenstate of M, However, if this beam was passed through 
an inhomogeneous field in the x-direction then the beam would split into two 
components of equal intensity because 


lat) = SUR EDN 


ra ot RR desc ole Mela t) 
ix} the eigenkets of М, ] us 

state (Lo. in an eipevatate of M) and | Ms lo meverdê then the probabilities 
of obtaining the up (or down) state is 1/2. 


4.6 The Completeness Condition 


We have just stated that the eigenkets of an observable form a complete set. 
Let | n) , n = 0, 1,2... denote these eigenkets and let | P) denote an arbitrary 
ket. Thus 


уе!) 
where X denotes a sum over the discrete states and an integration over the 


continuum states. Since the eigenkets form an orthonormal set ((m | п) = Ana) 
we have > 


(m iP) = D ea Gon | n) = Tete oe 
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Thus 


1P) = Xie Ун) Cal } 1P) (36) 


Since the above equation holds for an arbitrary ket | P), the quantity inside the 
curly brackets must be an unit operator 


S |пу(п| =1 : 6D) 


which is usually referred to as the completeness condition. For states belonging 
to a continuum the sum is replaced by an integral [see Eqs. (40) and (47)]. 


8.7 Examples from Matrix Algebra 


The bras and kets follow the same axiomatic rules as row and column matrices 
whereas linear operators follow the axiomatic rules of a Square matrix. Thus, 
as an example of the formalism developed in Secs. 8.2-8.6, we consider the fol- 
lowing square matrix and denote it by « 


We have assumed « to be a 3 x 3 matrix; we could have assumed it to be of 
an arbitrary order. Let 


а b, 
[s and m-f ] 
а b; 


denote two arbitrary column vectors in the same field (i.c; having 3 rows). 
Obviously 


(4| = (а.а) and (Bl— (b; b,b) 


It is easy to see that (А | 4) > 0, the equality sign will occur only when a, = 
а, = а, = 0 which will represent the null ket. Further, the scalar products 
(4| B) or (B | A) are just numbers and (4 | B) = В| A). The multi- 
plication « | 4) would give another column matrix, i.e., a ket vector, and the 
multiplication (4 | « would give a row matrix, i.e., a bra vector. The operations 
«(А | and | 4)« are meaningless. Further, for the chosen form of « 


(41«12) = (Тату 


showing « = « and therefore « is a real or Hermitian matrix. All square mat» 
rices for which «is = оу; are Hermitian matrices. The eigenvalues of a are 2,1, 


ee 
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—1 (all real) and the corresponding eigenvectors are 


n 2 a die vaa 
=e ‚| у-у | eo- | 


They form an orthonormal set of kets in the sense that (п | m) = $. Fur- 
"ther, an arbitrary ket can be expanded in terms of the eigenkets; thus 


14) 52.11) + Tz (@ — ia) 12) + j (a + im) |3) 


The multiplication of a column matrix and a row matrix, i.e., | 4) (B | will 
give a sqaure matrix and hence is equivalent to a linear operator and it is easy 
to show that 


YS Im (а= 1 01912 (21+ 13) (121 


n 


[cf. Eq. (37)]; here the unity on the right hand side represents a unit 3 x 3 mat- 
rix. : 
Finally, two square matrices need not commute, i.e., in general of z& бх, 


8.8 Relationship between Kets and Wavefunctions 


We shall now develop a relationship between the description of the states of a 
particle in terms of the Schródinger wavefunctions (see Chapters 3 and 5) and 
the bra and ket vectors developed in this chapter. For the sake of simplicity we 
will restrict our considerations to one dimensional problems, the corresponding 
three dimensional generalizations are quite straightforward (see Problem 8.18). 
Let | ¥} and | Ф) represent the kets corresponding to the states described by 
the wavefunctions U(x) and q(x) respectively; their scalar products are defined 
to be equal, i.e., 


(919) = [еў о) ax = (T9) (38) 


Let | x') represent the state in which the particle is localized at the point x; 
the corresponding eigenfunction is 5(x — x’) (see Problem 8.1). Thus 


(x | ¥)= Je — x) pde = 4) 


or 


U(x) = (x | Y) (29) 
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Now 
(91v) = [хеч ua) = [ae GTO) (х1 ¥) 
= fax (0 | x) {x | Y) 
= {facta lji) 


Since the above equation holds for arbitrary | ¥) and | ©) the quantity inside 
the curly bracket must be an unit operator, i.e., 


[512 (х1=1 (40) 
which is nothing but the completness condition [cf. Eq. (37)]. the summation is 
however replaced by an integral because the states form a continuum. Using 


Eq. (40), an arbitrary ket can be written as the continuous form of Ес. (36), 
i.e., 


[жу = Jes Ix) GP) = [жщ |x) an 
which is also known as the spectral theorem (see Bohm, 1979). Now 
Ha) = G1) = [ax фо?) (x) 
which immediately gives [see Eq. (3) of Appendix F] 
{x | x’) = {х — x) (42) 


This is the orthornormality condition [cf. Eq. (31), see also Problems 8.1 and 8.2]. 
We next consider the eigenkets corresponding to the momentum operator 
Pop : 


Pov |P)=P|P) (43) 


where the eigenvalue p on the right hand side is just anumber. Now, the eigen- 
functions of the momentum operator are given by (see Problem 8.2) 


(| PD = 90) = (ск exp psi] ч 


Further, an arbitrary function can be written as [see Eq. (63) of Chapter 2] 


+o 
Vx) = fan by(x) dp = Gay | ар) e" dp (43) 


—o 


THE BRA AND KET ALGEBRA 191 


Thus 
a(p) — vat [io e tonii dy =] 1¥) (x12) dx 
= 1 {jæi cilio 
=(p|¥) [using Eq. (40)] 
and 
Te 
(x1 ¥) = 40) = | 69 а = (х1 (je Ip) (Î p» (46) 


which gives the completeness condition [cf. Eqs. (37) and (40)] 
Jo lp) (pl =1 (47) 


Premultiplying by (x' | and postmultiplying by | x) we get 


Jat 1р) ФТ) = (¥ |x) = 30: =x) 


Ж | gis dp = Xx — х) 


which is the orthonormality condition (see also Problem 8.2). One can now see 
the point of introducing the abstract entity of a ket (or bra) to represent the 
state of a system. The wavefunction in coordinate space ф(х) can be regarded 
as the projection of the ket | ¥) on the coordinate axis and the wavefunction 
in momentum space as the projection of | Y on the momentum axis. On the 
other hand, one can carry out manipulations without reference to а represent- 


ation using the ket. 


8.9 The Linear Harmonic Oscillator Problem 


We illustrate the use of the Dirac bra and ket algebra by solving the importànt 
problem of the linear harmonic oscillator which has already been discussed in 
in Sec. 3.6.3 by another method. The Hamiltonian is given by 


EOD Ee | 
= + ے‎ (48) 
Our objective is to solve the eigenvalue equation 

H|H)-H'| H') (49) 


where | H') is an eigenket of the operator H belonging to the eigenvalue H'. 
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The basic assumption will be the commutation relation* 
[x, p] = xp — px = ih А (50) ^ 


(see Sec. 2.3) which will be considered here as an axiom. 
In order to solve the eigenvalue problem, we introduce the operator a and its 
adjoint à through the equations 


1 
а= (Отоу ("ex + ip) (51) 
апа 
а= ООП (nox — ip) (52) 


where we have used the fact that x and p are observables and hence x = x and 
P = p. In terms of the above operators 


1 1 E 
oad = ZA (mex + ip) (mex — ip) 


= x [m*o*x* + рї — imo (xp — рх)] 


1 
2 E 3 
H t- fio (53) 
where we have used Eqs. (48) and (50). Similarly 
ћода = Н — + io (54) 
Thus 
H= 1 Boga + ад) (55) 
and 
ай — йа = [a, à] = 1 d (56) 
From Eq. (53) 
айа = Ha + joa 67 i 
and from Eq. (54) 
fio aaa = aH — g hoa (58) 
Thus Же 
aH — На = [a, H] = hoa > (59) 


*In a similar manner when we consider the angular momentum problem using thé bra and : 
ket algebra, the basic equation will be the commutation relation (see Chapter 9). 


THE BRA AND KET ALGEBRA 193 


Similarly 

ан— Hà =[a, H] = —hoa (60) 
Let 

IPP =a| a’) 
ge | H’) is an eigenket of H belonging to the eigenvalue H’ [see Eq. (49)]. 

n 
tio(P | P) = ho (H' | aa] Н’) 
=(H' | Н — i fia | H') [using Eq. (54)] 


m (н ze itio) (H' | H') [using Eq. (49)] 


But (P | P) and (H' | Н’) are positive numbers [see Eq. (6)] and therefore 

H'21iho (61) 
the equality sign occurring (i.e., H’ = $ fio) if and only if | P)-a|H) =0. 
(Conversely, a | H') is a null ket only when the H' = } ho). That all eigen- 
values of H should be positive also follows from Eq. (48) and the fact that the 
expectation values of x? and р? should be positive. Next, let us consider the ope- 
rator Ha acting on | H’) i 


Ha | н) = [aH — toa] | H') [using Ед. (59)] 
= (aH' — hoa) | H’) 
= (H' — fio) a | Н’) (62) 


The above equation tells us that if | Н”) is an eigenket of H then a | H') is also 
an eigenket of H belonging to the eigenvalue (H' — ћо) provided of course 
a| H') is nota null ket which will occur only if H' — 4 bo. Thus if Hs 
1 Bo, Н’ — ho is also an eigenvalue (provided a | H') #0) and similarly 
H' — 2o, H' — 35o, . . . , etc. are also eigenvalues provided aa | H*), aaa 
ІН "Ў ... are not null kets. This, however, cannot go on indefinitely because it 
will then contradict Eq. (61). Further, it can terminate only at H' = tho be- 
cause then a | Еу) = 0, (Eo = $o). 
In a similar manner, 
' Ha| H') = (aH + Roa) | H') [using Eq. (60)] 
= (H' + fio) a| H’) 

implying that if | Н’) is an eigenket of H then ã | H’) is also an eigenket of H 
belonging to the eigenvalue H’ + ho provided a | H') is not a null ket, this, 
however, can never happen because it would give ; 


0 = ño (EH | aā | ну = (H' | H+ ġño | H') [using Eq. (53)] 
= (H' + Ro) (H' | H') 
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implying that H' = — fo which is an impossibility because of Eq. (61) and 
| H^) by definition is not a null ket. Thus if H' is an eigenvalue than H' + io 
is always another eigenvalue and since the eigenvalues must terminate at 1o, 
we have 


H'— E. = (n + fiw) n—0,1,2,3... (63) 


аз the eigenvalues of H which is the same result as obtained in Sec. 3.6.3. We 
denote the eigenket belonging to the eigenvalue (m + $) o as | nY; thus the 
eigenvalue equation is 


Н|пу = (n+ 4) во | пу; n=0,1,2,... (64) 
We assume that the eigenkets are normalized so that 
(m | nY} = 35s (65) 


Now, а | n) is an eigenket of H belonging to the eigenvalue (n — })fiw, thus 
a | n) must be a multiple of | n — 1) 


a|n) —«»|n— 1) 
Obviously for the ground state 

a|0) =0 (66) 
In order to determine «, we calculate the square of the length of a | n) 

(п | да | n) = | а 2 (n—1|1n— 1) =| о |8 


But 
fio (n | aa | n) = (n | (H — ho) | n) 
= (п | (n+ pho — {Ко | n) 
= пћо (n н) = nho 
Thus 


| ant = м 


and therefore 


a|n) ^ *n| n—1) (67) 
Similarly 
а|пу=Уп+1|п%1) (68) 


Thus, if | 0) denotes the ground state eigenket, then 


у= 2-10: 12) = 28-10), Fel 
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and, in ex 


іл) = va! 0) (69) 


If we assume that the state corresponding to | n} contains n quanta of energy 
then the operator à creates a quantum of energy and the operator a annihilates 
a quantum of energy. For this reason d and a are often referred to as creation 
and annihilation operators respectively (see also Chapter 22). The matrix repre- 
sentation of various operators are discussed in Problem 8.7. 


8.9.1 THe UNCERTAINTY PRODUCT 
In this section we will calculate the uncertainty product Ax Ap for the harmo- 
nic oscillator problem. The uncertainties Ax and Ap are given by (see Sec. 2.6) 


Ax = [(x8) — (х)? and Ap = [(p*) — (р) (70) 
Using Eqs. (51) and (52) 
p= (m p (a— а) (72) 
Thus 
(x)= (ml xl Y= (uu) (ml at atm 
- (6: p Wal Qr] m 1) + Vn Qa n= 1)] 
[using Eqs. (67) and (68)] 
= 0 
and 
(ay (n1 1) = эл [( aa пу + (| aa n) 
+ (1| aa] n) + (4 aai п)] 
e 1) + n+ 0) = (w dB} mo (73) 
Similarly 
(p) — (n|p|n) =0 and (у= moti (n+ 4) (14) 
giving» 
Ax Apes (w+ ДБ (75) 


the minimum value (5-18) occurring for the и state (see Sec. 2.6, Problems: 
220/and:3.8).: 
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8.9.2. THE HARMONIC OSCILLATOR WAVEFUNCTIONS 
Using Eq. (66) we get 


0= (1410) = ncs (x | mox + ip | 0) 


(ж e Qe e 


where фо = (x | 0) and we have used the relation (see Problem 8. 17) 


(1210) = = (10) = – dhe (77) 


Equation (77) can be immediately integrated to give фе ~ exp [—^mox*/25] and 
normalizing it we get [cf. Eq. (72) of Chapter 3] 


Фа = (= Je exp [-5 On sx] (78) 


ho GI) = (х1410) = az (1 max — ipi 0) 


Similarly, we can calculate фу, (фу, etc. and will get expressions identical to the 
one given by Eq. (72) of Chapter 3. It may be noted that in the present analysis 
since tg has been normalized, ф,, Ya, Ya will automatically be normalized. 


8.9.3 THE COHERENT STATES 
Consider the eigenvalue equation 


a|«) —«|«) (80) 


where a is the annihilation operator defined through Eq. (51). The eigenkets 
defined by Eq. (80) are known as the coherent states*. In this section we will 
study some of the properties of the coherent states which are of great import- 
ance in quantum theory of radiation (see Chapter 22). 

Since the eigenkets of an observable form a complete set, we expand | «) in 
terms of the kets | n) 


la) = X cn 1а) 


*It is of interest to mention that when a laser is operated much beyond the threshold, it 
gerierates a coherent state excitation of the cavity mode; see, e.g., Loudon (1973), Thyagarajan 
and Ghatak (1981). 
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Now 


ale) = Y oa|n) = У ст |n—1) (81) 
n=l 


aja)= ala) =« Уо dn) (82) 


Equating Eqs. (81) and (82) we get 
SL PURUS MORE 
4 = e, & Ане 


or 


l) =a > Tun) 
If we normalize | &), we would get 
Cala) = La Y 7 Som = | col exp LL e fl 
or 
le) = ml 4197 Y T In) (83) 


within an arbitrary phase factor. Notice that there is no restriction on the value 
of a; i.e., « can take any complex value. The coherent states play a very impor- 
tant role in the quantum theory of radiation, a brief account of which is given 
in Chapter 22; for a more detailed account the reader is referred to Louisell 
(1973), Some of the properties of the coherent states are discussed in Problems 
8.19, 8.20, 8,228.24 and also in Secs. 22.5 and 22.6. 


8.10 Simultaneous Eigenkets of Commuting Operators 


Let а and 6 represent the operators corresponding to two observables. We as- 
sume that the two operators commute, i.e., 


«В = pa (84) 
Let | a^) be an eigenket of « belonging to the eigenvalue a’ 
alo’) =a! |) 
then 
“{8 | a^)) = Bx | à) = v1 125) (85) 


because «^ is a number. Thus B | «') is also an cigenket of х belonging to the 
same eigenvalue a’. If | u) corresponds to a non-degencrate state then Eq. (85) 
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tells us that р | «^) must be a multiple of | «'), ie. 

Bla’) =p] a’) 
where B' is a number. The above equation implies that |«”)must be an eigen- 
ket of В. Hence, all the eigenkets of х which correspond to nondegenerate states, 
must also be eigenkets of B and hence these will be simultaneous eigenkets. 


On the other hand, if «’ corresponds to a g-fold degenerate state then Eq. (85) 
tells us that B | <) must be expressible аз a linear combination of | e) 


g П ‘ 
Bla y= У с1а) | (86) 


=1 


Now, the kets | a;) need not be eigenkets of.8; however, we may always choose 
appropriate linear combinations of | «) which are also eigenkets of 6. Let the 
required linear combination be ' à 


n 


Thus we may impose 


| D 41) = B'S ds Ls) 
=i 
or 
xy dy c, | 2) = $a | a,) 
; Е 


Since | «/) form.an orthonormal set, we must have 


ya сы = Ва 


2 (си — 8/84) d, =0 


or 


For non-trivial solutions 
determinant | сы — 8/2, | = 0 


which will give z.values of 8’; the corresponding values of d, will give us. ће 
required linear combinations. ; 

In Chapter 6,we have shown that L? commutes with L;, Ly and Li, but Ls, 
L, and L; do not commute among themselves. Thus we may.form.a complete s 
set of simultaneous eigenfunctions of 72 and L: which will, in general, not Бе. | 
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eigenfunctions of Lz (or Ly). Similarly; we can construct simultaneous eigen- 
functions of L? and Ls which are not eigenfunetions of Ly or L: (see Problem 
8.12). Thus all eigenfunctions of L: (or La or Ly) are also eigenfunctions of [3 
but the converse is not true. 1 


It should be mentioned that if « and B do not commute, a simultaneous eigen- 
state is not impossible but rather rare. For example, for an S state (1 = 0) the 
action of Lz, Ly or Ls will give zero 


La | S$) = |5) = |$) =0 { (87) 


implying that | 5) is a simultaneous eigenstate of Le, Ly and Ls belonging to 
the eigenvalue zero. 
Finally, if two observables х and 8 form a complete set of simultaneous 
eigenkets (say « | n) =a, | n) and | n) = 8, | m)) then for an arbitrary ket 
I.P) у 


(s8 — Ва) | PY = (48 — Gx) Sen [пу = У ess, — obs) | пу=0 


implying that х and B must commute [see Eq. (9)]. 


8.11 The Unitary Transformation 
Let | Y;) represent a set of orthonormal kets, i.e., 
(Y; | Yi). 94 


We consider a transformation 


| = Y Uy | Y; (88) 
7 


If the kets | Ф) also form a set of orthonormal kets, i.e., if (0, 1%) = by 
then the transformation is said to be unitary and Uy is said to be a unitary 
matrix. Now 


85 = (Ф, | 0,) = Yd Un Uin (¥m | Y.) 


or 
üy -1 (89) 


where U represents the Hermitian adjoint of U. Thus if U describes a unitary 
transformation then, 


U = U7} 
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8.12 The Schrodinger and Heisenberg Pictures 


While solving the linear harmonic oscillator problem in Sec. 8.9, we had assumed 
the observables x, p and H to be real operators and independent of time. This 
is the so-called Schrédinger picture and the time development of the ket des- 
cribing the quantum mechanical system is obtained by solving the time-depen- 
dent Schrödinger equation : 

Žiro) = н | YO) (0) 
If the Hamiltonian is independent of time, we can ‘integrate’ the above equation 
to obtain 


ih 


| ¥()) = emit | voy) (91) 
where the exponential of an operator is defined through the power series 
O=140+700++ 000+... (92) 


That Eq. (91) is the solution of Eq. (90) can.be immediately seen by direct sub- 
stitution. Next, let | n) represent the eigenkets of H 


Н |n) = Е, | n) 
then by inserting the unit operator [see Eq. (37)] in Eq. (91) we cbtain 


IY) = ew S | n) Qu }1 YO) 
a Yeh DC | vo») (93) 


The above equation may be used to.study the time development of states, Now, 
the expectation value of an observable characterized by the operator is ( given by 


(0) = (Y0) 1o | ¥@) (94) 
If we substitute for | ¥(t)}) from Eq. (91), we would get 


(0) = (Y(0) | etm o enun | ¥(0)) 
= (Y(0)1on(n | ¥O)) (95) 


where the operator Ozr(t) is defined by the following equation 
On(t) = etti o o inh (96) 


Equations (94) and (95) tell us that the expectation values remain the same if 
we endow the operators ©н(ї) with the entire time dependence but assume that 
the kets are time independent. This is knowri as the Heisenberg picture (and 
hence the suscript H) in which operators representing the observable change with 
time but the ket describing the system is time independent. On the other hand, 
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in the Schródinger picture [see Eqs. (93) and (94)], we ‘may visualize the basis 
vectors (here | n)) as a fixed set of vectors and | Y(t)) (describing the system) 
as moving. 

From Eq. (96), we have, 


4 оно) = еќнић E eimjħ + а eiii [HO — Og] eE À : 


where 20/8t is introduced to allow for any explicit time dependence of the opes 
rator. If there is no such explicit time dependence, we may write 


ih E Og(t) = [681 o eti] 


— H [éf o еінић] 
= On(t)H — HOn(t) 
or 


iti -Z ону = [02(), Н] (97) 


Equation (97) gives the time dependence ofan operator in the Heisenberg picture 
and is called thé Heisenberg equation of motion. The Heisenberg equations of 
motion are widely used in literature; sce, e.g., Problem 18.9. 

` If the Hamiltonian is assumed to be independent of time in the Schrédinger 
representation, then it is also independent of time in the Heisenberg represent- 
ation 1 


Hu(t) = e'h Ненић = gini smi у = Н. (98) 


It should be mentioned that if Н had an explicit time dependence, ће analysis 
would have been much more involved [see, e.g. Baym (1969) Chapter 5]. 

We next consider the operators х and 6 which, in the Schrödinger represente 
ation, satisfy the commutation relation 


[s B] = ir у 99) 


* or 


aß — Ва = iy 4 (100) 
If we multiply on the left by e'£*/ В and on the right be e*#"/4, we obtain 

ELOLPPRLIH еінић Ве tat — оний Be tats gif ае-інић 

= іеінић y е-інић (101) 
where we have inserted е 210 e ‘Et Ti (—1) between « and В. Using Eq. (96), 
we get : 

[аа(0), Ва (0)] = Pra) (102) 


which shows the physical equivalence of Heisenberg and Schródinger pictures. 
As an illustration we consider the harmonic oscillator problem. However, 
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before we do so; we note that 


f b us] yc Pe (103) 
HE ALS wy 
Lx, p*] = i np" 7 ih Эр TS 
and 
à lp, x)=- ib ned. xt k (104) 


Thus if P(p) and X(x)'can be expanded i ina power § series in p and x respectively 
we will have  : 


UX, Pip) = in Ê ze (105) 
and p ; 
‚1, XQ) = =m - нен 106) 
Now for the harmonic oscillator problem 
n= fa mt Ha = BO + J mario, | (10) 
where we TN used Eq. v Thus, using ee (92) 
4 wnt) = zk Da, Hy) = we Patt) (108) 
and 2 
4 palt) = M [px(t), Hu] = > LE = — matzy(t) (109) 


These are the Hamilton’s equations of motion (see €.g., Goldstein, 1950), Тһе. 
solutions of the above equations are 


A P: 3 
Xu(t) = x cos wt + ma SiN et (110) 


Palt) = —mex sin ot + p oos ot (111) 


where x = x(t = 0) and P = рн(? = 0) represent the operators in the Schród- 
inger representation. Further, 


au(t) = haya [то=хн(ї) + ipx(t)] 


)112( ا 
where a = an(t = 0). Similarly :‏ 
и (13)‏ 


These relations will be used in Chapter 22. 
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8.13 The Interaction Picture Я d 
For completeness, we shall also introduce the interaction picture. Often, ihe 
Hamiltonian of a system of interest can be written as the sum of two parts 
H =H, + H' . * 3 ; (114) 


In such a division H, may, for example, represent the Hamiltonian of subsystems 
when interactions between them can be neglected; and 'H' the interaction itself. 
However, for the ensuing discussion, such an identification is not necessary. 
Starting with the Schródinger picture, we have 


BOY) = (e+ H) ¥ oe à (115) 
where the subscript s indicates that we are dealing with the Schrödinger picture. 
We introduce the interaction picture 

| Yint ) = eHh | y.) 
or 

| V,) = ешо | Yint) : (116). 
Substituting in Eq. (115), we obtain. 


ih eto! pu d = rea | Ушу (117) 


Multiplying by exp iH,t/ on the left and writing 
Hint = eBo H' g-ittoh (118) 


we have the equation of motion in the interaction picture as 
if = | Vin) = Hint | Vint) (119) 


In fact, all operators © change according to thi rule (118), i.e., 
Oin = eiHot! (9 g-tHot!fi (120) 


Clearly, the interaction picture is a sort of intermediate case between the Schró- 
dinger and Heisenberg pictures. 

We sce from Eqs. (96) and (120) that for any operator which commutes with 
the Hamiltonian, the operators in the Schródinger and Heisenberg pictures are 
identical*; this means that in both cases the kets and the operators are time 
independent, so that the expectation values are constants of motion. A special 
case is that of the Hamiltonian itself (for an isolated system) for which we have 


dH o (121) 
dt 


and the energy of the system is conserved. 


*This, of course, is true for the interaction picture as well. 
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8.14 The Density Operator 


Let the kets | 0), | 1) 12),...]пу,...огш а complete set of orthonorme! 
J kets; ie., : 
Уп) (а =1 (122) 

п 
апі 

(mln) = 8, —— (123) 
An arbitrary ket | P) can be expanded in terms of the ket | n) 

IP)eY ealn); а= (nl P) (124) 

n 


А state can be characterized by the density operator p defined by the following 
equation 


Р=|Р)(Р| (125) 


The trace* of an operator is defined to be equal to the sum of the diagonal 
matrix elements for any complete set of states; thus 


TrO - Y (nl Ol) (126) 


Hence 


E P){Q1)=> (n12)(01n) 
-«I[xim eii» 


or 
Tr(| P) (01) = ору (127) 
where іп the last step we have used Eq. (37). Thus 
Тгр = Tr | P) (Р| = (P| P) =1 (128) 


where we have assumed | P) to be normalized. Also 
Pan = (n | P) (Рп) = | e, 


ams that the diagonal matrix elements of the density operator represent 
the probabilities of the system in the base states. 


* Abbreviated as Tr. 
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Now, the expectation value of the operator O is given by 


(0)- (P| O1P) => (P1915) (11 P) [Using Eq. (122) 
=> (п1ру(РІ0 |а) [because {л | P) is а number] 


=> (| O | r) [using Ва. (125) 


= Tr (eO) (129) 


Perhaps the most important application of the density operator is in the field 
of statistical machanics where we consider an ensemble of a large number of 
identical systems; each system may be in a different quantum state (see, c.g., 
Louisell, 1973). If Ww represents the probability of finding the system in the 
state characterized by | ¥}, then the corresponding density operator is given by 


к= 519) (YI (130) 


where the summation is carried over all possible states of the system; the den- 
sity operator contains all the information about the ensemble. Obviously, since 


$^ em (131) 


Tre= ge Te) СР | 
=> ww) [using Eq. (127)] 
v 


- У» = 1 (132) 
S _ 


As an example, we consider the radiation field at thermal equilibrium (at 
temperature T) inside a cavity. We will show in Chapter 22 that the radiation 
field can be visualized as consisting of an infinite number of simple harmonic 
oscillators. The energy of each oscillator can decrease or increase by integral 
multiples of Hw:; if we consider fox as the energy of a photon, then each 
oscillator can have energy corresponding to пл photons. Restricting ourselves 
to a particular mode (i.e., to a particular frequency which we will denote by о), 
the probability of finding n photons (ї.е., the probability of finding the system 
in the nth excited state) is proportional to 


n +) во 


(28) ale IT | 
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Thus 
exp [— л] 
Геї gem... 
(133) 
where 
fio 
tm 
Thus 
= [t -en en pn) {n| 
n 
ren * ет: | nY (п | (because да is the number operator, 
ч see Problem 8.9] 
-[i—ee У jn) (nl 
n 
or } 
¢ = [1 — ect] ets (134) 
The above equation can be put in the form 
-on iU 
f тб px (135) 


where H represents the Hamiltonian of the system. 


PROBLEMS 


PROBLEM 8.1 
The equation 
x8(x — х) = x'8(x — x) (136) 


suggests that the Dirac delta function 3(x — x’) is an eigenfunction of the posi- 
tion operator x and the eigenvalues forming a continuous spectrum with —oo 
« x' < со. Show that the eigenfunctions form a complete orthonormal set. 
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PROBLEM 8.2 
Consider the eigenvalue equation of the momentum operator 


Pos y, =—Їһ i V, Ber рф» (137) 


where Por(-=—ifi д/дх) is the operator representation of pa (we are dropping 
the subscript x) and p (a number) represents the eigenvalue. Obtain the eigen- 
value spectrum of Pop and show that the eigenfunctions form a complete ortho- 
normal set. Generalize to three dimensions. 


PROBLEM 8.3 
Use Fourier series to show that the eigenfunctions in the particle in a box 
problem (see Sec. 3.6.1) form a complete orthonormal set. 


PROBLEM 8.4 
Using the completeness condition of the harmonic oscillator wavefunctions, 
prove that 


Y 60 dala) = 869 — x) (138) 
n " 
where y, (x) are given by Eq. (72) of Chapter 3. 


PROBLEM 8.5 
Prove that 


ГРУ (0|=10)‹Р| (139) 


PROBLEM 8.6 
Consider the linear operator о defined by the equation 


otaj (140) 
write the eigenvalue equation for с and show that the eigenvalues of € are x 1. 
Also show that the kets (1 + o) | P) (where | Р) is an arbitrary ket) are eigen- 
kets оѓо belonging to the eigenvalues + 1. Notice that an arbitrary ket can 
always be written as 


UNS li 141 
i - iiim + (1 2I (141) 
which shows that the eigenkets form a complete set. 


PROBLEM 8.7* 4 
In the harmonic oscillator problem express x and p in terms of a and @ and 
calculate the following matrix elements 


(m|x|m), qm] p] m). and (m| H|n) 


*Problems 8.7-8.11 correspond to the harmonic oscillator problem The operators a and a 
are everywhere the annihilation and creation operators. 
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and hence obtain matrix representations of x, p, H, a and à and show that 
whereas the matrices representing x, p and H are Hermitian, the matrices rep- 
resenting а and д are not Hermitian. Also show that 


(n | matx? | n) = Çn | p°/2m |) (142) 


implying that the expectation values of the potential and kinetic energies are 
equal. 


PROBLEM 8.8 
Prove 


ай" — qa = ng (143) 
(Hint : Multiply by й on the left and prove by induction). 


PROBLEM 8.9 
Consider the operator 


Noo = да — (144) 


Show that it commutes with the Hamiltonian and that its eigenvalues are 0, 1, 
2,... For this reason N is called the number operator. 


PROBLEM 8.10 
If an operator P contains p creation operators ã and q annihilation operators 
а (arranged іп any order) then show that (п | P | п) is zero unless p = q. 


PROBLEM 8.11 


Show that the operator d cannot have any eigenkets and similarly a cannot 
have any eigenbras. 


PROBLEM 8.12 

We refer to the spherical harmonics discussed in Sec. 6.4. 

(а) Show that Ys, is a simultaneous eigenfunction of L2, Ly, Ly and Ls, What 
are the corresponding eigenvalues? 

(b) Show that Ү;,1, Yin and Y;, ., are simultaneous eigenfunctions of L? and 
Ls but are not eigenfunctions of Ls and Ly. Construct appropriate linear com- 
binations which are simultaneous eigenfunctions of I? and Lz and also of L? 
and Ly. (Hint: Use Eqs. (30) and (31) of Chapter 9 and the fact that Z, = i. 
+ L.) etc.) 

(c) Similarly construct appropriate linear combinations for the / = 2 case. 


PROBLEM 8.13 

Consider the angular momentum matrices for j = $ (see Eq. 35 of Chapter 
9). Show that the kets | 1) and | 2) defined through Eqs. (40) and (41) (of 
Chapter 9) are simultaneous cigenkets of J? and J; but are not cigenkets of J, 
and Jy; however, the kets | x +) and | x4 ) [defined through Eqs. (42) and 
(43) of Chapter 9] are simultaneous eigenkets of J? and Ja but not of Jy and J,. 


THE BRA AND KET ALGEBRA 209 


PROBLEM 8.14 
Prove that the operators 
9 h* 4 
Pos -—ih ex and Н —— 2m ZR T V(x) 


are real operators. 


PROBLEM 8.15 
Show that the operator xp; is not real but (хр, + р.х) is a real operator, 


PROBLEM 8.16 
Prove that the operator —iti o/ór is not real but the operator 


1 
p. — th (+, + +) (145) 
is a real operator. 


PROBLEM 8.17 


Prove that 
(а) (x1 po |p) = —ik A tx T (146) 
6) (x | por | Y) = —i8 (x | Y) (147) 
PROBLEM 8.18 


Generalize the formulae in Sec. 8.8 to three dimensions; in particular, prove 
that 


[ж LA - 1e [dv Di а (148) 
(r| rY = 3(r— r) (149) 
(rl Po | p) = —iBy (r |p) (150) 
(rl po | Y) = —i v (r | Y) (151) 


PROBLEM 8.19 ; 
Show that the coherent states satisfy the following equations 


(a) (le) te (вв exp [= Flee | (152) 
(b) If | B) is another eigenket of a, then 
| («| 8) P = exp [— |x — В 2] (153) 


(Notice that the eigenkets are not orthogonal; why?) 
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(c) Ax Ap = 4 ii (145) 


(d) Gio N exp [| — X (I) e] (155) 


The above equation tells us that (x | a) is a Gaussian (with maximum value 
at x = a(25/o)! ?) and hence the uncertainty product is always 1/2. 


PROBLEM 8.20 
Prove that 


[a, е*о] = деха (156) 


where х is an arbitrary complex number. Using the above equation show that 
exp(aa) | 0) is an eigenket of the operator a. What is the corresponding eigen- 
value? 

(Hint: Expand the exponential and use Eq. (143). In the second part of the 
problem operate Eq. (156) on | 0)). 


PROBLEM 8.21 Ma 


Let a dynamical system be in an eigenstate | n} of the Hamiltonian. If a 
measurement of an observable х is made then show that the probability of ob- 
taining the eigenvalue «,, is 


| Cus | n) P. 


PROBLEM 8.22 
Let us define the real operators Jz, J, and J; through the following equations 


Ja = Ма, + даз] (157) 
Jy = } ilaza, — да] (158) 
and 
Jz = Маза, — 2,a;] (159) 
Assuming 
[а, 2] = [2,, а] = 0 (160) 
and 
[a à] = 93; i, k 1, 2 (161) 
show that 
(Jz, Je] = + J= and [Jy Л] = 27, (162) 
. where 
J+ =J; + ih = даз (163) 
and 


Л = Je — iJ, = à, (164) 
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Thus Js, Jy and J; satisfy the same commutation relations as the components 
of the angular momentum operator. Notice that а, 4 and dp, à, represent the 
pairs of the annihilation and creation operators for a two dimensional isotropic 
harmonic oscillator (see Problem 8,24). 


PROBLEM 8.23 
Using the results of the previous problem prove that 
J? = «(к + 1) (165) 
where 
a = (а, + 2343) (166) 


Thus the eigenfunctions of the number operators are eigenvalues of J? (the con- 


verse is not true). 
Hint : First show that 


Puen Jee ee 


PROBLEM 8.24 
(a) Show that the Hamiltonian for a two dimensional isotropic oscillator can 


be written in the form ) 


Н = (ай + ай + 1) hio (167 
where 
a, = "E = (mox + ip.) (168) 
mha 
and 
1 E { 
а = RE (may — ip) (169) 


Show that the eigenvalues would be йо, 2ho, ... and the eigenvalue nho will 


be n-fold degenerate. 
(b) Show that the angular momentum operator L defined as 


L= +(x = vps) = (аа, e аа.) (170) 
is a constant of motion. 
1 : 
(o) Ifa, = )چ7‎ — id; ) 
and 
(171) 


кз EXC T im) 
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prove that 


Mes 
ij=1,2 


and (172) 
[6,9] = 3; 

Hence show that the eigenvalues of the operators 
М, = «ıe, and №, = а 9; (173) 


ate 0/12, 27: 
‚ (d) If | m, nj) represents a simultaneous eigenket of N, and N,, then show 
that it is also an eigenket of H and L. 


PROBLEM 8.25 
Prove that 


eM Be-M = B + МА, B] + 2 A, [4, a] + 4 [A, [4, в] Te 


(174) 
(Hint : Expand the exponential.) 
PROBLEM 8.26 
Prove that 
g4*B — eA eB e-124] (175) 
if 
[4, [A, B]] = [B, [4, В|] = 0 (176) 


PROBLEM 8.27 


(a) Consider two operators b and 6 which satisfy the following anticommu- 
tation relations* 


{b, 2}. = 0, (bb. =0 (177) 
and 

{b,b} = 1 (178) 
where 

(x, В}+ = aß + Ba (179) 


Prove that the eigenvalues of the number operator N (= b b) are 1 and 0. 


(b) Show that the operators b and b act as creation and annihilation орега- 
tors. 


*The operators b and b are known as Fermion annihilation and croati=n onerators 
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PROBLEM 8.28 
Assuming 
p = (1 — eë) е5 
[see Eq. (125)] 
show that 


(i) Tre = 1, аһа 
(ii) (n) = (eë — 1)3 
[Hints : (n) = (aa) = Tr (aag)] 


PROBLBM 8.29 
The density operator 


1 
p= oz pI- ВН), B= ur (180) 


describes an ensemble of harmonic oscillators in thermodynamic equilibrium at 
temperature 7; here 
Z = Tr [exp (—8H)] (181) 


is known as the partition function. Show that 


(E) = Tr (eH) = — = InZ (182) 
and the entropy is given by 


S = —k Tr (ein e) = klin Z + 8 (E)] (183) 


PROBLEM 8.30 
Show for a pure state 


р (184)‏ = "م 


Реовім 8.31 
Consider a two state system like the two spin states of an electron. Consider 
the state 


alzt)toelzi) 


where | 21 ) and | z | У represent the states in which the z-component of the 
spin angular momentum is pointing upwards and downwards respectively (see 
Chapter 5). Representing the | zt ) and | 2} ) by 


ERI 
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show that the density operator of the state 
а 12) ве 124) 


is given by 
( la? Cı ) 
сьсї lat? 
SOLUTIONS 


SOLUTION 8.1 
The identity (see Appendix F) 


Е | Re x!) 8 — x") dx = B — x) (185) 


shows that orthonormality of wavefunctions [cf. Eq. (42)], notice that the Kro- 
necker delta function [see Eq. (31)] is replaced by a Dirac delta function. The 
equation 
+o 
s= | Aa (186) 
tells us that an arbitrary function can be expanded in terms of the eigenfunc- 
tions of the operator x. 


SoLuTION 8.2 
The solution of Eq. (137) is 


Qux) = my" exp [+ px] (187) 


where the factor (27h)? is such that 


+= 
[| oo $0) ах = 8(р—р) (188) 


which is the orthonormality condition; notice once again the Dirac delta func- 
tion which always appears for continuum eigenfunctions. Obviously p in Eq. 
(187) is just a number and it can have any real value between —oo and +оо; a 
complex value of p will make y; diverge at x > +00 or —oo, The Fourier 
transform equation 


Дх) = | а(р) [ M exp (x7)] dp 


suggests that an arbitrary function can be expanded in terms of ф,(х). Alter- 
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natively the equation (see Appendix D) 
| 660.9 dp = 56 — х) (185) 


gives the completeness condition [cf. Eqs. (37) and (47)). Notice that Yy(x) is an 
eigenfunction of the free particle Hamiltonian [= — (A*/2m) (d*/dx*)]. 


SOLUTION 8.5 


Leta = | P) (Q| and leid DCO 40 
then 


(В| =(A| «=(P | (21 4)=(4| 0)(P| 
Thus 


SOLUTION 8.7 
Using Eqs. (67), (68) and (71), we get 
1% 
(ml x | n) = (s) (т|а+а|п) 
“(3) [Vari (mint 1) + Va mCIn — ] 
E (m) четт E Lorun + VR бана ] (190) 
Similarly | 
(mi plo) «(= J^ inna = Уп Mea] 090 
апа 
(тін) = (n+ 3) вов 


Thus the matrices which represent x and p are 


` 


Î OVI 00 
vI 0 y20 
LU UR: O WOLD VSS (192) 
= (з) о 0 v3 0. 
0 —iyl 0 0 д 
i VAIO IVI) e 
=("=) 0 iv2 0 -iy3 (19з) 
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and H is a diagonal matrix with diagonal elements }ћо, $o, . .. Notice that 


all matrices are Hermitian. 


SOLUTION 8.12 
(b) Using Eqs. (30) and (31) of Chapter 9, we get 


T 
Ta Yin Le L0 L1) S Ys 


1 
La Yin = ya + Yi) 


Simple manipulations show that (У, — Ysa), (Ynı + Yi,-: + VŽ Yio) and 
(Yin + Yi, — VŽ Yue) are eigenfunctions of Ly. 


SOLUTION 8.14 
In order to prove that the operator ра is real we must show [see Eqs. (18) 
(26) and (38)] 


+» +e 
| nya] f фер. ах ] (194) 


Now 


E * +o 


* Te 
Й А do 3 do* 
* = Т = «50 Е. { 
| heals ms d | mf ф 5 ах 


“fed qr д ax |= T o*p,b dx 


- epe | 


proving Eq. (194); in obtaining the last step we have assumed the wavefunc- 
tions vanish at + оо. 


SOLUTION 8.16 
It is necessary to show that 


© © * 
! e*p,Ur'dr = [| Vpadr | (195) 


which can be proved by carrying out integration by parts, etc. 
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SOLUTION 8.17 А 
(а) (х | рор) —p(x|p) [Using Ед. (43); p is just a number] 


= К ехр(ірх/®) [Using Eq. (44)] 


= 8 (xp) (196) 
(b) (x | Pop | Y) 


І 


(x | Por f dp |p} (p| Y) [Using Eq. (47)] 
-inf [a dp (x |p) (p | Y) [Using Eq. (196)] 


\ 


ı5 (xi) [Using Ba. (47) 


SOLUTION 8.19 


@ ala) = EE 19) cete) (19) 


Thus 


тох (x | «) +В EI (x|«) = V2mfio « (x | «) etc. 
SOLUTION 8.26 
Let F(A) = eM e?5, then 


oF L [A + en вем] FO) 


= (A + B) FQ) + М4, B] FA) 


where we have used Eq. (174). Since (4 + B) commutes with (4, B), the solu- 
tion is 


Е(А) = = g(4tB)À ei А, By (198) 
where we have used the condition F(0) = 1. Putting A = 0 gives Eq. (175). 
SOLUTION 8.27: 
Equations (177) and (178) give us 
=0=5 and bb+bb=1 
Thus 
N? = Bbbb = b(1 — bb) b = bb = N (199) 
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From the eigenvalue equation 

N|n) = n|a) 
we get 

№ | пу -nN|n) = № |n) 


since № = N, п? = п giving п = 0, 1 consistent with the Pauli’s exclusion prin- 
ciple. Since Nb — bN — b we have 


0= N{b | п)} = {bN — b} |n) = (n —1){b| nY} 

Thus b | n) is an eigenket of N belonging to the eigenvalue (n — 1). Obviously 
b|1) = |0) and 5|0) = 0 (null ket) (200) 

Similarly А 


$|0)—|1) and /5b|1)—0 (201) 


CHAPTER 9 
Angular Momentum If 


9.1 Introduction 


In Chapter 6 we had introduced the quantum mechanical angular momentum 
operator L and had shown that its components satisfy the following commutation 
relations 


[Lz, Ly] = ih Ls: 
[Ly, 13] = ih La | (1) 


(L,, Le] = ih Ly 


We had also shown that the square of the angular momentum operato; 
L*(e L? + L? + L?) commutes with Ls, Ly and Ly; i.e., 


(2, La] = {E Ly) = Ил, = 0 (2) 


In this chapter we will use just these commutation relations and will show that 
if one makes a measurement of a Cartesian component of the angular momen- 
tum operator then it will always be an integral or a balf integral multiple of f, 
a result which is one of the remarkable features of quantum mechanics. It may 
be mentioned that in Chapter 6 we had shown that / (and similarly Ls and Ly) 
can only have eigenvalues 0, Б, 25, . . . etc. 

In Sec. 9.? we will discuss the eigenvalue spectrum of a Cartesian comporient 
of the angular momentum operator and of the square of the angular momentum 
operator. In Sec. 9.3 we will consider the representation of the angular. mom- 
entum operator in terms of matrices and discuss their significance. In Sec. 9.4 
we will discuss the famous Stern-Gerlach experiment which demonstrated the 
quantization of angular momentum. In Sec. 9.5 we will discuss the wavefunc- 
tion describing an electron taking into account its spin angular momentum. In 
Sec. 9.6 we will show how a spinor transforms under rotation which will enable 
us to have a better understanding of the Stern-Gerlach experiment. 


2.2 Eigenvalues 


In this section we will use the commutation relations [see Eqs. (1) and (2)] to 
deduce the eigenvalues of a particular component of the angular momentum 
operator. For reasons to be discussed later, we will denote the angular momen- 
tum operator by J and use a system of units in which h == 1. Thus, Eqs. (1) 
and (2) become 


17,74 = 17. (3) 
17, Fal =0 (4) 


and other equations can be written in cyclic order. 
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It is convenient to use the Dirac notation introduced in the previous chapter. 
Since, J? and 7, commute, we can construct a complete set of orthonormal 
eigenkets which are simultaneous eigenkets | A, m) of the operators P and js 
belonging to the eigenvalues A and m respectively (see Sec. 8.10). Thus, 


j |0, m) = АА т) (5 

1А, ту = т|А, т) (6 
We define the зо called ladder operators 

=» + u (7) 
and Jo = jo — ijy (8) 
Now [Js JA = [Jo Fo] + is Fr) 

= iJ + Ja = j 

Thus [Jn J+] = J+ (9) 
Similarly [7, 7-] 2 — 7- (10) 
We also have J+ j_ = 32 + 32 — 7,7) 
or oco уна уа +H (1) 
Similarly J-J = 7F — Fi — Fs (12) 
Further, 7, = 7- (13) 
and = Fe (14) 


i.e., J- and J, are adjoints of J4}. and J- respectively. 
We first show that A > тї. Now 


(PIF -H1P) = (PIRR IPY = CP 1838 |Р) 
+ (PIF J| P) 
= (010) * (RIR) 20 (15) 
where | О) = Ja | P), | R) = J, | P) and since Js and Jy аге observables 
(and hence Hermitian) (Q | = (P| 3; = Р | Js and (R| = (P| 3,. In 
the last step of Eq. (15) we have used Eq. (6) of Chapter 8. If we choose 
| P) = |А, m) then 
0< (A, m| PA] A m) = A — m) (А, m | 2, т) 
Thus 
AD m? (16) 
We next consider the effect of the ladder operator оп the ket | А, m). Using 
Eq. (9) we get 
FJa | A, mY = (Je + JLF) | Am) 
or FA Falà, m) = (m + 1) (71А mY) (17) 
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Further, since 7° commutes with 7; and Jy we will have 


[5,74] =0 
ос. 1717.1, ту Ja m) 
or J*G4lA my) = A(acl A ту) (18) 


Equations (17) and (18) tell us that 7+ |À, m) is a simultaneous eigenket of the 
operators J? and 7, belonging to the eigenvalues A and (m + 1), provided 
J+ | A, m) is not a null ket. Similarly, using Eq. (10) we can show that 

J4J- 13, m5] = (т — 1) L- D, т) (19) 


implying that 7. | A, m) is a simultaneous eigenket of 7? and 7, belonging to the 
eigenvalues А and (m — 1) respectively provided itisnot a null ket. We may, 
therefore, write 


Fe lA, m) = C43 m +1) (20) 
апа 
F-|A,m) =С-|т— 1) Q1) 


These equations show why F+ and J- are called ladder operators. 7+ is an ope- 
rator that ‘raises’ the eigenket to the next higher value of m and similarly J- is 
a ‘lowering’ operator. In a similar manner we may argue to show that F+ |à, 
m+1) and F_|A, m — 1) are proportional to |à, m + 2) and |à, m — 2) 
respectively. This, however, cannot go on indefinitely; otherwise we will violate 
the condition А > m?*. Consequently, there must exist a particular value of m, 
say m = j, for which 


133) =0 (22) 
Operating on the left by j, we obtain [using Eq. (12)] 
(F —F —F)|r1j) =0 


or 

A-— 7 —j)|A 7) =0 (23) 
Since, | A, j} 34 0, the number A — j? — j = 0; and hence”, 

^ = j(j + 1) (24) 
We can determine the lowest value of m, say j' by requiring 

7-17) =0 


*The reader not yet attuned to operator algebra may pause here and reflect on Eas. (22) 
and (23) to, see how we treat them differently. In Eq. (22) neither the operator J, nor the ket 
| J) need be zero in order to produce a null ket. For example, d*(x)/dx* —0 does not per- 
mit us to identify either d?/dx* or x with a null quantity. But in Eq. (23), a ket is multiplied 
by a number and one of them must vanish, 
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Operating on the left by 7+ and using Eq. (11) we obtain 
Q—j? +j)=0 : 
or A= FED )25( 


Using Eqs. (24) and (25) we obtain j' = j + 1 (which we reject since j’ is sup- 
posed to be less than  ), or 


'=—] (26) 


Thus, we have a family of kets which correspond to the same eigenvalue [= 
JG + 1)] of 7? but different eigenvalues of 7,. These we denote by 


ИРДЕ ҮР ЧОКАН SJ) (27) 


Successive applications of the ladder operator 7- on |А, J) should ultimately 
lead to* | à, — j}. This will only happen if 2j is an integer, so that the allowed 
values of j are 


J= 0, 1/2, 1, 3/2, . . . , etc. $ (28) 


and for each value of j the m values go from —j to j in steps of unity. Thus 
there are (2j + 1) eigenkets of 7°, each having the same eigenvalue j(j + 1). 
We label the eigenkets as 


|j, m); m = — j, ex po HER Ae У 
with j = 0, 1/2, 1, 3/2. . . . The kets stisfy the orthonormality condition 
(J', m |j, m) = 8, Smm (29) 


Thus, from the commutation rules of angular momenta, it appears that angu- 
lar momentum components (say 7:) can have half integral values. On the other 
hand, components of orbitai angular momenta, defined as r X p, can have only 
eigenvalues 0, b, 2h, etc. (see Sec. 6.3). The question arises whether nature 
provides systems which do have $f values for angular momenta. It is remark- 
able that the most elementary system known, the electron, is an example of this. 
Obviously we cannot write this spin angular momentum as an operator operat- 
ing on the co-ordinates of the electron. Spin has no classical analogue and is 
introduced in non-relativistic theory ad hoc. We shall see that the Dirac theory 
(Chapter 23) provides a natural explanation of this. The suggestion about spin 
came from a study of Zeeman patterns from which it appeared that the (2/ + 1) 
multiplicity of levels often turned out to be even. (see Fig. 21.4). 

In a closed complex system such as an atom one can only talk of a total an- 
gular momentum. One may think that, in principle, it would be possible to 
construct this total angular momentum from the pieces of the atom by consi- 
dering the details of internal dynamics. Even this is incorrect unless a spin 
assignment is made to the elementary particles, the pieces of the atom. Ап 


* Also, successive applications of 7+ on | 2, ازس‎ should lead to | Ny 
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attempt, in fact, was made to attribute spin to the rotation of the electron about 
its axis but this exercise proved abortive*. 
9.2.1 THE CONSTANTS C+ AND C- 


We now determine the normalization constants C+ and C. in Eqs. (20) and 
(21). First, we note that if we define 


| P) = 7+1), m) = C+ lj, т + 1) 
hen (Р|=(Ьт\|ў-=СЇ{Ьт+1!` (ince Fr =F) 
Thus (PAP) = (j, m\F- 31 т) = |Cr |3 (J; m 1lj, m 1) 
But 


(j, m|F- Feld m) = (j, mP 21, m) 
= j (j 0) тт (j — т) (j Fm + 1) 


Herce 

C=- mU +m DEP 
or 

4. ту = (J = m (j Fm DPA lj, m D (30) 
Similarly 7- |j, m) = К т) Q 7m DEAL m—1) - Gn | 


Notiee that the coefficients in front of|j, m + 1) and |j, m — 1) are zero for 
m= +jand m= -j respectively. Thus 


3130) =0 
and 7-13 J) =0 


9.3 Angular Momentum Matrices Corresponding to j = 1 and the Pauli 

Spin Matrices 
We will consider the matrix representation of the components of the angular 
momentum operator (corresponding to j= 4) іта system in which Fin and J: 
are diagonal, i.e., we will choose as basis vectors the simultaneous eigenfunc- 


tions of J? and Js: Now, corresponding to j = + We have m = 4 and — 4, thus 
we have two base states which we denote by | 1) and | 2). 
H)-lh)-U-bm-20 (32) 
and 
12)-1& -4) == ma +) (33) 
Аз long as опе considers a complex system such as ihe nucleus, as a whole, one can only 


talk of its intrinsic tota! angular momentum. This is often loosely referred to as ‘spin’ but 
strictly, there is no such thing. 
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obviously 

DEE E : 
The (ij)th matrix element of an operator © is defined by 

ou = Cilo lj} 
Consequently 

G9 = (119212 = 0 = (21311) = (7) 

Gin = (11 Fe 11) = 4%, (Fun = (213412) = 
Similarly (32), = (7?) = 0 À 
ad o (P= (Pa = P 
Now 


Gm | Ja | J, ту= (j, т | 117+ + Flim) 
= HC + m+ 1) (7 m8 Cm |j, m 1) 
+ SIG т) (J — m+ DNA (7, т | jm — 1) 
= 107 + m+ 1)  —my'?5 Sm’, mái 
HHG + m) (j — m + 1) dw, us 
i.e., the matrix element is zero unless m’ = m + 1 orm — 1: Thus 
G2a = (1,11) = (51132153) =0 
and similarly ( Je) = 0, However, 
(Жа = (113412) = (5413210 4, —i) 
-3[8—3i-c-160-- DPI f = $B — (FAN 
Similarly (7) = (30s = 0, (Ju) =— 16/2 and (Jn = 1/2, 
Thus the angular momentum matrices for j — 3 are 


жат беку согур ч 


2 i 0 
35) 
ST 1 0 нс НУ at Gala) ( 
(ана) 
We сап also write 
J = ie : (36) 
where 
1 
ъ=( Я ho (37) 
ess ^ 
w-(21) (38) 
Ti #0 
= 39 
and 9; ( 0-1 ) (39) 
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are known as Pauli-spin matrices. Further c2, ož and о? are all unit matrices. 

It may be noted that the Pauli spin matrices as well as Jz, Fy, J: and 7? are all 

Hermitian. Further, the eigenvalues of J+, 7, and J: are +} and — 3h. Thus, 

if we make a measurement of 7, (or Jy or 7.) we will either get -- 3h or —}h. 
Now, the simultaneous eigenfunctions of 7? and 7: are 


In-1&0-(,) чо) 
nd 12)-Ib-D-(1) @ 


which are known as the spin up (| + У) and spin down (|. X) states. They are 
also denoted by | 21 ) and | z| ) states implying that if the electron is in the 
state (say) | >} ) and if the z-component of the spin angular momentum is 
measured then the measurement will yield —35. 

From the matrices representing 7, and Fy, we can calculate the correspond- 
ing eigenvalues and eigenvectors and we can immediately see that 


^ 1 1 dp S , к 

plakau coc dos р 
^ 1 1 

iT i)= و‎ Y) (43) 


Thus if a system is in the|x | ) state and if we make a measurement of 7, then 
the probability of obtaining the value -- 35 is and the value —}Ã is also $. 
This will become more explicit when we discuss the Stern-Gerlach experiment. 

,Similarly we can write down for the | 31 Уап | y+ ) states in terms of 
1х4 у& 1х4) апа | zt) & | Z| ) states. 


9.4 The Stern-Gerlach Experiment 


The quantization of angular momentum (often called as space quantization) 
was experimentally demonstrated by Stern and Gerlach in 1922. This experi- 
ment is considered to be one of the greatest experiments in physics. In this ex- 
periment a beam of silver atoms was passed through an inhomogeneous mag- 
netic field. For a silver atom in its ground state, the angular momentum is just 
the spin angular momentum of the electron* and therefore the magnetic moment 
of the silver atom is simply that of the electron**, The atoms behaving like 
magnets of moment U , will be acted upon by a force given by 


F = -- yU = yu: В) 


*The silver atom has 47 electrons; 46 electrons form a state with L = 0 and S = 0; i.e., the 
total angular momentum of the silver atom (in its ground state) is just that due to the last 
electron. 

**The Stern-Gerlach experiment cannot be performed with electrons because of the Lorentz 
force acting on them (see Problem 9.14). 
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where U(— — y. - B) represents the interaction energy. We assume the magnetic 
field to be predominantly in the z-direction and therefore* 
F = pey в, i (44) 


which may be written in the form 


9B, ^ 
R= #0080 222-2 (45) 
where 0 is the angle that the direction of the magnetic moment makes with the 
magnetic field. As the atoms come out of the oven, their magnetic moments 
would point in every possible direction; so (classically) we should expect all 
values of 0 to be possible. Now, travelling a distance / through the region of the 
magnetic field, the beam will experience a deflection z given by 


TEEN L E (Ly 6 
= (E): BCS ole (46) 


where M is the mass and » the velocity of the atoms. The atomic velocities, 
although not unique, will range around a mean value » determined by the tem- 
perature of the oven. 

In the absence of the magnetic field, the beam, defined by the slits, forms a 
narrow line. When the field is turned on, the line ought to widen continuously 
in the z-direction, the deflection depending on the value of 0. Thus, classically, 
the widest deflections will occur for atoms whose magnetic moments are alinged 
along or opposite the z-direction (i.e., for cos 0 = +1); and for atoms directed 
horizontally (for which cos 0 — 0) the deflection should be zero. However, when 
the experiment was performed, the detector recorded a two line pattern show- 
ing that the silver beam had split into two components on passing through the 
inhomogeneous magnetic field. Since the displacement is proportional to џ,, the 
result of the above experiment implies that an attempt to measure р could lead 
to one of the two eigenvalues + ра and =p. Further, since in classical theory, 
the magnetic moment is proportional to its angular momentum, this result may 
also be interpreted as evidence of the quantization of angular momentum. 


*We may mention here that the time variation of the spin angular momentum is given 
by (see Problems 18.8 and 18.9) 


48 -uxBoysxB 


where y(= gq/2m; g = 2) represents the gyromagnetic ratio. The above equation shows that 
the components of s perpendicular to B will average out to zero whereas the component par- 
allel to B will remain constant (this is known as the Larmor precession). Thus, although 
| 9В„/ду | = | 8B;[az | (because of the Maxwell equation у. B = 0), since B is predominantly 


in the z-direction, we may neglect the terms proportional to u, and uy in Eq. (44) because they 
will average out to zero. 


ANGULAR MOMENTUM II à 227 


It is of interest to mention that if one of the components of the split beam 
is stopped and the other is allowed to pass through an inhomogeneous field in 
the z-direction then no further splitting will occur; however, if the inhomoge- 
neous field is in the y-direction then the beam will again split up into two beams 
corresponding to the | y t ) and | y y ) states (see also Sec. 9.6). 


9.5 The Pauli Wave Function and the Pauli Equation 


We see, therefore, that the electron is to be endowed with two internal degrees 
of freedom corresponding to values of +}h for the component of its intrinsic 
angular momentum along a specified axis (say the z-axis). Accordingly, we need 
two wavefunctions to describe the state of an electron at each point in space. 
Writing them in matrix form, we have 


— (3465 Ys 2) 
„- (HED) ap 


Such single column matrices are known as spinors* and the wavefunction is 
Known as the Pauli wavefunction (hence the subscript p on 1). Writing 


кемек mw (o) (1) (49) 


we say that any spinor can be written as a linear combination of the basic 
spinors 


+= (0) = 121) and x2(1)- 80 (49) 
Thus E 


[оа and [rene 


would represent the probabilities of obtaining the 121 ) and | т | ) states res- 
pectively and we must have 


[restes] [Yar = 1 (50) 


Since the electron requires information regarding its spin as well as position 
co-ordinates, the Pauli wavefunction satisfies the equation 


nsi) 7) m 


*Spinors are characterized by special properties under rotations. We do not wish to leave 
the impression that they are just single column matrices. 
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where H represents the Hamiltonian. For the hydrogen atom, in the absence 
of any interaction other than the Coulomb interaction, H, will be of the form 


n? 

Bb = [= 35 vire vo ‘Ts (52) 
where I is the 2 x 2 unit matrix. Thus ф+ and _ satisfy the same equation and 
the spin up and spin down states have the same energy (see also Problem 9.12). 
On the other hand, if we take into account the spin-orbit interaction, H will be 
of the form 


Я HY, [- ега (53) 


where (see Sec. 18.5) 


fi [Lagos + Lys, + Lio] 
Ls L» — iL, 
A ( ТАЕ ) (54) 


which is known as the Pauli operator for H'. Obviously, now the equations for 
+ and ф— will be coupled (see Problem 9.12) and one has to use perturbation 
theory to consider the effect of H'. This will be discussed in Problem 11.12. 


9.6 Transformation of a Spinor under Rotation 


We now wish to see how spinors transform under a rotation of the co-ordinate 
system. Let us suppose that the spin angular momentum is along the direction 
r, this means that c - r will give the eigenvalue +1, r represents the unit vec- 
tor along r. If the base states are уу and у” we have 


orx = xf (55a) 
ory = — у" (55b) 


We now perform an infinitesimal rotation of the system about an axis along the 
; raises ^ 
unit vector n. The direction r now changes to г’ where 


r=r+Sonxr (56) 
We have 

со. + Span х (57) 
Now, the Pauli matrices satisfy the equation (see Problem 9.5) 


[s-A, с. B] 2 2ic-A X B (58) 
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aR =o} by[o-ma-f—a-to-n | (59) 
Thus to first order in 89, we have 
e? =(1 een). (re 0o) (90) 
Equation (60) may now be iterated to give (see Problem 9.8) 
e Po ap(- ee.) Fp (j °°) (61) 


for a finite rotation Ф, where the exponential J the operator із. defined ныс 
Eq. (72) of chapter 6. Our object is to relate X X. to states x and X7” where 


c. P XL = XL : (62) 


[cf. Eqs. (55a) and (55b)]. Multiplying Eq. (61) on the right by exp [— i/2 e « - n] 
x. and using Eqs. (55а) and (55b) we have* 


о (еа ра оо (неса), (63) 
Comparing with Eq. (62) we get : 
yf, = exp (Ê eon) x (64) 


Clearly, any spinor which is a linear combination of x, and x" transforms as 
above. Since 

s = tho (65) 
we may write Eq. (63) as 


w= exp [f osn |x (66) 


^ . . p * * Le) 
As an example, if z' is a unit vector in a direction obtained by rotating z about 
an axis n by an angle o, then 


|21) = exp (e 9-а) 121) (67) 
cos 9/2 —in; sin 9/2 
ў (а in, + т sino/2 ) (68) 


*Here we have used the fact that 
e4eB = eA*B 
if A and B commute (see Problem 8.26). 
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where in the last step we have used some properties of the Pauli matrices (see 
Problem 9.6) and the fact that 


Her (69) 


If the rotation is about the y-axis then m, = n, — 0 and л, = 1, and we may 
write (see also Problem 9.7) 
^ . {соз 9/2 Y e ^ ; ^ 
igo-( n cos 9/21 z 4 ) + sin 9/2 | zy ) (70) 
showing that if the spin is in! the z' direction then the probability of measuring 
the spin in the | z +) and | zi ) states are cos? 9/2 and sin? /2 respectively. 
Similarly 


121) = (“Sn a) = -sin e/2 12t) + cos of2 124) (m 


Using Eqs. (70) and (71), we can also write 
124) = cos 9/2 |% t) — sin e/2 12 1) (72) 
and 
[24 ) = sin 9/21 2 t} + cos 9/212’) } (73) 


Now, in the Stern-Gerlach experiment (see Sec. 9.4 and Fig. 1.8) we apply 
the inhomogeneous field in z-direction and obtain two beams. If we block one 
of the beams then we get a beam in which the atoms are in the | zt ) state. We 
next apply another inhomogeneous field in a direction which makes an angle ¢ 
with the z-axis and 7/2 — o with the y-axis; we will then obtain two beams 
with intensities proportional to cos? 9/2 and sin? o/2. It is worthwhile mention- 
ing that if the inhomogeneity is in the y-direction then 9 = п/2 and the two 
spots will be of equal intensity. This also follows from the fact that 


i - 7 [1560 715] (74) 


Returning to Eq. (66), one may notice the resemblance of the transformations 
of the space wave function (see Eq. 91 of Chapter 6) and the spinors. The eigen- 
functions of angular momenta, orbital and spin, can always be written as a linear 
combination of the products 


Ф = Yin Х(т,) (75) 
where we have introduced the notation 


х0) = хь and x(— ł) = x- (76) 
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Thus under rotation Ф — Ф' where 
Q' = exp [- T e(L + s): |р (77) 
The operator J = L + s is the total angular momentum. 


PROBLEMS 


PROBLEM 9.1 

In Sec. 9.3 we had derived the angular momentum matrices corresponding 
to j = } in a representation in which J? and J; are diagonal. Carry out a simi- 
lar analysis for j = 1 andj = 3/2. 


PROBLEM 9.2 
For an eigenstate of J* and J; show that 
(i) = (J) =0 (78) 
and 
(2) = (J) = HPUU + 1) — т] (19) 


From the above results develop a classical model for angular momentum. 


PROBLEM 9.3 А 

In Sec. 9.3 we had derived the angular momentum matrices in a represent- 
ation in which J? and / are diagonal. Carry out a similar analysis in a repre- 
sentation in which J? and J, are diagonal; assume у = &. 


PROBLEM 9.4 
Show that the Pauli spin matrices satisfy the relation 
gi 0j = Sig + іє; Ok (80) 


where ej: which is known as the totally anti-symmetric unit tensor, is defined 
by 


£,23 = 8131 = Enz = 1 (cyclic indices) 
ړوو‎ = ©з = E132 =—1  (anticyclic indices) 


with all other components equal to zero. 


PROBLEM 9.5 
Using Eq. (80) show 


(с: A) (с: B) = А-В + is: (A X B) (81) 
where A and В are arbitrary vectors. Thus ? 
(с - п) = 1 5 (82) 


where n is an arbitrary unit vector. 
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PROBLEM 9.6 
Using Eq. (82) show that 


exp [- te c. a) = cos 9/2 — i(c · n) sin ф/2 (83) 
and thereby prove Eq. (68). 


PROBLEM 9,7 

Consider a rotation about the y-axis through an angle 9. Assuming that the 
components of the spin angular momentum transform as ordinary vectors, 
prove Eqs. (72) and (73). 


PROBLEM 9.8 
From Eqs. (59) and (60) derive Eq. (61). 


PROBLEM 9.9 
Obtain the eigenvalues and eigenvectors of c, and с, and express them as 
linear combinations of | z^) and |z | Y states. Give a physical interpretation, 


PROBLEM 9.10 

Discuss the outcome of a Stern-Gerlach type of. experiment for a system cor- 
responding to a spin angular momentum of fi. Show the existence of three 
Spots on the screen. [This experiment has been very nicely discussed by Feyn- 
mann et al. (1964) Vol. III, Chapter 5] 


PROBLEM 9.11 
From Eqs. (30) and (31) it immediately follows that 
, Lt Yi (0,9) = BUF m) (Lm + DE? Y, na, (0, 9) (84) 
where 
Lt = L; + iL, (85) 
Thus for a state whose angular part is Y,, (0, 9), show that 
(L,) = mti, (L,) = (Ly) =0 


and (86) 
(2) = (4) == dtt 0e 1 — т) 


PROBLEM 9.12 
(a) For a hydrogen like atom, neglecting the spin orbit interaction, construct 


eigenstates which are simultaneous eigenstates of Н, 2, L: and Ss: 
(6) Introduce the total angular momentum operator 


=) the (87) 


Construct states which are simultaneous eigenstates of Jz, L?, s? and 7%. These 


x 
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states will be such that H' [which represents the spin orbit interaction, ses Eq. 
(54)] will be diagonal in this representation and degenerate state perturbation 
theory can be used to study the effect of the spin orbit interaction (see Problem 
11.12). See also Problem 18,3. 


PROBLEM 9.13 
In the Stern-Gerlach experiment, for the beam to produce two distinguish- 


‚ able spots, the diffraction divergence must be small compared to the splitting 


due to inhomogeneous magnetic field. Show that this leads to the condition 


В 8xm 
| az | > 4А: 


where Az is the distance between the pole pieces of the magnet. 


PnonLEM 9.14 

Show that the Stern-Gerlach experiment cannot be performed for an electron. 
(Assume дВ„/дх = 0 and consider the effect of the Lorentz force acting in the 
z-direction.) 


SOLUTIONS 


SOLUTION 9.1 
For j = 1, we have m = +1, 0 or —1. The three base states, which are simul- 
taneous eigenstates of J? and Js, are 


иу = [1, 19412) =11, 09 and |3) =[1, —1) 
Now using Eqs. (29)-(31) we get 

(Qm |e |j, m) = [G +m + 1) (j — mi Bi бу 9» ma 
and 

(7, т |F- |j, m) = (j + m) =m + Dy В 8 3 m-, 
Since J, = 4( J + J-) we get 


(Әз = (112412) + Ж = 9n = (а = (Foha 


and all the other matrix elements are zero. Similarly, we can calculate for Jy. 
Obviously 7? and 7: will be diagonal. Tables 9.1 to 9.4 (adapted from Newing 
and Cunningham, 1967) give the angular momentum matrices. Notice the Pauli 
matrices corresponding to j = 3 and that the matrices for J, and 7* are diago» 
nal, the diagor^l elements representing the eigenvalues of the corresponding 
Operator. 
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TABLE 9.1 
Р А а d a ШИШ 
j 0 1/2. ap Lenis 32 32 32 3/2 
m 0 12 —1/2 1 9-1 32 1/2 —1/2 —342 
0 0| 0 | 
12 12 Carr 
12 —1/2 1 0 
1 о V2 
1 0 423 0V2 
i" e MEUS 
32 32 Ж 
32 12 d v 
32 —ц2 Ear QUA Be 
sp 3/2 0 20.0) uae 
0 0 3 .0 
TABLE 9.2 
27% 
А a 12 12 URE уан (315. 13/1 4-319 
т | 0 12 —1/2 P071 32 12 —1/2 —3/2 
oS ORIG | 
H2 1/2 Ros 
12 —12 (ey 
1 1 6-2 0 
0 VT 027 
ы 0 WI o 
3/2 3/2 m 
32 ар i 0 —iy3 0 0 
3/2 е? S) vods 2h. 0 
32 —3/2 ON 0 —iy/3 | 
UT UOTIS |0 
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TABLE 9.5 


кде 32 32 32 3/2 
0 4 32 12 1/2 -3 


1 1 1j 01,20 
1 0 ON, 0770 
17,25] On 9 
32 3/2 
32 12 
3/2 —1/2 
3/2 —3/2 
TABLE 9.4 
Ju 
j 0 g2 12 К ДР! ap 32 32 32 


т | 0 12 —1/2 уй; 312: He «712. 737 
@ 2 Onl 50 | 
12 1/2 34 o | 
2-12 0 34 
qe EE 22 50 
1 500 CM HT 
1 -i OF ee 2 
3 3/2 1945900 ^ 0. 0 
32 12 0 i4 0 о 
52—12 Eo буз 0 


32 —3/2 о о о 15/4 


e 
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SOLUTION 9.2 
Cie | Ju ljm} = т |71 ту +m, lj ту=0о 
(using Eqs. 29-31) 


Ch ml FE Lj, m) = MO m 343 Lm) + (um Le 7-1). m) 
+ Gm 13-3. |j, m) + (5m 3- 3-1, my] 
=HO + (G+ m) G—m + DF (m3, |j, m +1) 
T {(j—m) (J+ m+ FP (т | F- |j, m 1) +0] 
3 


= + 1) — m] (88) 
etc. Obviously 

(лт | FE |, m) = тъ? (89) 
and 

(J m17* 1j, m) =) + 1)53 (90) 


From the above equations we can develop a classical model for angular mo- 
mentum. The total angular momentum vector OP [whose length is assumed to 
be Vj(j + Т) i] is assumed to precess about the z-axis (see Fig. 9.1). As it 
precesses, the z component of OP (= OQ) remains constant, which we assume 
to be equal to mfi. The x and y components of OP change with time and their 
average value is zero. Now 


PQ* = j(j+ 1) 5? — аңа 


0 


Fig. 9.1. A classical model for the angular momentum yestor. 
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epresents (72) + (32) consistent with Eq.{(88). Thus for the state | j, m) we 
may assume the total angular momentum vector precessing about the z-axis. 


SOLUTION 9.3 


SOLUTION 9.4 
The following properties of the Pauli matrices are easily established 


oh = of =o? = 1 (91) 
с, Oy = ids, etc. (92) 
Ou Gy + Cy 0, = 0, etc. ۷ (93) 


from which Eq. (80) immediately follows. 


SOLUTION 9.5 
(со. A) (с: B) => c, Ai ву В, = (А. B) + is. (A х B) (94) 
ij 


- аб can be verified by expanding the RHS and using Eqs. (91)-(93). 


_ SOLUTION 9.6 


($) E CY 


CRI 
JEU CP I qua У O беа 
оо D E EL 

(using Eq. 82) 


Thus 


E exp (Zann) sat) emen ( 1) im 3D (1o (8) 
1 e oo) tele a) 
| which gives Eq. (68). 


` SOLUTION 9.7 
For a rotation about the y-axis through an angle 9, the co-ordinates 
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transform according to the following equations (cf. Eq. 66 of Chapter 6): 
x'—xcos9 —z sino 
yay (95) 
2' = x sin 9 + z cos Фф 

Thus 


So’ = Sz SiN 9 + 5: cos Ф 


а) (5-1) 


78 cos q sing 
Eî 45( sing —cos ọ ) 


The eigenvalues of з, are obviously +} and —{ В; the eigenvector correspond- 
ing to +46 being 


121 = (909902) = coser it ) + sin 9/2121) 


consistent with Eq. (70). 


SOLUTION 9.8 
By rotating the system through an-angle o, let the vector (0) change to Ro). 


If on subsequent rotation Ле the vector becomes r t (o - Ag) then, using Eq. (59) 
we have 


e Fe + Ag = orf (@) — dao оо) 59 on] 


which can be written in the form 


F(p +A Е ағ i ў 
елаган SS А = [en F(9) — F(s) s] 
where F(q) = a -1(9). The solution of the above equation is 
FQ) = exp [= yeon] FO) exp[ > 5-0] (96) 


as can be verified by differentiating the above equation. Equation (96) is iden- 
tical to Eq. (61). 


SOLUTION 9.12 
(a) Since the |2} ) and |z | ) states are represented by 


(ке 
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respectively, the state which is a simultaneous eigenstate of H, L*, Ls and ss 
[belonging to the eigenvalues En, /(/ + 1) fi*, mfi and 44] is given by 


paml 2+) = ( ws ) (97) 


Similarly the state for which the corresponding eigenvalues are E,, /(/ + 1) h?, 
- mii and — jfi would be 


tam 124 = ($) 68) 


фи» 


In the absence of spin orbit interaction, both the spin up and spin down states 
have the same energy. 
(b) The Pauli operator for Js is 


о (HP) +33 = (™ im Rie 


) Thus, if we write the eigenvalue equation as 
(o 2 в) (К) (E) 


Ls p+ = (ту — 3) 54+ 


then 


and 


L;4-— (m; T рар. 


If we now replace Г, by —f& 9/0, we obtain the following ф-Черепделпсев of 
[n and ф- 


Ф. ~ exp [i(m, — He] 
$- e exp [ту + $o] 
Further, for L? to have the value Ki + 1)", we must have 


Іа И ) =й + DF b ) 


or, 
Y4 = Cy Ry (r) Yi mj} (0, 9) 
and 


ф- = C-Ru()Yins (9,9) 
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Clearly m; — $ must be an integer or zero. Since 5° is 2B? times a un’ E 


the vector ( Ks ) is also an eigenstate of s*. Finally, 


(Fp = (LP), + $$ +2L-s 
(1^0 10 ‚үш L, — iL, 
» ( и) b in )* A cu. cp) 
We write the eigenvalue equation for 7° as 
go. (1) =u + nie (f ) 
where j(j + 1)? represents the eigenvalues of 7? (j is still to be determined!). 
On substitution, we obtain 
[23 + $88 + BL: — J(j + DE] Cy Rm Yi mpira + АС. Ru Yim; + 1,2] = 0 
and 
BLC, Ка Yim pia] + [L + $B? — BL; — j (j + DB] C, Roi Yr my aJ = 0 
or 


IIH 1) + $ + (my — 9 —jO  01C- 
+ [C+ m + 9) (= m + dP? С = 0 
and 
IU — my + 4) C+ m + 4)% Cy UG + 1) +  — (my + $) = j G+] C_=0 
For nontrivial solutions, we must have — 
E+ —jG + + 02 m? = (1+ 4)? — me 
o +++ 
which gives 7=/+4 or 1—1 (99) 
(This is consistent with the results that will be obtained in Sec. 10.2). Corres- 
ponding to each value of j, the ratio C,/C_ can be determined and if we use the 


normalization condition given by Eq. (50), we would obtain the following ex- 
pressions for the Pauli wavefunction 


14 MR 
(SE) Rui(r) Yi ms-4 (9, 9) 


(cnm 


Yn, 1 j = 1+ 3, m) = 1/2 
21+ 1 ) Ra(r) Yı туң (9, 9) 


(100) 


1= 0, 1,2...(п— 1) 
m =—I—4,...1+4 
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and 
1 у: 1/2 
- (Ain ) s rna 0.9 


1/2 
(um y" nuo Yi usato 


(101) 


фа, 1, j = 1— }, m) = 


I-—b2,: 5.5 ,n—i 

my =—1+4,...,/+4 
The above expressions can also be directly obtained by using Table 10.) for the 
Clebsch-Gordan coefficients. 


SOLUTION 9.13 
The force acting on the atom in the z-direction is given by [see Eq. (44)] 


Е, = pbs —— , (102) 


where р, is the magnetic moment in the z-direction. Since the magnetic moment 
of the silver atom is just that of the spin of the electron, we have (for the beam 
going upwards) 


= ys <= DELI (103) 


where y(= gq/2m, g = 2) is the gyromagnetic ratio, m is the mass of the elec- 
tron, Thus, the angular displacement Ф (see Fig. 1.8) is approximately given by 


Fs 
i E y 4 2B t 104) 
“ТЕГЕ Blam + ( 
M 
where f is the time that the atom (of mass M) spends inside the magnet and Pa 
represents the initial momentum. Now, the diffraction divergence in the z-direc- 
tion is approximately given by 
A h 
АФ Sis e ADS (105) 
Âz pxAz 
For the two beams to produce distinguishable spots (i.e., without any overlap), 
we must have Ф > AO or 


rus qus 


SOLUTION 9.14 

The magnetic field satisfies the equation 
ôB, ðB: 
ду д2 


VB= E A EET =0 
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Assuming no variation in the x direction, we have 


9B, __ 2B 


ду —— дт (107) 


For an electron there will be a Lorentz force whose magnitude in the z-direc- 
tion will be p, Byq/m; thus the angular deflection will be (see Eq. 104) 


(a Ud 

(рв) 4 1B 

uan ES IDR etse cam." oe 
D» t 

or the spread in @ would be 


O~ 


£ 0B ny ro 4 Ed h 
AQ ~ а t — ay y ОЖ t Ay~ EE Ар, 
since Ap, € p,, we have A@ > Ф ata that the spreading due to Lorentz 
force will dominate and therefore the Stern-Gerlach experiment cannot be per- 


formed with electrons. However, for electrically neutral particles, there is no 
Lorentz force. 


CHAPTER TEN 
Addition of Angular Momenta—The Clebsch-Gordan 


Coefficients 


10.1 Introduction 


When a system is made up of composite parts which interact with each other, 
it is the total angular momentum which is conserved and is of great importance. 
Indeed, the angular momenta to be combined may pertain to the same particle, 
namely, its orbital and spin angular momenta; or may pertain to the orbital 
angular momenta of two different particles. 

As an example, we consider the hydrogen atom problem. If we include the 
spin-orbit interaction, the Hamiltonian is given by (see Problem 11.12 and Sec. 
18.5) 


H=H,+H' (1) 
where 
m=- V+ Yo) 
H' = Er) L- s = (т) ( Lass + Lys, + Lass) 
and 
Ze n 
50) = 2m on 


It can be immediately seen that whereas Ls and s; commute with Ho, they do 
not commute with H'. Indeed, 


IL, H] = [La Ho] + (Le, Н] 
= E(r) (Ls, Le] з» + (Lz, Ly] Sy + (Le, Ls] s4) 
= ifi E(r) (Lyss — Lasy) 


` where we have used the results of Sec. 6.5. Thus L, does not commute with H. 
Similarly 


lss, Н] = ih E(r) (Ls, — Lysa) = — [Ls H] 
immediately giving 


[75 Н] = 0 Q) 


where 7: = L, + s, represents the z-component of the total angular momentum 
operator. Thus 7; (and similarly J» and 7,) commute with Н and are constants 
of motion. 
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We next consider the helium atom, the Hamiltonian of which is given by (see 
Sec. 15.2). 


Н=Н+Н (3) 
where 
авга _ 72е _7ё 
Bm-- ut] "n т» 
апа 
2 
Hes eo Silene 
rı2 [n — г, | 


Once again Lı, and L,, commute with Hy but do not commute with H'; indeed 
[2 H] = [Lis + Lag, H] = 0 (4) 


implying that the components of the total angular momentum are constants of 
motion. 


In this chapter we will consider the addition of angular momenta quite gene- 
rally. Let J, and J, denote two angular momentum operators satisfying the 
commutation relations (see Eq. 3 of Chapter 9). 


[e Jl <s (5 
(Fae, = io 
and other equations can be written in cyclic order.* We also have 
(Fi, Fe] = 0 = [7$, Faz] etc. 
We assume that the components of J, and J, commute with cach other, i.e., 
[m Joe] = 0 = [oss Jar] etc. 
We define the total angular momentum operator J: 
J-— 2+2, (6) 
Now 
[Jv Fel = Jwf: — Fey 
= (Jw + Jw) (Fiz + Faz) — Gu + Fas) (Fav + Fav) 


= (ии Ўз) + (әј: а) 
= (ће + Fox) = i Je (7) 


*Often the commutation relations are written in the following form 
JxJ-iJ 
because 


(J x J), 709 ў = i Je etc. 


ADDITION OF ANGULAR MOMENTA 245 


implying that the components of J satisfy the same commutation relations as 
that of an angular momentum operator. Thus (see also Problem 10.1) 


[17,71 = 0 etc., (8) 


here 


J^ = J? TX = (ethet... E 
= Jî + Jê + 2J1 ° J, (9) 


where we have used the relation J,- J, = J, - J, because components of J, 
commute with components of J;. Since the total angular momentum vector isa 
constant of motion we will, in this chapter, construct vectors which are simul- 
taneous eigenvectors of 7? and Js. 

Let 4,(j,, т) be the simultaneous eigenvector of J? and Л, i.e., 


JG, m) = AC. + 1) paljo m) (10) 
and Juli A, m) = mW m) 


[see Eqs. (5) and (6) of Chapter 9]. We are using the atomic units where f = 1. 
Similarly let {,(/2, т) represent the simultaneous eigenvector of J$ and Jar: 
Now the operators 71, 7$, Jz and Jas commute with each other and the product 
functions 


VG das My m) = Go т) Vis, т) (1) 


represent a set of simultaneous eigenvectors of Ј?, J3, Л: and Jas. Further, for 
given values of j, and j, there will be (2j, + 1) possible values of m; and 2j; + 1) 
possible values of m. Thus there will be (27; + 1) Qj; + 1) possible eigenvectors. 

Now, the operators 72, 73, 7° and 7: also commute with each other (see Prob- 
lem 10.1) and thus one can construct vectors (jo Jo j, m) which are simulta- 
neous eigenvectors of the operators Ji, J3, J^ and Js belonging to the eigen- 
values (Лу + 1), jaja + D, JG + D) and m respectively. In Sec. 10.2 we will 
show that the allowed values of j are 


اواج اه ل ا رز مزا از 


and since for each value of j there will be (2 + 1) values of m, the total num- 
ber of ¢ functions (for given values of j, and ja) will be 


J=h,+J2 
2j+ D= t+ D at) (12) 
j= | i—i] 
which is the same as the number of Y functions. 
We can choose either the Y functions or the ф functions as the base states and 
can represent each of the үф functions as a linear combination of ¢ functions and 
conversely. Now the ф functions as well as the ¢ functions form an orthonormal 
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sets and if we normalize them then the transformation 


FU Jas jm) = УУ CUL m mo m) тт) (13) 


тут» 
is unitary and the coefficients 
CU, Ju; Jy m, m, my) = ( Ju Jo m m | jus jo j, m) (14) 


are known as the Clebsch-Gordan coefficients. The coefficients play an extre- 
mely important role in spectroscopy and also in scattering theory.* The general 
formulae for calculating these coefficients are complicated. In Sec. 10.3 we will 
calculate these coefficients for jı = j, = 3 and give tables for calculation of 
these coefficients for j = $ and /, = 1 (for arbitrary values of Л). In Problem 
10.3 we will calculate these coefficients for jı = 1 and j, = }. It can be easily 
seen that Y( j1, jz, m, m) are eigenfunctions of J- belonging to the eigenvalue 
(m, + my) but, in general, they are not eigenfunctions of J*. In Sec. 10.4 we 
discuss the isospin and show how Clebsch-Gordan coefficients can be used in 
pion-nucleon systems. 


10.2 The Possible Values of j 


Let us first consider the case j, = 1 and Ja = 4; thus m, takes the values 1, 0 
and —1 and m, takes the values $, —}. Consequently, there are six functions 


KLD, Wo, «-1,5 as 
KL=, 40,—D and 9—1, -4 


where we have omitted the values of j, and Ja. The numbers inside the paren- 
thesis denote the values of m; and ть. Clearly, the values of т(= т; + ma) are 


hd, —t,+4,—+ and—i 


The maximum value of т is $ and thus опе of the j values must be $ which 
will give rise to four states with m = 3, 4, —1. —#. The remaining two states 
must correspond to j= $ with m = апа —1. Thus the allowed values of j 
are 3/2 and 1/2 and the corresponding ф vectors being 


Ф(9, 2), 96,2, #60, —}), (16) 
98,—3) 90,3) and %}, —3) 


where the numbers inside the parenthesis are the values of Jj and m; once again 
we have omitted the values of j, and /,. Now (1, 3) = 9(#, $) because these 
are the only functions which'correspond to m — 3. Further, since ¢(0, $) and 
V(1, —4) correspond to m = 4, 4(, $) and 4(3, 4) should be linear combinations 


*Some of the uses of Clebsch-Gordan cocflicients in spectroscopy problems are discussed in 
Chapters 11, 15 and 19. Applications in scattering theory can be found in Kogan and Gatsliky 
(1963), Cence (1969) and most,of the texts in nuclear physics. 
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of 4(0, 3) and ф(1, —3). Similarly (8, —$) and Ф(&, —4) should be linear com- 
binations of (0, —3) апа 9—1, 3) and finally 4($, —2) = ф(—-1, —4). 

Let us next consider the general case and assume, without any loss of gener- 
ality, that jı > ją The maximum values of m; and m; will be jı and j, and there- 
fore the maximum value of j will be 


Jmax = (т, + т) шах = Jı + Ja 


and there will be only one ф vector and only one 9 vector which will correspond 
to m = jı + j which should be equal. Thus 


Ф oJ, + ЕД) = VU Je Ju) (17) 


The next largest value of m will be j, + j, — 1 which will give rise to two y 
vectors 


Фл, — D and $Qi— 1, Ja) (18) 
and two ¢ vectors 
$C + dedi tin —1) and $A te lj +Лһ%— 1) (19) 


where we have omitted j,, ją inside the brackets. The next value of m will be 
jı ja — 2 which will give rise to three Y vectors and three ọ vectors. In gene- 
ral, for m = jı + ja — k, we will have the following (К + 1) Ф vectors 


Vi, — kids YJ, = k+ 1, ja — 1); ... № k) (20) 


and the following 9 vectors 


ФЛ + Ју +Һ — k); HA, + ja — Lista ky... 
Ф + ja — k, jh Hd — k) (21) 


Each ¢ vector can be expressed as a linear combination of the (k + 1) Ф vec- 
tors, the constant coefficients being the Clebsch-Gordan coefficients. Now, since 
jı > ją the maximum value of k should be such that ją — k equals —/% [see Eq. 
(20)] ог kmax = 2з and therefore 


jmin = jı + Ja — kmax = Jı — Ja (22) 
Thus the allowed values of j are 

ÀAcjeATA-—Lh.eA-—J Q3) 
10.3 Clebsch-Gordan Coefficients for j, = ja = $ 
For j, = ј = $, m, = + } and m, = + giving four Y functions 

40,3, 40, =2), (73. D. and. (7b —D 
The allowed values of j are 1 and 0 and hence the four 9 functions are 


4(1, 1), 4(1,0) (1, —1) and $(0,0) 
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Obviously 
(1,1) = 96D (24) 
and 
4, =1) = 4(—5 —) Q5 
Further 
$(,0) = e 00, — + (75 4) (26) 
and 
#(0, 0) = a 08, —4) + «1751 (27) 
Now 
J- $(1, 1) = J- 4d, = OUD- Ф, 4) + 09-44, DD 
or, using Eq. (31) of Chapter 9 
42 $0,0) = 4, —2 + 0,0) 
Thus 
4,97 7 * (7-2) C (| (28) 


and since (0, 0) must be orthogonal to ¢(1, 0) we must have [see also Problem 
10.2(c)] 


т зр Ар, e» 


(within an arbitrary phase factor). It can be easily seen that by using ladder 
operators ор 4(1,0) ог on ?(1, —1) we cannot get #(0, 0) (see also Problem 


10.2). We can thus write 


4(1, 1) prd б ФФ, 13) 
1 1 
#(1, 0) у 0 ҮЗ 43 0 Uca zd 30) 
i, =) ооо ( 
1 1 
#00, 0) 0 Jy va 9| 10-6 


The matrix elements are the Clebsch-Gordan coefficients, Corresponding to j = 0 

there is only one state #(0, 0) which is therefore known as a singlet state; for j=1 

there are three states (4(1, 1), #(1, 0) and &(1, — 1) and therefore j=1is referred 

to as the triplet state. Notice that the singlet state is antisymmetric with respect 

3 е interchange of m, and m; whereas the triplet state is symmetric (see also 
ес. 15.6). 


Io 
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TABLE 10.1# 
CrEBsCH-GORDAN COBFFICIENTS FOR 


h=bChimm| hd т У 


Ig m=} m= — 4 


hmi jı m+} 
E +1 [эг 3 
Jor ad Е. h-mci hmi 
x 2+1 2441 
TABLE 10.2{ 


CLEBSCH-GORDAN COEFFICIENTS FOR Jy = 1; ( J, 1 Mis {һїт у 


j= т = 1 ту = 0 та = —1 
hl tmd ma ту та) | [U:—mi-mt) 
i Cit 007-2) Git D+) i+ 1)(2ь+2) 

j _ [himm тиш. oc =m m+) 

} 2+1) Vidi) WAY 
Accu mU; mb dimi m Сат Darm) 
3 2j (2j, 1) AQ) 2j0ji +1) 


Tables adapted from Condon and Shortley (1951). 


The Clebsch-Gordan coefficients for jy = 1 and js = $ аге tabulated in Tables 
10.1 and 10.2. For ja = $, the possible values of j could be jı + $ and ji — t 
As an example, using the top TOW of Table 10.1 we can write down 


(n+ om) = (Agite mh 


J + түз $ 
+ (AGES) mash G1) 


where we have put a subscript j on m so that the notation is the same as used 


in Solution 9.12. Now, for an electron in a hydrogen-like atom 
1 
(m. i) = Rar) И), 9) ( 0 ) (32) 
which when used in Eq. (31) immediately gives Eq. (100) of Chapter 9. 


10.4 The Concept of Isospin 
In this section we briefly introduce the concept of isospin and mention the use 
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of Clebsch-Gordan coeflicients in the addition of isospin; such considerations 
are of great importance in high energy nuclear scattering studies.” 

It is well known that except for their differences in charge, néutrons and pro- 
tons have very similar properties, Thus neutron and proton can be thought of 
as eigenstates of the nucleon, Now a group of elementary particles can be 
thought of possessing isospin т if there are (27 + 1) particles possessing nearly 
identical properties except for their charge. Thus protons and neutrons can be 
thought of possessing isospin т = } with т, = +4 and т, = —{ states corres- 
ponding to the proton and neutron respectively.** Similarly, x-mesons have an 
isospin of 1 since they occur in 2r + 1 (—3) forms as positively charged 


(r= 1), uncharged z*(z, == 0) and negatively charged х^(т, = — 1) mesons. 
The charge of the nucleons or mesons is given by 
Q= 14115, + #8] 7-93 


where B is known as the baryon number and has the value +1 for nucleons and 
0 for mesons. 

As an example, we consider the isospin of a system of. two nucleons. Assum- 
ing that for isospin also we can add the angular momenta in a manner similar 
to that discussed in Secs. 10.2 and 10.3, we have four possible states 


4, 1) = 9, 4) (34) 
1 LN 

91,0) ae 4, — 4) +9 }, dD) (35) 

#1, —1) = ф(—4, —4) (36) 
1 

%(0, 0) tor It = 0 —9— 4, (37) 


Obviously {({, 4) correspouds to 2 protons because t: = т,. = $ and similarly 
#(1, — 1) corresponds to 2 neutrons; both #(1, 0) and 4(0, 0) correspond to one 
proton and one neutron. However, 4(1, 0) is a symmetric function and Ф(0, 0) is 
antisymmetric. Now, the ground state of deuteron is a mixture of 3S, and Dı 
states (see, e.g., Fermi, 1950, p. 114), thus it is symmetric in co-ordinates, It 
corresponds to spin 1 and therefore it is also symmetric in the spins of the two 
nucleons. The gene-ralized Pauli principle (see, e.g., Sachs, 1953, Ch. 7) 
requires that the wave function should be an antisymmetric in isospin vari-' 
ables and hence the isospin state must be ¢(0, 0). 


*For a nice discussion on isospin the reader is referred to the books by Sachs (1953), Bethe 
and Morrison (1956), etc. A good discussion on the analysis of high energy nuclear scatter- 
ing experiments can be found in Cence (1959), Bethe and Morrison (1956), etc, 

**One may see the analogy with the spin angular momentum where 57 +hand —} сог. 
respond to the spin up and spin down states (see Sec. 9.3). 


ADDITION OF ANGULAR MOMENTA 251 


PROBLEMS 


PROBLEM 10.1 

Show that the operators 72, J4, 7? and J; commute with each other. In parti- 
cular show that whereas 7? does not commute with Jys and Ja, but it does com» 
mute with 7, = Fis + Jas 


PROBLEM 10.2 

(а) In Sec. 10.3, we had operated g(1, 1) by J- and obtained the Clebsch- 
Gordan coefficients. Show that the same coefficients are obtained if we had ope- 
rated #(1, —1) by 7+. 

(D) Operate #(1, 0) [see Eq. (28)] by J- to obtain Eq. (25). 

(с) Operate Eq. (27) by J- or F+ to show that С, = —C,. 


PROBLEM 10.3 

Calculate from first principles the Clebsch-Gordan coefficients for jı = 1 and 
js = } and show that the results are consistent with Table 10.1. Use the calcula- 
ted coefficients to write the wave functions for the p-states of an electron 
(I= 1,8 = 4) forj = (т, = $, b —}, =$) and for] =} (ту = 4, —4). 


PROBLEM 10.4 
For ja = $, starting with the relation 
ФО = A bm-ht)-4»)» (38) 


Calculate the Clebsch-Gordan coefficients and show that the results are consis- 
tent with Table 10.1. 


PROBLEM 10.5 

In the electron spin-orbit interaction problem j, = /, f, = $ = fandj=/4+4 
[see Eq. (23); the same result is also obtained in Problem 9.12]. Assuming that 
the system is in a state in which Jf, 78, 7° and Js are well defined show that 


mh 
СУЫР ED 9» 


where the upper and lower signs correspond toj = / + 1 andj = / — 4 respec- 
tively. 


PROBLEM 10.6 
For a state in which 72, 75, Jaz and Jas have the well defined values j,(j, + 1)", 
ja(ja + 1), mñ and m,h show that 


(2) = Li Ga + 1) + JG + 1) + mmu] (40) 


Рковівм 10.7 
If j,(=1) and j,(—1) represent the isospin of pions and nucleons (see Sec 
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10.4), then the total isospin of a pion nuclcon system j, would be either $ or 
$. Show that 


Intp) =|}= 54-2) -151) (41) 

(mtn) = VELL) + ELS (42) 

үну = Vi L3) - Vili d) (43) 

Inn) = VFI —1) + v 1—4) (44) 

inp) = vil t;.-3—) Vil 4-4) (45) 

len) —15 — $) i (46) 
SOLUTIONS 


SOLUTION 10.1 
J = Jî + J + 2e + JuJu t Juda) 


Since 7? and 7? commute with each other and also with Fg, Jae» Jiy <. » ete. 


[25,1] = (73, 73] = 0. Further, 
Ut, Fal - Ut, Л] + Ut, Jl =0 
Similarly (73, js] = 0. However, [7*, J] # 0, indeed 


[35 Fre] = Ut; Fad + 179, ul + 2 Are [Frm Fad + Hie Jol Fao 
+ Fry [Four Jud + [7 Fre] Foy + re [2 Ji + (Fas Fas) Fes) 


= 2 (=i ffe + i Fey) (47) 
Similarly [75 as] = 2 (~i Fa Jay + Fy aa) (48) 
Thus [75 34] = [F Jus + Jal = 0 


SOLUTION 10.3 
We follow a procedure similar to that used in Sec. 10.3. Now, jj = 1; j =; 
= F1, 0, —1; m, = +4; j = $, $ and 


a(i, 4) = «0,3) (49) 

$8, —3) = 0—1, —5 (50) 
Thus 

J- (53) = К) + G2-1 A, 9) 
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If we use Eq. (31) of Chapter 9 we would get 


К) © 


If we operate again by J- (or operate Eq. (50) by J+) we would get 


3)- 429 - 2) AER C -1,4) (52) 


Now 9(2, 4) has to be a linear combination of $(1, —4) and (0, #) (because 
enly these ф functions give m = 1), thus we may write 


Ali, $) =e, (1, — 4) + e 90, $) 


Since it has to be orthogonal to 4($, 4) we must have 
e 2 
—— + — ЕШ 
ЖЕ | а. 
i d 1 
тт)” [0 - 2)” E 3709 т)] 


Using the normalization condition we get с, = f, giving 


46,0 = VF Фа, —) — vi $0, 3) (53) 


or 


Operating %(}, $) by J- we get 


(3-4) - 2-1) EG (54) 


Equations (49)-(54) give the Clebsch- Gordan coefficients. Notice that the ¢ 
functions automatically form an orthonormal set. 


SOLUTION 10.5 
Writing / for jj, in Eq. (31) we obtain 


араа d i-em Cc )- mñ 
(5) 4 7 perm 2131 ($5)* 2x1 ;5]73:4189 


and similarly for j1— 


SOLUTION 10.7 . 
у= 63 = 8) = Ue = Lja 0) =I?) 69 


у= = – 0) 1 = 1и -D 7177) (57) 
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Now, using Eqs. (51) and (52) 
Y= be = 7 Ville liem О ЕУ = fe 1) 
= Vil win) + Vil rp). (58) 
and 
lJ = fJ: = — 4) = VE Inf) + V Ep), ete. 59) 


Similarly we may use Eqs. (53) and (54). Simple algebra will then give Eqs. | 
(42)-(45). 


CHAPTER ELEVEN 
Time Independent Perturbation Theory 


11.1 Introduction 


In Chapters 3, 4 and 5 we had obtained exact solutions of the Schródinger 
equation for specific potential energy variations. However, for most problems 
in quantum mechanics, it is extremely difficult to obtain exact solutions of the 
Schródinger equation and one has to resort to approximate methods. The three 
most important approximate methods are (i) the perturbation method, (ii) the 
variational method and (iii) the WKB method’; the perturbation method will be 
discussed in this chapter, the variational method will be discussed in Chapter 12 
and the WKB method in Chapter 13. We may mention here that the varia- 
tional method can give good estimate of the ground state energy by choosing 
an appropriate trial function; however, the method becomes quite cumbersome 
when one has to apply it to higher excited states. On the other hand, the WKB 
method gives an approximate but direct solution of the Schródinger equation. 
The WKB method is applicable to potentials which are such that the Schró- 
dinger equation is separable to a one-dimensional equation and when the poten- 
tial is smoothly varying; if these conditions are satisfied, the method gives infor- 
mation about all the states of the problem. 

The perturbation method, vhich is the subject matter of this chapter, is appli- 
cable when the Hamiltonian can be written asa sum of two parts 


H= M, + H' [0] 


where the eigenvalues and eigenfunctions of Н, are known and the effect of H’ 
can be assumed to be small; Ho is usually referred to as the unperturbed Hamil- 
tonian and H” is known as the perturbation, We write the eigenvalue equation 
for the unperturbed Hamiltonian as 


Hy un = En un (2) 


where E, and tin are known eigenvaluca and orthonormal eigenfunctions of Ho 
respectively. Our aim is to develop a perturbation method to solv the Schré- 
dinger equation 


1 Hin = Wan (3) 


and obtain approximate expressions for Wa and Yn: In Sec. 11.2 we will develop 
the perturbation theory for non-degenerate states which will be followed by con- 
siderations for degenerate states (Sec. 11.3). The theory that we will develop has 
been extensively applied to solve many problems in quantum mechanics; some of 
these applications have also been discussed in this chapter. 


*A few simple numerical methods for solving the Schrödinger equation are discussed in 
Chapter 17. 
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11.2 Non-degenerate Case 
We introduce a parameter* g and write А 
H= Н + gH’ (4) 


Next, we express jn, and W, as power series** in g, i.e. we write 
Yo = MD rg ream... (5) 
Ws = WP + g WP +g wo... (6) 


where the superscripts 0, 1, 2,... refer to the zeroeth order, first order, second 
order perturbation and the parameter g is assumed to take a continuous range 
of values between zero and unity. In the final result we will set g — 1. We 
substitute the expansions given by Eqs. (5) and (6) in Eq. (3) to obtain 


(Ho + g H) QD +e 4 + 9+...) 
=(WO + gw! + gw +...) UO +900 + g++...) (7) 


Since the above equation is supposed to be valid for all values of g lying bet- 
ween 0 and 1, the coefficients of equal powers of g on either side of the equa- 
tion must be the same; i.e., 


, BAD = woo (8) 
Н, Ур +H’ YO = wo yo + Wo yo (9) 
нн yD — WO VQ + WYO + WEY (10) 


*This method is often used in mathematics. For Example, if we wish to solve the equation 
u = a + eu? (i) 


where e is a small number, we may write 
u= uo + € ey +... £ (ii) 


Xf we substitute this series in equation (i) above and equate powers of e, we obtain 
Hg = 2, Шү = U3 = a*; из = 2ugu, = 26°, etc. Thus 


u = с +ea? + 2е®а®+... 
In this particutar case, an exact solution of equation (i) can also be found 


1 
2e 


u= [ 1 — Gao] = a + cat + 2eta® +... 

where we have chosen that root which makes u -> a as e > 0. Further the series will be conver- 

gent only when 42e «1. For further details on perturbation techniques, see Bellman (1966). 
**For example, if H* is proportional to the strength of the electric field € then wD, ye h 

w». ; will be proportional to €, ©, @%,.. respectively; yO), will be independent of в. "In 

some cases, such a power series may not beyconvergeat [see, e.g. Eq. (37)]; indeed if it is an 

asymptotic series (see Appendix K), the first few terms may give fairly good results, 
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«с. Equation (8) tells us that 4 апа W are the eigenfunctions and eigen- 
values of the unperturbed Hamiltonian. Thus 


HO = us (11) 
and 
WO = E, (12) 


P4 
We will be considering the effect of the perturbation H' on the nth state which 
will be assumed to be discrete and non-degenerate*; however, other states need 
neither be discrete nor be non-degenerate. 


11.2.1 First ORDER PERTURBATION 


We assume that the eigenfunctions of the unperturbed Hamiltonian, Hg, form a 
complete set; thus we may express UO as a linear combination of the functions un 


qe т v a ит (13) 
т 
where the superscript (1) refers to the fact that we are considering first order 
perturbation. The summation appearing in the above equation actually repre- 
sents a summation over the discrete states and integration over the continuum. 
If we substitute the above expansion in Eq. (9), we would obtain 


В, vi af um + H' YO = Wi фу) + Wa ve (14) 
m 
ог 
> a Enum + H'un = En 5 aQ um + WO! un (15) 
m m 


where we have used Eqs. (2) and (11). If we now. multiply the above equation 
by uj and integrate, we would get 


» ай! Ey Sim + Hy, = En У: ай) Sum + WP Bin 


m m 
or, carrying out the summations we get 

af? (E, — Ex) + WI! 8in = На (16) 
where 


Hin = | uh tru, ds = (kl H' In) (17) 


*The corresponding theory for degenerate states is discussed in Sec. 11.3, 
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and we have used the orthonormality condition 
(k ту = | Uh Um At = Sim 
For k = n, Eq. (16) gives 
юз = Hin = | BH um ds = (nl H |») (18) 


which represents the first order perturbation to the energy. For k 4 n, Eq. (16) 
gives 


ape Eg vigi qo p 


Notice that we have not been able to determine a‘. However, it can be easily 
seen from Eq. (9) that if we add an arbitrary multiple of u, to YP, the equation 
remains unaltered. Hence, without any loss of generality, we may assume 


ad! = 0 (20). 


Such a choice implies 
fe UY de — 0 (21) 


11.2.2 SECOND ORDER PERTURBATION 


We next expand 7) as a linear combination of the eigenfunctions of Hp; thus, 
we write 


Wb = У af? um (22) 


m 


where the superscripts refer to the fact that we are considering second order 
perturbation. Substituting the above expansion in Eq. (10) we get 


HS, aid us, +ҥў ар Um 


m 


= Ww > а um + т У ай) um + WAP uy 
m 


m 


Multiplying by uz and integrating we obtain 


J ad! Enim + 2 Him 


> Es 2 a Sin Шү у at DE up wt EM 


m 
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or 


d? (E, — Е) + W 8, = Y at Нь — af! Hr, Q3) 
m 


For k — n, we get 


Wi" = Y ар Huy = af Hoy 
m 
: 
m > а} Н» 
т 
т#п 


where the prime over the summation indicates that we have omittéd the term 
m = n. Thus, using Eq. (19), we get 


5 EIE 
ym = > mal 
W's En — Em (24) 


where we have used the relation Hy, = (Hmn)*. The above equation gives the 
second order perturbation'to the energy eigenvalue. Further, for k = n, Eq. (23) 
gives 


Him Н, olo fim lim 1 Hin Hin 
а = m (E, — Ex) (En — Еа). (En — Ex)? lo 


Wero we may obtain W(9. The final result is 
= Wo * Wi + we + we +. (26) 
On substitution we obtain 


'_1Н ы? 
En — Em 


3 | Hmn g (Hm E F3) 
p Р (En — En}? 


E 1 1 E Hos 
«300 ек E EES en 


Wa = En + Hin + У 
m 


11.2.3 Two SIMPLE EXAMPLES 


In order to illustrate the use of the perturbation theory to non-degenerate states 
we consider a perturbation of the form }bx? to the linear harmonic oscillator 
problem. Thus 


d 
I kx? (28) 


CERES EDI 
Низ 2u dà tT 
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and 
== ф bx? (29) 
The eigenvalue and eigenfunctions of H, are well known (See Sec. 3.6.3) 
Hotin = Entin (30) 
where 
= (n+ ho; n—0,1,2,3... (33° 
Un = Nn НМ) exp (—1 E) (32) 
with 
nS i 
a= E mofo] 33 
E = ах, a= wale p: 


Notice that the exact solution can easily be obtained; all that we have to do is 
to replace k by k + b. Thus if we write 5 


Hln = Wan (34) 
where 

H= H, + H' (35) 
then 

Wa = Aka [+2 E (36) 
or 


Wa = (n+ i) A [422-35] (37) 


the binomial expansion being valid when b/k < 1. If we compare Eq. (37) with 
Eq. (6), we obtain 


Wi) = Ds E kg - Q9 
1 1 k b 39) 

Tien 

тр 1 Da E ED ec. (40) 


where 17°) represents the unperturbed eigenvalue, and WE! апа W" represent 
the first and the second order perturbations respectively. Notice that WS is 
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linear in b, W is quadratic in b, etc. Further, the power series ig convergent 
only ween b/k < 1. Б“ 
Let us now employ perturbation theory to calculate Wi", W4, etc. Now 


y? -1 | и (9) ж m(x) dx = -у 5 преп) 


-0 
1 1 E P 
=з (^ Е +) h J + (see footnote) (41) 
which agrees with Eq. (39). In order to calculate J£! we note that 


Hin = МІН |) = $5ml x*| n) (42) 
is non zero only when? m = n — 2, m = n or m = n + 2. Thus 


"Ee. 


ا ا ETE‏ 


Е. — Ens Ents — En 
TO 1 
E вз) 


which agrees with Eq. (40). 
Another simple example is to consider a linear harmonic oscillator of charge 
e perturbed by an electric field ¢ in the +x direction. Thus 


n = á 
Ho = — з dx + ро? х? (44) 
«(тра [лу = NEDE CED 
+ {m|aain) ] 


c [vet Тул +2) 5m nta + Qn + ё 


HVT „з | 
where we have used Eqs. (65), (67) and (68) of Chapter 8. Thus 


( An DE +2) form=n+2 
2uo 


D rr form=n—2 


| 
| n 

(тілу 4 рог 280 form = п 
| 
| 2ш i 
Lo otherwise 
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and 

Н' = — еёҳ 
Now, l 

(m| H'|n)— —ee(m|x|n) 


` is non zero only when* m = n + 1. Thus Wi = 0 and 


(we T id = gen [Me (n—1 Lix) n) 
n Moy 
e22 
em 2uo* 


In this case also we can find an exact solution of the problem by shifting the 


origin. This can easily be seen because 


ў fi? д E 
H= Н+ Н = pa J hots! — ex 


_ ла д een 
~ On d +5 2 j'en — pm 


(45) 


_|(п+1|х|пу 


— Es» 


where $ = x — e€[uo. Thus the exact eigenvalue spectrum is 


2 
n (oH) m 


exact results, 


11.3 Perturbation Theory for Degenerate States 


| 


(46) 
It may be noted that in this case the second order theory happens to give the 


In the perturbation theory developed іп Sec. 11.2. the zeroeth order wavefune 


tion satisfies the equation 
ну = мею 


*(m|x|n) E SE (iat ain) 


(47) 


AE [ven көзө + Viris as] 


Or 


[A E verr formongl. 
(nl xl n) = з Vh: form = n — 1 


otherwise 
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[see Eq. (8)]. This equation implies that $? is the eigenfunction Corresponding 
to the unperturbed Hamiltonian. If we consider the perturbation to the nth 
,State then we put 


WO =E, and 40 un (48) 


where u, and En represent the eigenfunction and the energy eigenvalue for the 
nth state respectively. Now, for a degenerate state, any linear combination of 
the eigenfunctions is also a possible eigenfunction (see Sec. 3.3); consequently, 

1? cannot be completely specified by its unperturbed energy. Further, we notice 
from Eq. (16) that corresponding to a degenerate state if Ey = En (but k 5é n) 
then Hin must be zero [otherwise a(? will be infinite, see Eq. (19)]. Hence, we 
must choose” for ф{9) such linear combinations of u, so that Hin =0 for Куи. 
Obviously, the choice of the linear combination will depend on the form of Н”. 
We illustrate the procedure by considering the splitting of the first excited state 
of the Н atom by an electric field**, The л = 2 state of the H atom із 4-fold - 
degenerate. The eigenfunctions*** are (see Secs. 5.3 and 6.4). 


ш = Ra Ya = yi Ви); (1 =2,1=0,m=0) | 

— | 

i Ri Ys af & Ru «ш; (к= 2/193, m OF | 
de (49) 

= Ru Ya = — qj Ê Rain sin 0 e; (n = 2,1] = 1, m = 1) | 


u, = Ra Yin = "ES Ra (r) sin @ e-**; (п= 2,1= 1, m= —1) 
m 


where 
Т г : 
Ryo(r) "де aU же 2a; ) ere 
and (50) 
А 1 
R2,(r) = We а PA r [226 j 


*This also follows from the fact that in calculating the first order perturbation when: we 
use the expansion 


...+ )ل + 490 $440 


Y 
we must know precisely 0? which represents the eigenfunction to which { will collapse when 
the perturbation is made to go to zero. However, for a degenerate state, we have no apriori 
knowledge which would allow us to predict as to which linear combination will y collapse to, 
Indeed, Eq. (16) tells us that we must choose such linear combinations so that Hin = 0 for 
k # n (among the degenerate eigenfunctions). 

**The spliting of spectral lines due to an electric field is known as Stark effect, 

***It should be noted that we could have started with linear combinations of u,, u;, us and 
ид; however, the functions should form an orthonormal set. 
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The corresponding eigenvalue is 


net 
8h? 


(The ground state wave function is denoted by ио). Let the required linear 
combination be 


YO = eun +... + eu (51) 
If we substitute this linear combination in the following equation [see Eq. (9)] 
Hh + Н = Popa 4 pray 


we would obtain 


wy = = 


Ho > ай! um + Н'[сш, + сш, + сзиз -F сш] 
m 


= И? D ай! Um + WH [eu + сш, + саи, + сащ] 
m 


А 
where we have assumed 


VP = Y aft us 


m 


Thus 
hy aj) Еми» + H'lem +... + сащ] 


m 


= wp > ай) um + WE [eu +... ey (52) 


m 
Multiplying by u$ and integrating we obtain 


aj? We + [e His + esis + eHis + ca Hig] = WY at? + Wwe, 
where 


Hy = | u; H' u; dr 
Rearranging we obtain 


cı(Hiı — WA") + с, His + ca His + c, Hi,—0 (53) 


Similarly, if we multiply Eq. (52) by uz, u$ and u} and integrate, we would ob- 
tain respectively the following equations 


«Н + (Н — WEP) + e Has + “Н = 0 (54) 
С.Н + Cx Hy + (Наз — Wf?) e,Hg, = 0 (55) 
aHa + еН + c His Р e(Hi,— $9) = 0 (56) 
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Obviouly, for a g-fold degenerate state, we will obtain a set of g equations. 
Now for nontrivial solutions 


Hy WP Hi His Hi 
Hg Ha- WP Н» Не 
= 0 5 
Bs Aide ЫС?! Fa E, 
На Hiz j His Hu — wi 


which is known аз the secular equation. In our present problem 
Н' = —e£z = — e&rcos (58) 
(е « 0). Thus 


Hig = | ug H'u, dt 


- 1] NETTE | 


x [ - fe R,ı(r) sin 9 ef? rw sin 0 d9 de 
7 


2n 
because | e‘? dp = 0. Due to the same reason the matrix elements Hse, His» 
0 


Hj, Hi, Hi, and Hs; would vanish. By carrying out the integration over 6, it 
can easily be shown that Hz, Hye, Н» Ha, and Hq, would vanish. The only 
non-vanishing* matrix elements would be Hj; and Hg. Now 


Bá = Hig = {ut Hua d 


= 43(-— ee) % м 1 1 pn 258. LAE -ria рар 
4n [s 2J6 @ AC ak E 
я 2n i 
f cos! 0 sin 9 d9 | do (59) 
0 E] 
= Jeca = —g 


*This could have been directly deduced from the following reasoning. Since all the waye- 
functions have definite parities and since H’ has odd parity 


f WE! щй =... = | aH uds =0 
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where g = 3 | e | £a. Thus the secular equation becomes 


-WP —g 0 0 


Ed oiu 60 
0 0: —wf" o i o 
0 0 0 тш 


The roots are 
W? = +g, —$g 0,0 
Now, if we substitute the values of the matrix elements, Eqs. (53)-(56) become 
— WE — eg —0 
mE р Ws) =0 


WS) = 0 
Ws? — 0 
Clearly for Wi?) = g, c, — ©, Сз = €, =0 and the required linear combina- 
tion is 
) 1 
= ui — и; 
Ф, Vi (ш — ш) (61) 


where the factor 1/4/2 is such that 2; is normalized. Similarly for w 


rem fi 
Ca = €, Сз = €, = 0 and the required linear combination is 


fa = vp + u) (62) 


For the root W® = 0, c, = €; = 0 and c, and c, are indeterminate; Thus 
Pa and ф = cu, + Cally 


The splitting of the level is shown in Fig. 11.1. As can be seen the degenera 
partially lifted. 


(63) 
cy is 


j‏ س 
ЫП go -ui‏ 
| 


заојеје 
те“ 
en? SH Ty 
30oleie 


1 
E (uy e uz) 


Fig. 11.1 The splitting of the л = 2 level of the hydrogen atom by the electric field, 
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The above theoretical predictions agree with the corresponding experimental 
values for electric field Strengths less than about 104 volts/cm. For higher 
fields, the quadratic Stark effect has to be taken into account. Eventually, for 
field strengths greater than 105 volts/cm, autoionization occurs and Stark effect 


disappears, 
11.4 Examples from Matrix Algebra 


The use of the perturbation approach can be illustrated by considering examples 


from matrix algebra. We will discuss first the non-degenerate case and then the 
degenerate case. 


CASE 1 : NON-DEGENERATE СА$Е 


Let-us consider the matrix* 


(le € = 
u-( € Be 


We write Н = Ну + H', where 


1 0 Pp XP: 
н. = (0 B and ҥ=(‹ Ü) 


Hy is assumed to represent the unperturbed matrix and H' represents the pertur- 


bation; e € 1. The eigenvalues of Ну are +1 and —1; the Corresponding eigen- 
functions are 


n= (5) e(t) 


Now Hi, =(1 o(t 20)-« 


and His (9 »( ee eed 


Thus, in the first order perturbation theory, the eigenvalues are 
l+e and —j +e 
The exact eigenvalues of H are given by 
A= € + )1 + eye : 
=l+e+ fey eee and —I+te—fery 


which agrees with the perturbation theory result, 


\ 


“While considerin 


& examples from matrix algebra we must always have Hermitian mat- 
rices, 
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Cass 2: DEGENERATE CASE 
As before, we write H = H, + H’, where 


10 as iur 
ж®=(% 1) and H' -( Ej 
Clearly the matrix Hy has only one eigenvalue, viz., + 1, which is two-fold dege- 
nerate. Further, any column matrix (f) is an eigenvector. We may choose 


“-(}) a s- (1) 


€ 1 
Thuis  Hi-( «(¢ Q)-- 
Similarly Hip = Hj = Hi, = € 
Therefore, the secular determinant is 


e—Ww ben (es 
€ X] 0 


which gives 
W=0 and W=2 


` The degeneracy is lifted and according to first order perturbation theory the 
sigenvalues are 


land 1 + 2 
If we denote the eigenfunction by 
Ф = cith + Cala 
Then 
cle — W) + eqe = 0 
and 
сє +o (€ — W)=0 
For W=0, а = — c, and 


= 95 (u, — а) = 5 (uf) 
For W = 2e, с, = c and А 

he چ‎ + = TS (1) 
"Notice that 


ФН'Ф = фҮН'Ф, = 0, 
1.e., we have chosen such linear combinations in which Н” is diagonal. 
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It is easy to show that if we try to directly determine the eigenvalues and 
eigenfunctions of H, we would obtain 


(1+ є = А)? = € or 
À—ldcedce 


Thus, it so happens that the first order perturbation theory gives the exact results, 


11.5 Aimost Degenerate Perturbation Theory 


We next consider the case when the levels are *almost degenerate’, i.e., the cor- 
responding energy eigenvalues are very nearly equal. For such a case the per- 
turbation theory for non-degenerate states is strictly not valid because the cor- 
responding expansion coefficient would become very large [see Eq. (19). We 
give here an approximate perturbation theory for a group of two levels which 
are almost degenerate. Let u, and и, represent the eigenfunctions of the two 
levels with energy eigenvalues E, and Ey; i.e., 


H, 15,3 = Ёз, (64) 
We write 

ф e cy, + сшщ, (65) 
and substitute in the eigenvalue equation 

Hy = wy ў 
to obtain 

Hy + Ни = We, (66) 
апа 0H3; -+ c4 Hyg = We, (67) 


Where Hy = J uf Huy de = [ щ (Н, + Н) u de 


= E; + Hi, (68) 
Equations (66) and (67) give us the secular determinant [cf. Eq. (57)] 
Ha—W Н |- 0 (69) 
Hg Hg — W 
which gives us 
Wa = $ lan + Н] E #[(Ни — Ha)? + 4| Ha Вр (70) 


It is to be noted that when E, = E, one obtains the result for degenerate states 
(see Sec. 11.3). On the other hand. when |H — Hal >| Hj], we get (by 
making a binomial expansion) 


Win = MURS + Halt 5 (mme )}+1- э] ay 
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Thus 


Wı = Е + Н + s Ce او ا‎ Ни! 3 (72) 
(Е, + Ay) —(E + Н») 

(and a similar expression for W,) which agree with the result obtained by using 
non-degenerate perturbation theory to order g? because the term (Hii — H4) 
in the denominator of the third term is itseif of order g; g is the parameter intro- 
duced in Eq. (4). Thus Eq. (70) represents the general expression which in the 
appropriate limiting forms goes over to the expressions corresponding to non- 
degenerate and degenerate state perturbation theory. 


11.6 Daigarno's Method 


If it becomes necessary to calculate the second order correction (viz., W3) one 
has to evaluate the infinite sum given by Eq. (24) which, in general, is extremely 
difficult to carry out. However, in some cases it is possible to directly solve Eq. 
(9) and obtain an analytical expression for Y} using which one can evaluate we 
by using the expression i 


we = [vor op de - wp vor yy de (73) 


(the above equation is obtained by multiplying Eq. 10 by 4* and integrating). 
This method is due to Dalgarno and is known as Dalgarno’s method (see Dal- 
garno, 1961). We will illustrate its use by considering the Stark effect problem 
for the ground state of the hydrogen atom*. The perturbation is H’ = — ez = 


—eércos 0. Now W' = — pet/25? and it is easy to show that WY) = 
We rewrite Eq. (9) 

AVP + HYD = woo + WYO (74) 
Thus 


fi E ея vet) ay م‎ 1 UR 
[ 2u V STE A] = e&r cos Û Vapapet (75) 
where we have substituted the ground state wavefunction from Eq. (51) of Chap- 
ter 5. Since 0) should go to zero as € > 0, we need find only thesolution to the 
homogeneous part of the equation. We assume - 


ФФ = R(r) cos 6 (76) 
Thus 
vip = d 4 r3 ба 4 ко] cos 0 (77) 


*Epstein has given another method for calculating the Stark effect problem in hydrogen 
atom, The method has been discussed in Pauling and Wilson (1935), p. 195, 
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к-н] 


or 


КЫ ILLO ur 
T + AL MAE e (78) 
where we have used the atomic system of units ( = 1, р == 1, e = 1) and 
ht 
CS we ё (79) 
Let us introduce a function F(r) such that 
R(r) = r F(r) e" (80) 


On substitution in Eq. (78), we obtain 


ФЕ dF 2C 
ryt 42) G2 FO) = ج‎ Tz (81) 


We are interested in determining the inhomogeneous part of the solution. We 
find that F(r) = a + br satisfies Eq. (81) provided we choose a = 2b = c[4 т. 
Thus we obiain 

Rr) = re (1 + ire 


and therefore 


oD = e(t + т”) Zee 0 (82) 
Substituting in Eq. (73) and carrying out the integration we get 

Ww? = — 3 c atomic units \ 
where a, = ii?/ye? is the Bohr radius. Thus we may write 

W= WD 8 aj с? (84) 
Thus the polarizability* for the normal hydrogen atom is given by 

«= $ a$ = 0.677 x 107** cm? (85) 
It can be shown that** И = ИФ =... = 0 ana 

n= 1154-1074 »)]e (9 


*For details оп polarizability one may refer to Pauling and Wilson (1935) Sec. 29e and 


“49; Karplus and Porter (1970) Sec. 5.3. 
**See, for example, Daigarno (1961). 
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Further 


3555 
WP = — ——— са 
f wp С (87) 


PROBLEMS 
PROBLEM 11.1 3 
Consider an electron inside an infinitely deep one dimensional potential well 
V(x) = 0 for 0<х<1 
= eo for x<0 and x>L 


(see Sec. 3.6.1). Assuming а perturbation of the form H' = — e&x show that 
in the first order perturbation theory each level gets shifted by —eeL/2. Further, 
show that for the ground state (n — 1) 

VO (n = 1) = e 90 (n = 2) + с, 00 (n — 3) 4-.... 
where 


32 А 
5771 ( S) (— eel), etc. 


= و0 


PROBLEM 11.2 
Consider the one dimensional harmonic oscillator problem (see Sec, 3.6.3). 
Assuming a perturbation H’ = Вх“ show that 


ane ЭВ > fis 1 
m zoo (1 3) (9 


PROBLEM 11.3 
Let the matrix 


cnet ers 
ies (efe) 
be written in the form 
P=P,+P’ 


Gy fa) 1_ (0 є 
һ=(0 3) aad P=) 
Consider P' as the perturbation and use Second order perturbation theory to 


calculate the eigenvalue of P. Compare the results with the ones obtained by 
diagonalizing the matrix P. 


where 


PROBLEM 11.4 
Let the matrix 


T Ve 0 
Р=|є i 0 
0.0 24e 


Y 
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be written in the form P = Pp + P’ where 


100 0 є о 
Ро= 10:10 | апа P= у 0 
002 0 0 € 


Consider P' as the perturbation and use degenerate state perturbation theory 
to calculate the eigenvalues of P. 


PROBLEM 11.5 
Consider a particle in an infinitely deep potential well inside a cube of dimen- 
Sion L (see Problem 5.2). Consider a perturbation H” of the form 
Н' = kx? 
Apply first order perturbation theory to the first excited state which is 3-fold 
degenerate. Is the degeneracy completely lifted? 


PROBLEM 11.6 
Consider a Hamiltonian of the form 


Н=Н,+Н' 
where 

NEY М 
СС 
and 

H'—^xx, 


The above Hamiltonian represents two identical oscillators (along the same axis) 
with an interaction between the two, Treat H' as a perturbation and calculate 
the first order shift in the energy level of the first excited state. This problem 
can also be solved exactly. Obtain the exact solution and compare with the result 
obtained by using perturbation theory. 


PROBLEM 11,7 
The Hamiltonian H, for a two dimensional oscillator can be written in the 
form 


1 1 
Ho = au (p + р?) + gE y) 
Consider a perturbation 


Н = } kexy (x? + y?) 


where є is small. The eigenvalue equation for 2, can easily 5- solved: the eigen- 
values are simply (n + m + 1)ћо 


Hy tinm = (n + т + D fio: 
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with 
un m = Nn НЕ) e128* N, Ha (0) e 33? 
= ax, 7 == ay 


(see Sec. 3.6.3). Show that for e Æ 0, in the first order perturbation theory, the 
ground state is not shifted and the 2-fold degenerate first excited state splits 
whose energies are given by 


ЗБ ^ 
Ga ieee us 


the pps eigenfunctions being 


= (uon E що) 


z 


PROBLEM 11.8 
Using first order perturbation theory calculate the around state energy of a 
helium-like atom; assume the interaction between the two electrons to represent 
the perturbation. Show that the first ionization potential for a single electron is 
given by 
i5 nn 2 
i E s: )im 259 


You will have to assume the nucleus to be infinitely heavy —why? (see Solution 
15.1 and Problem 15.6) 


PROBLEM 11.9 

While solving the Schródinger equation for a hydrogen-like atom one assumes 
the nucleus to be a point charge. Using first order perturbation theory calculate 
the effect of the finite size of the nucleus assuming the nucleus to be a sphere 
of radius Ry with its charge uniformly distributed throughout its volume. (The 
effect of the finite size of the nucleus is usually referred to as volume effect and 
is important while considering isotope shift). 


PROBLEM 11.10 

The previous problem has an important application in muonic atom* which 
consists of a p-meson and a nucleus (ть = 207 me). First show that the Bohr 
radius for the muonic atom is comparable to the nuclear radius for Z = 45; thus 
for Z Z 45 the muon orbit may be inside the nucleus. Assuming the Coulomb 
potential to be a perturbation, calculate the energy levels of the muonic atom, 


PROBLEM 11.11 
According to the special theory of relativity, the relation between the energy 


*Muonic atoms may be formed when a muon slows down through matter. Such atoms 
haye been obtained for Z = 1 to heavy elements like uranium. 
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and momentum for a free particle is 
E? = cp + mA (89) 


where m represents the rest mass of the particle and c the speed of light in free 
space. In the presence of the potential V(r), Eq. 89 modifies to* 


[E — V(r)] = сїр® + mc (90) 
If we replace p by —ifi V we obtain Schrédinger’s relativistic equation 

[— ely? + тїсї] ф = [E — Vir)? à (91) 
If we write E = E' + me, the above equation can be written as . . 

(Н, + Н) ф = Ер (92) 
where 

TD к a 

Ho m Noik V(r) (93) 
and г 

Hl mice E EDE (94) 


2те? 


Without H' we have Schródinger's non-relativistic equation; treat H' as pertur- 
bation and calculate its effect on the energy levels of hydrogen like atoms. 


PROBLEM 11.12 
In a hydrogen-like atom the spin orbit interaction is of the form (see Secs. 
18.5 and 23.8) y 


Я Ze ү 1 

H'= Tmt уз Lis (95) 
Since 2 L- s = J? — L? — s*, choose a representation in which J*, L? and s 
are well defined and calculate the spin orbit correction. Incorporate also the 
relativity correction of Problem 11.11 to calculate the splitting of the n = 2 
state. Show that for the n = 3 state the S}; level coincides with the Py, level 
and is separated from the Юу,» level (which coincides with Ру» level) by 0.109 
cm~}; further the Ds; level is separated from the Dy s level by 0.036 cm™. 


*Indeed in the presence of electromagnetic potentials, we have (see Sec. 18.2) 
\ * Q 2 
(E— озу = e( p-a) + тс? 


where Q is the charge of the particle, ф and А аге the scalar and vector potentials. 
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PROBLEM 11.13 

A plane rotator is defined by the Hamiltonian H = M2/2/. where I is the 
moment of inertia and M, is the operator of the component of angular momen- 
tum along the axis of rotation z. Replace M, by —ih/0o and find the eigen- 
values and normalized eigenfunctions of И. (You will only have to assume that 
the wavefunctions should be single valued.) If the rotator be perturbed by a 
constant field in its plane, in which its potential energy is € cos o, show that to 
the order 2°, the displacement of the level Em is 


ex 
i? (Am? — 1) 


PROBLEM 11.14 


A particle moves in a potential that is central except for a small non-central 
perturbation 


F(r) (3 cos? 0 — 1) 


Show that in first order perturbation theory, the energies of the s states of the 
` System are unaffected and that the three p states (J = 1; m — 1,0, —1) are res- 

pectively purturbed by +A, A and —4 A where A is determined from the form 

of the central potential and of F(r). 

[Hint : The unperturbed eigenfunctions of the p states are of the form R(r) Y, 

(0, 9); RO) У... (0, 9) and R(r) Y, ., (0, 9)]. 


PROBLEM 11.15 

Consider the interaction between two hydrogen atoms in their ground state 
(this kind of interaction is known as van der Waal's interaction). Let A and B 
denote the positions of the nuclei of the two atoms; these nuclei are assumed 


to bc fixed in space and separated by a distance R—see Fig. 11.2. Show that the 
Hamiltonian can be written in the form 


H= H+ H' (96) 
where 
Бн Шы ESN ES 
Н, = 20 (у? + уЗ) үл Go (97) 


Fig. 11.2 The hydrogen molecule; 4 and B denote the positions of the two nuclei, 
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and 
© s , 
H ey (%1%2 + ууа — 222) (98) 


X, X, etc. represent the x-coordinates of the electrons 1 and 2 with respect to 
the nuclei 4 and B respectively. Use perturbation theory to calculate the effect 
of H'. (The variational analysis of the hydrogen molecule and the hydrogen 
molecule ion is discussed in Sec. 12.7, Problems 12.4 and 12.5.) 


SOLUTIONS 


SOLUTION 11.5 
If we refer to the solution to Problem 5.2. Then the energy eigenvalue corres- 
ponding to the first excited state is given by 
6rth? 
21А 


W0 = 


The state is 3-fold degenerate; the wave functions are 


81°, 2X LUN. ome 
u = тя Sin TT. sin sin == fie = 2n = 1, m = 1) 
= 8 FER A om ad Eq 
us. = js Sin сү sin CL sin > [a = 1, my = 2, п, = ] 


& "mv. p. Day 
“= af sin sin ЛУ sin L [па = 1, пу = 1, п, = 2] 


Now 
Hu | uf A’ jdt =k [|| и? x? ш dx dy dz 
Simple integrations show that 
Hig = 0 for ix~j 
Thus we already have a representation in which H’ is diagonal. Further 
Hi e ka (ao. = g, (say) 
1 3 [2 1 (Say, 


and 


r2 


, 1 
Нэ = Hz; = kL? (3 — zz) = gs (say) 
Hence the secular determinant is 


& — ИЧ 0 0 
0 giw? 0 
0 0 g—Wq 
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The roots are g,, Z, gy; the degeneracy is partially lifted and the perturbed 
energy levels are 


WD +в, Wü +g, and WO + g. 


SOLUTION 11.6 
The normalized eigenfunctions of Hy are 


фт = N Hn, (5) Hoo (Es) exp [— + (E? + ED]; my ry = 0,1,2... 
where 


k P’ s 
POE 
2 


а 1 1 D 
dom eae Г Pang 4 
The corresponding eigenvalues are 
W = (m, + ng + 1) ho 


The first excited state is two-fold degenerate (n; = 0, м; = 1 and n = 1, m = 0) 
the corresponding eigenvalue being 2o. If we write u, = YO), ш = 919) and 


Hip— [| u; Н' и dx; dxa i,j = 1,2 


еп Hi = Ay; = 0 and 


ai аа 
His = [| ura ER y adhe 


is (=) + i 20? INN | 213 e-8 qt, 


On solving the secular equation, we obtain 
WO = 4 A 
2k 
the corresponding eigenfunctions being 


1 1 à ] 
4X (и, + us) = PES @ Bs D) 


The exact eigenvalues of H can be determined if we introduce the new variables 


т 

Xp Хз 

ту = -—- апа а= — 
Y 42 


V2 
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Thus 


zB Eo. T, ipee 
Hs (рер) 3 E+ + 3k тй 


the exact energy levels of which are given by (see Problem 5.5) 


(xe) 0) Es nca 


If we make a binomial expansion of the square root in powers of A/k then the 
first order terms will be the same as obtained from the perturbation theory. 


SOLUTION 11.9 
The charge density inside the nucleus is 


Thus the force acting on the electron will be given by 


2 
Fy) = — 22 SF for B 


(99) 
mu. 20 for г> Ra | 


Since F(r) = — x, we obtain (see Fig. 11.3) 


(100) 
where the zu: of the potential energy has been assumed at r = со and use has 


been made of the fact that V(r) is continuous at r = Ry. The perturbation is 
therefore given by 


ныш Же (Rad ey A for 0 <r < Км 
Ry \2 2 Ry r 
EOS for r2 Rx 
Consequently 
Ry т 2л 
у= | r? ar | sinodo [а ена? 
0 0 0 


Since the radius of the nucleus is usually much smaller than the Bohr radius, we 
may assume the wavefunction to remain constant over the region of integration; 
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Vir) 


Fig. 11.3 The зона curve shows the variation of V(r) (as given by Eq. 100) when the effect of 
the finite size of the nucleus has been taken into account. The dashed curve in the 
region r « Ry is the extension of the 1/r variation, 


thus we may replace V? by its value at г = 0, Consequently 
с By 
WS? e Uo? | H' r? dr [f iuc. 9) i sin 0 a0 dp 
6 


2 Zz 5 
= 5 aps Rhee 


where we have used the telation (see Appendix J) 


[Rn,(0)]? d (2 ) 4 80 


A positive value of W'? was expected because the potential energy increases due 
to the finite size òf the nucleus (see Fig, 11.3). Thus 


Z*me* 4 ZRA?! 
Me Wi =- Zoe 3 3 Wl MU. 


where we have used the relation Ry = Ry 4 ^5, A being the mass number of the 
nucleus. For hydrogen 


W e —13.6eV and WY = 4 x 10-9 еу (102) 
which is indeed a small correction. 
SOLUTION 11.10 
For orbits inside the nucleus, we may write [see Eq. (100)] 
Ћ? y? Ze ( 3 ji ) 


2ть p" 2 2 


H= — 


TIME INDEPENDENT PERTURBATION THEORY 281 


and 
H'-—0 i for Ox r« Ав 
Ze (3 pur Ze 
-£(3-ix)-= for r> Ен 


where ть represents the mass of the muon. Now, Н, is the same as one obtains 
in the 3-dimensional harmonic oscillator problem (see Problem 5.6). The radial 
part of the Schródinger equation is of the form 


1d dR 2m, ia. ze l1 Ze 
ri T(r A) i? [#+; Ry 2 RE 


The energy levels are given by 


E=- 328 + (eere 5) te: 12:30:32 255 (103) 
p=0,1,2 
where 
Те? na 
аа [ Tem (104) 
Further 
f BS 55 1 
y = ze | [Rs |f [a(t = zu) = il dr (105) 
N 


where the wave functions R,; can be expressed in terms of confluent hypergeo- 
metric functions (see Problem 5.6). 

As an example*, if we consider the 2P — 1S transition in lead (Z — 82) and 
assume the nucleus to be a point charge, the energy liberated would be 


maze . 23 met ) 3 
2h т » 2 B /4 
= 14MeV 


If we take into account the effect due to spin and due to relativistic effects the 
above value increases by 2 MeV to give 16 MeV; however, the experiments 
show that a photon of energy ~6 MeV is emitted. If we calculate the 15 energy 
level from Eq. (103) and 2P energy level from the expression 


mpZ^et 
2m 


*Data taken from Sokolov, Loskutov and Ternov (1966). A nice*discussion on rauonic 
atoms has been given by these authors. 
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then the energy difference between the 2P and 1S states comes out to be 3.6 MeV. 
If we now use Eq. (105) to incorporate the correction for the IS energy state 
one obtains a value of 5 MeV which is close to the experimental value. 


SOLUTION 11.11 
If Paim represents the hydrogen аїо wave functions then 


[а а = — zal Ven [ E ио ] o d 


ut ا‎ + ZE aso В dr | Lob o 


where E, represents the energy levels of the hydrogen atom corresponding to 
the non-relativistic equation. The above equation tells us that we already have 
a representation in which H’ is diagonal, Thus the relativity correction would be 
given by 


ü 1 1 lx 
= — a| E+ mzet y ze (1) ] 


u l rf т22е< \а mZte* тё \ 1 
pile at onthe ) -2( 2n Ri )zez( FU Ja 


saza ( Me Y sarp] 
| , + жч (5 mdp 
2ag(SYpon 3 
- ACE 3] 9 
where we have substituted the expressions for {1/r) and (1/r*) from Appendix 
J and « = el fier 1/137 is the fine structure constant. ` 
Thus the degeneracy is partially lifted. However, the results are not in agree- 


ment with the experimental data; one has to take into account the spin orbit 
interaction (see next problem), 


SOLUTION 11.12 


In a hydrogen-type atom, the unperturbed Hamiltonian (neglecting the Spin 
orbit interaction) is given by 


The spin orbit interaction energy, Н” is given by 


Zé 1 
aaa nit (107) 
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where symbols have their usual meaning. Since 
Ji=L?+s+2L-s 


The Pauli operator for H' (see Sec. 9.5) is given by 


К 21174 
QD)» заа | 092 = Ce — 65» | 
Thus, the Pauli wave equation is given by 


Drs = [nr Ее r) | Ve = We 


where 
pak M ze 0 
(Н 0 2т г 
(нә» = ($ ME 4 oy ze 
2m r 
and 
NE" 
Кер 


represents the Pauli wave function; The Pauli wave equation for the unperturbed 
Hamiltonien is given by (see Sec. 9.5 and Problem 9.12) 


үр MU selle s Pe (108) 


Woy? = wry? 


or 


Consequently, W will simply represent the energy levels of hydrogen-type 
atom 


Zime* 
WI e- pum ee 
des 2n hs $09 


and К will be the hydrogen atom wave functions which are simply 
Ru(r) Yimi(®, 9) 


we have put a subscript / to m to distinguish it from m, and m; which corres- 
pond to the spin and total angular momentum operator respectively. Thus the 
Pauliwave functions for the spin up and the spin down states would be given by 


Ue = WG, b mem, EB = апы Р) ана ( 0) 


v pestes (110) 
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and 


Q9)» = YO, L m, m, = —4) = Rn, Yim | 4 У 


Т! (ata) ш 


In the absence of the spin orbit interaction, both the wavefunctions correspond 
to the same energy. Thus, in order to determine the splitting due to spin orbit 
interaction we must choose a representation in which Н' is diagonal; i.e., we must 
choose such linear combinations of (}{)p and (ф0)> in which L - s or J$, та 


and s* are well defined. This can easily be obtained by using Clebsch-Gordan 
coefficients (see Table 10.1 and Solution 9.12) 


(Dr = LI DE т). 
- ^ 22289) Vn, Lm = m —4, m= }) 


e DR ът = т + bm = — 


EL — cr vate) 
Cap fedem 


А similar expression can be written down for 
(ha) = (nt, |, j = 1— 4, m). Now 


Q3)» ф = j(j + )h1 9) 
I2) p = (I + 1)Ь% 

zd (12)ьф = I(I + 1)53 ¢ (113) 
5)» ф = а ф ) 


Thus, the first order perturbation due to the spin orbit interaction would be 
given by 


w®,= j^ He ¢ 
= ada | ae у iUe - G9» - 694) ¢ 


= Taal tut 0—1 1) 3. = jm far i 


Itm ti 


ri 
XL aiima EE хі 


(114) 
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where the upper and lower signs correspond to j=] + 4 and j = 1 — 3 res- 
pectively. If we carry out the integration over the angles we obtain 


ro 
MM Ly fo ј= 1+5 


| 
i 1 
ie = a Sone C+ DEC) for ует—{ 


WX = (115) 


where 


1 еч 1 rA з 
Уд pe EEES 5( or) (19 


(see appendix J). If we substitute this in Eq. (114), we obtain WE}; if we now 
add to this W% [see Eq. (109)], we would get the splitting of the level corres- 
ponding to the quantum number n. The final result is 


2%о% 
[s[1- DONT |67144 


VAI Е 
+ AG E for =1— 1 (119 
where « = e*/fic zz 1/137 is the fine structure constant. Since E, is a negative 
number, the level corresponding to j = / + $ will be higher. Thus, for the hy- 
drogen atom (Z — 1), one obtains* for n — 2 


W= wO WH, = 


w(n-21-21;- $)- £n-2- — (ar) 


12 \ 137 
1097 х10/ 1 м, 
SA EE (тт) Do: 


= 0.1217 cm 
Similarly 


Wa = 2,1 = 1,7 = 3) — E(n = 2) zz — 0.2435 cm 
Wa = 2,12 0,j = 1) — E(n = 2) = + 0.7304 cm 
Wa = 1,1=0,7 = }) — E(n = 1) zz + 5.8435 cm * 
The corresponding spliting is not in agreement with the experimental data. We 


must also take into account the relativity correction (see Problem 11.11) which 
is given by Eq. (106). Substituting the values we get 


WY (n = 2, 1= 1) = — 0.2130 cm 


*In spectroscopy, the energy levels are measured in cm~}; for this one has to divide W by 
hc. For example, the ground state energy for the hydrogen atom is 
: met 


S = — 1.097 x 105 cm~. 
ЕЭ, 
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and 
WH} (n = 2,1 0) zz — 1.1870 cm 


The splitting of the п == 2 level is shown in Fig. 11.4. [The data on the fine 
structure have been given and analysed by Ritchmeyer, Kennard and Lauritsen 
(1955), Secs. 120-121; see also Sokolov, Loskutov and Ternov (1966) Chapters 
-20 and 22]. Equations (104) and (114) may be combined in the form 


W=W + Wey Wa E, Е + UE (у x (117) 


It should be mentioned that the Perturbation treatment of the spin orbit inter- 
action is not valid for / — 0 because (1/r*) diverges; however, Eq. (117) agrees 
with the results obtained by vsing Dirac theory (see Chapter 23) where this 
difficulty does not occur. 
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Fig, 11.4 The perturbations due to relativistic effects and spin orbit interaction for then = 2 ; 
state of the hydrogen atom. 


SOLUTION 11.15 
The perturbation H' is given by 


3 2 
LE Cep COMES (118) 


mE 
gu BOUE 7B РА 
The terms e?/R, &"/ri;, —e*/r,2 and —e'*/r,4 represent the interaction between 
the two protons, the two electrons, the first electron with the nucleus at B and 
the second electron with the nucleus at A respectively. We expand H in powers 


of 1/R 
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е? 1 1% 
н = = hen сянби тк ш! 
FR LL FF Ga x tory а + RAP 


RÍ 1 im R T 1/2 
Tee Peas (2 Pu ] 


= e 202—2) , C6 — x)! - Os — у)? + (2 — ny ү " 
IN = 


R 
2. 2 2 £-1/5 т, 2.L yg 2-2 
-h-m dis) [1+ E yaitia) \ 


е? 
es Оаа + — 22123) (119) 


Let Y% represent the wavefunctions of the unperturbed Hamiltonian and let 
(ку represent the corresponding eigenket; the ground state is assumed to corres- 
pond tok = 1. Thus 


YP = uit) roofs) (120) 
where tnem represent the hydrogen atom wavefunctions. Obviously 

wy = qur) =|| ааа PIF FH vv = 0 (121) 
because integrals like 

[ dz, [tot] 


would vanish. Now 


"LOL E Ie) e 1 ў ; 
we Xo E. И n 


1 — Ek Е, 


where the prime on Z indicates that the term k = 1 has been omitted from the 
summation*. Further the pth state (p # 1) corresponds to the lowest state for 


which (1 | H'| p) does rot vanish and the inequality follows from that factthat ' 
Е > En. Now 


TOES PS CUP Omm 
k k 
=> aure) qam) 
k 
= 018211) (122) 


*The © actually represents summation over discrete states and integration over continuum. 
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where we have used Eq. (121) and the completeness relation 
Sik) (EI =1 
k 

[see Eq. (37) of Chapter 8]. Now 


4 
(не) = Fe (1| xfxf + yb + zb + 2x3, 
— Фа — 432273 | 1) 
et беа} 
“дє OCH) = 


Further 


(123) 


and the lowest state for which (LA | k) #0 corresponds to nm = n, = 2. 


Thus 


met -i met е? 


Б ако г ое т 

апі 
3 ei 

E — E = — dew 

Hence 
1 6e“ 8е?аў 
4 а, 

ог 


2 * 
Me WOT WPS E i+ 3) 
0 


(124) 


CHAPTER TWELVE 
The Variational Method: 


12.1 Introduction 

In many cases stationary perturbation theory cannot be applied successfully as 

there may not be a closely related problem which is capable of exact solution.* 
In this chapter, we shall describe the variational method for evaluating the 

energies of the ground state and the first few discrete states of a bound system, 

‘approximately. We shall then apply it to calculate the ground state energy of 

the helium atom and the hydrogen molecular ion. 


12.2: The Basic Principle 
Let ф, denote the exact set of eigenfunctions of the Hamiltonian H. 


Hn = En Yn (1) 


These eigenfunctions constitute a complete set of functions in the sense that 
an arbitrary bounded quadratically integrable function ¢ can be expanded in 
terms of the eigenfunctions. Thus we may write 


#= ad. Q) 


Evidently, the quantity 
Qn = [инь (3) 


yields the energy En, assuming that the jn are normalized. Consider, now, the 
quantity 
E, = it Héds _ (#\н\4) a) 
[ф* Фс ($19) 
(If we use normalized functions $, Es resembles (HY). 

We can show that Е; will always be larger than Ep, the lowest of the spectrum 
En. (Е, is the ground state energy). 

Before proving this simple result, one can see how this comes about. The 
effect of H on the ket vector | ¢) is, in general, to rotate it, except when Ф) 
is one of the eigenkets of H. Thus the scalar product, formed with the bra (Ф | 
and Н | Ф) will be an extremum for the precise case when H | Ф) and | 4) point 
in the same direction. 


*Even when the exact solution of the unperturbed Hamiltonian is known, the secon order 
perturbation may be extremely difficult to calculate, as for example, the energy of a two-ele, 
tron atom, 


19(45—125/1982) 
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We have, on substitution for ¢ from Eg. (2) in Eq. (3) 
JŒ aff HE anbn)de 


Es = ^ Ead) (ан) e 
n n 
Since 
[e dr = 3am © 
we obtain 
У afa, Es 
m E a. o 


Subtracting Бу, the energy of the ground state, from both sides of the equation, 
we have 

У | an |? (En — Eo) 

n 


EE mn BERI (8) 


Now 

En > E, 
because by definition E, is the ground state energy, and since | an |? > 0 for all 
n, we must have 

Ер Е, Э 0 
ог Es 2 Е, (9) 

This important inequality can be used to obtain an upper bound to the ground 

state energy Ey. We choose a suitable function ¢ known as the trial function 
which depends on a number of variable parameters c(i = 1,..., р). This trial 


function is substituted in Eq. (3) and the parameters are chosen so as to make 
Eş a minimum by solving the p equations 


= —0 (/—12,...p) (10) 


The minimum value of E determined in this way provides an upper bound to Eo, 
which will be close to the actual value if the trial function has a form closely 
resembling that of the actual ground state function фу. Many different types of 
trial functions have been tried for the simple atoms and molecules, and some of 
these have been applied to much more complicated systems. 


12.3 The Hydrogen Atom as an Example 


In order to illustrate the use of the variational method, we apply it to the 
hydrogen atom problem. If we choose 


$ -Aep(- a г) 


do 
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we already have the correct form of the wavefunction [see Eq. (60) of Chap- 
ter 5]. We will calculate 

Jé*Héd- 

jé*$d: 
and set 9E/0 = 0, this will give us the value of « for which E is a minimum. 
We first normalize Фф 


E(x) = 


æ ә 
1 = | Anr! dr 9*4 = 4т | Ay ef ex[ — а а 
0 0 
giving 
as Mut 
a= (5) 
Thus 


оз MR r ) 
disc deter: 
Since (r) is now normalized, E(x) = [%*Нфат. Further, since $ depends only 
on r, we need only keep the part of Н which depends on г, i.e., 


5109 д е 
Hradial = — е (=) = (11) 


The integrals are easy to evaluate and we obtain 


Me ee] 


Eo) = 2та? а 


Setting dE/dx = 0 gives ® = me*/ ita) = 1. Thus 


e 
E()|min ^ — зау (12) 


which is the exact result, as it indeed should be, because we had started out with 
the correct form of ¢. 

Itis instructive to see what we would obtain if we use other forms of the 
trial function (see also Problem 12.1). We choose 


Ебу 


Normalizing, ме get 


2x \%!4 
a= (25) 


Pe >> Т» a WIT ET TP A TTS. 
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The integrals are again easy to evaluate and one obtains 


laa 


The minimum value of E is obtained when « — 8/9, the corresponding energy 
being 


et 
E(2) | nin = — 0.85 PET (13) 
In Fig. 12.1 we have plotted the following normalized functions 
c3 Ma r 

(Grex) eei te 

8 
on (15) 

3 
3 (16) 


Wave function 


—— 0 


Fig. 12.1. The variation of the normalized trial functions (as given by Eqs. 14, 15 and 16). 
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the values of « are such that one obtains minimum energies for that particular 
form of function. 

It can be seen that although ¢; is closer to the actual wavefunction фу than 
Ya for large r, the energy obtained for Ya is a better estimate. The reason is that 
for calculating energy eigenvalues, the wavefunction for large r does not con- 
tribute as much as for smaller values of r. 

This observation illustrates an important.point, namely, that the 'best' form 
of wavefunction depends on the particular problem at hand. If we are inter- 
ested primarily in the large r behaviour of the wavefunction for calculating. a 
physical quantity for the system, the function that yields a better energy estimate 
may not nevertheless be an appropriate wavefunction. 


12.4 The Helium Atom 


Another illustration of the variational method is the application to the ground 
state of helium. If we assume that the two 1s electrons move independently in 
the field of the nucleus (i.e., neglecting their mutual repulsion), the wavefunc- 
tion will be 


(ry, Fa) = E e Znits g-Zra [ao 
1, "2 таў 


where r, and r, are the co-ordinates of the two electrons, with the origin at the 
nucleus and Z — 2, the nuclear charge (see Fig. 15.1). 

The interaction of the electrons will result in their being held a little more 
loosely by the nucleus. We therefore choose a trial function of the form 


7% Zs Zi 
teor) = Ze exp[ 25 |ер[[— 2] (17) 


with Z' representing an effective nuclear charge and regard it as a variational 
parameter; we expect the best value of Z' to be somewhat less than the nuclear 
charge. Since $ is normalized, 


E(Z') = | | $* HQ dz ат, 


The above integral has been evaluated in Sec. 15.4 and Problem 15.2. The 
minimum value is 


5M e бтз, 
= — Я 8 
Е, 2(2 =) D 2(z al х 13.6eV (18) 
which occurs when 
5 
Айыш A p 19 
zu hs (19) 


This value of the energy is better than the value obtained from first order per- 
turbation theory (see Sec. 15.3). Putting Z — 2, we get 


27 \* e е? 
Е = ( 2) т - 2.85 0 ( ) 
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The experimental value for the minimum energy required to remove both the 
electrons from a helium atom is 2.904 e/a. It is worthwhile pointing out that 
a large number of trial functions have been used to obtain the ground state 
energy of the helium atom. Some of the trial functions used and the correspond- 
ind ground state energies are tabulated in Table 12.1. It should be noted that 
in general, the accuracy of the calculated value of the ground state energy in- 
creases with increase in the number of terms. 


TABLE 12.1 VARIATION FUNCTIONS FOR THE NORMAL HELIUM ATOM* 


Pj; 


st= › U= гүз] 


rı Fra 
а, 


Experimental value** W = — 5.8736 Күс) 


(Symbols з= 


Variation function, with best Energy (in units Deviation from 
values of constants*** of —Ryehc) experiment (in 
units of —Ryyehc) 


1. кы 5.50 0.31 
2. є-72%,2'= a = 1.6875 5.6953 0.1120 
3, е-7'* cosh ct, Z’ = 1.67, c = 0.48 5.7508 0,0565 
4, e-Z'5 (1 + ef), Z’ = 1.69, cg = 0.142 5.1536 0.0537 
5. е2" еси, Z' = 1.86, c = 0.26 5.7792 0.0281 
6. e-Z'! (1 + сш), Z’ = 1.849, c, = 0.364 5.7824 0.0249 
7. eZ’: (1 + сш + 6,2), Z’ = 1.816, 

c = 0.30, с, = 0.13 5.80488 0.00245 
8. eZ (1 + си + сы? + Cys + Cas? + сы?) 5.80648 0.00085 


2' = 1.818, су = 0.353, с, = 0.128, 
в = —0.101, с = 0.033, c = —0.032 


*After Pauling and Wilson (1935), Sec. VIII—29d. 
2r’uet 
**Rge = Be 
nucieus). 
***The normalization factor is omitted of these functions, 1 is due to Unsold, 2 to Kell- 
3 to Eckart and Hylleraas and the remainder to Hylleraas. 


= 109°22.4cm-*. (и is the reduced mass of the electron and the 


ner, 


12.5 Application to Excited States 

Suppose we choose a ket | $} which has no component along the ground stare 
axis, i.e., | $) lies entirely in the plane of the remaining eigenkets in the Hilbert 
space. If we now vary | Ф), (keeping the variation within this plane), we ought 
to arrive at the best estimate for the energy of the first excited state. 
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We do this by first restricting our choice ¢ to be orthogonal to фу. Let 
4 =x h | xar (21) 


Since ¢ is now orthogonal to 9; (as can be easily seen by evaluating f #* Yo dr), 
we have 


$= y 
1 


the coefficient ay being zero. We can now evaluate Es as before and show that 


Уа (5, — E) 


E eme 


Yr 


and conclude E, > E, using the same arguments as before. 
Thus, one chooses an appropriate form y with a set of variable parameters, 
then define ф as in Eq. (21) and go through the variation procedure. 
Evidently, this procedure can be continued for higher states; we define 


N—1 
$-x- У Yn f inde (22) 
п=0 


¢ is now orthogonal to the lowest N— 1 states and we can estimate the energy 
of the Nth state. However, the procedure is quite cumbersome as one goes to 
higher levels. It is sometimes possible to choose a trial function ¢ directly from 
symmetry considerations so that orthogonality to lower state eigenfunctions is 
ensured. 


12.6 Linear Variation Functions 
A trial function can also be chosen as a linear combination of a set of complete 
orthonormal functions up 


m 


y= Y си f (23) 


п=1 
The variational energy is therefore given by 
futHyds УУ cntmHam 
nm 


E= "Tord Bl cal? 
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of E p le, P = Do Ard зи Q4) 
n 


. п-т 
where Ham = [аниа (25) 
Differentiating Eq. (24) with respect to cz and setting 2/20; = 0, we obtain* 
У et Нь Ea" = 0 (26) 
For nontrival solutions the determinant must vanish. Thus 
[Hg - E95|— 0;7,7= 1,2,..., m (27) 


Eq. (27) is known as the secular equation. Equation (27) will, in general, give 
m roots of E. For a particular value of E, the coefficient c, can be found by 
using Eq. (26) and the normalization condition 


Уга =1 (28) 


п 


The lowest root of E and the correspondingwave function represent approxi- 
mations to the energy and the wavefunction of the ground state of the system. 
Other roots and the corresponding wavefunctions represent approximation to 
the excited states. 

Often, it is more convenient to use a set of basis functions which are not 
necessarily orthogonal, In that case, the secular equation takés the form 


| Ha — SyE| = 0 (29) 
where Sy = | иўи;йх (30) 


is known as the overlap integral. 


12,7 The H; Ion 


As an example of the linear combination method, we consider the Н; ion. The 
Hamiltonian, neglecting the nuclear kinetic energy and the spin orbit interaction, 
is given by 


hr Cad DS e 
H= 07 E Т, (31) 


where ra= |t —– Ral,  rs—|r— Rs, R=|Ra—Ral, 


г being the position of the electron, R4 and Rg being the positions of the two 


protons. 
If R is large, then there will be a large probability for the electron to be 
either near A or near B but not both. Indecd, in the former case we have 


*What would be the equation if we had differentiated Eq. (24) with respect to cf? 
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approximately a 1s hydrogen atom wavefunction centred at А and in the latter 
case at B. This suggests that we use a linear combination as a trial function, i.e., 

ф = causa + CBUB (32) 


Note that the wavefunctions шал and шв which are the 1s wavefunctions at A 
and B, are not orthogonal. A single electron wavefunction as above is called a 
molecular orbital. This particular form of a linear combination of atomic orbi-  : 
tals making a molecular orbital is called LCAO-MO for short. We now use Eq. 
(29). The normalized wavefunctions are given by 


(a m] 
ve Gi) C] o» 


The integrals in Eq. (29) should now be evaluated 


Saa = oa | exp [— (2ra/a,)] dt = 1 = Sap 


Sas = Spa = =| exp [(— ra/as) — (ra/a9)] dr 


= S, say 
Нлл = Hpg = asl exp (r4/ao) [- EVE 
ei 
m dis = + Ave (= rala) dr 
e 2 : 1 
=z ы 5j тр P (— 2ғ4/а,) de 
and 
Нав = Нва = күн А WIE 
iB B. паб 0, TA 
ne 
^E ES a exp (— ra/a,) dt 


М е? 1 
= (= = =) San — ae x exp (— raja) 
X exp (— fa/a,) йт 
In order to evaluate the integrals in the expressions for Sag, Нал and Ha, it is 
convenient to introduce: the confocal ciliptic co-ordinates 


га -+ гв fA — Гр a 
pa EE y= HB (34) 


and the azimuthal angle Ф. Obviously 
1< 6 <oo;j—1<Y < + 1;0 < F9 S2r 
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and 
© +1 2r 
R3 
: [rae [а | a o Fen G5) 
1 —i e 
The integrations can easilly be carried out. The results are as follows 
Sas = Spa = [1 + E + 22е: (36a) 
T yc fide e A TRA ag | E 3 
Haa = Hos e| «(a m Б (36b) 
Нав = Нва = E — +) Sas — (1 + 9e* £ (36c) 
PIDE do 
where E = R/ag. Now the secular equation [Eq. (29)] is of the form 
Hua—SasE Нав – 8авЕ| _ i 
Нва — Ss4E — Hsp— вв El — i en 
Thus  (Ha4— Е)? = (Han — S4gE) (38) 
_ Haa + Han (39) 


Pees is S 


The corresponding wavefunctions can easily be found 


1 
W= ITa Sapa 0 + йв) (40) 
Y 1 (ша — шв) (41) 


7o 2(1 — Sag)? 
Obviously Y4 is symmetric with respect to the interchange of the nuclei and Y- 
is antisymmetric. 
Since the dissociation energy of the deuteron is Ен + Ent— Ен we define 
id Haa +. Ha e 
£y = DES AA HM aL E 
+ = E+ + 2a, l& Sas ар 2a; (42) 
We substitute the expressions for H44, Has and Sas from Eq. (36) and calculate 
€ as a function of Ё (see Fig. 12.2). The quantity €, (which corresponds to 
à T o 
the symmetric state) bas a minimum value* for Ё zz 2.4 giving R zz 1.3 A, the 
corresponding value of €+ being — 1.76 eV. Experimentally R= 1.06-À and 
the dissociation energy is 2.8 eV. A better agreement between theory and ex- 
periment is obtained by introducing a variational parameter in the trial function 


(sce Problem 12.4). 
We may point out certain shortcomings of the chosen trial function. For 


example, if we let R70 we should obtain the He* ion the ground state energy of 


*The wavefunction ¥, which leads to negative energy values is known asa bonding orbital; 
on the other hand, since }_ leads to positive energy values, it is known as an anti-bonding 


erbital. 


L о uonounjese F3 jo uonwueA SUL TTI ‘SIA 
“ole y ü Jg 9 X ü de 

те Sp C je 510020 ^? jo vmururmu eq 

9 +o qoya Е VE T= "b e + 

Е Y ONA 38 Vel °р| 

A99L'T 9 


^9 9/17 
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which is —2e?/a, whereas Eqs. (39) and (36) will give 
Ex, — lSetla, as R50 (43) 


The discrepancy is due to the choice of the trial function which, for R0, be- 
comes the 1s hydrogen atom wavefunction which is obviously incorrect. This is 
the reason why we find the binding too weak. 

We should, however, point out that for Roo, 44 should describe the system 
accurately. 


PROBLEMS 


PROBLEM 12.1 
_ For the ground state of the hydrogen atom use the following as trial wave- 
functions 


1 
PF Cae 
where « is the parameter to be varied and a, is Bohr radius. Show that the values 
of « for which minimum energy is obtained are 1.5 and z/4 respectively, the 
corresponding energies being —3/4 Ен and —0.81Ez. Discuss with the results 
obtained in Sec. 12.3. 


Фу ее rexp [- x e pi~ 


PROBLEM 12.2 
The neutron-proton short range interaction can be approximately described by 
the square well potential 


И = ур O<r<a 
= 0 г>а (44) 
(a) For / = 0 obtain the exact solution of the Schródinger equation and show 
that for V, = 40 MeV and a = 1.896 x 10-13 cm, the ground state energy їз 
given by E — — 2.223 MeV which is the experimental value for the binding 
energy of the deuteron”, 
(b) Next assume a trial wavefunction of the form 


Ф ~ exp[ — Br/a) (45) 


Using the values of V, and a given in part (а) carry out a variational analysis 
(with B as the variational parameter) to obtain the ground stats energy of the 
deuteron and compare with the exact result. 


PROBLEM 12.3 
The neutron-proton interaction can also be described by the exponential po» 
tential 


y-—yy (46) 


In Problems 12.2 (a) and 12.3 (a) the value of V, and a are chosen such that the mini- 
mum energy eigenvalue agrees with the experimental value. 
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(a) Eor / == 0 the exact solution of the Schródinger equation can be obtained 
in terms of Bessel functions (see Problem 5.7). Show that for V; = 40 MeV and 
а = 1.85 X 10-1 cm, the ground state energy is given by E — —2.223 MeV. 

(b) Assuming a trial function of the form given by Eq. (45) carry out a 
variational analysis to obtain the ground state energy of the deuteron. 


PROBLEM 12.4 

(a) In Sec. 12.4 we have solved the H ion problem assuming linear combina- 
tion of the 1s hydrogen atom wavefunctions as the trial function. In order to 
obtain a better estimate of Ez, assume the trial function to be a linear combi- 
nation of the following functions [see Eqs. (32) and (33)] ` 


ша (a [nag n exp| - all (47) 
° 
uis = (ajra)! i p| - « zd (48) 


with « as the variational parameter. Show that for а = 1.238 the minimum 
value of E,(— — 15.95 eV) is obtained. Calculate the corresponding dissocia- 
tion energy and the separation betwcen the two protons and compare with the 
experimental values given in Sec. 12.4. 

(b) If the minimum value of E. is obtained for R = R, then 


dE, ye 

pi. val 
and we may write 

E+ = Ey + 1К(В — R,)* (50) 


Where E, = —15.95eV. From'the calculations in part (a) of the problem, obtain 
the value of К. Compare the above equation with Eq. (77) of Chapter 5 and 
obtain the zero point energy corresponding to the vibrational motion, Add this 
to Е. to obtain a better estimate for the dissociation energy. 


PROBLEM 12.5 


For the hydrogen molecule problem discussed in Problem 11.15, estimate the 
ground state energy by assuming a trial function of the form 


$ = un, rs) (1 + AH’) (51) 


Where H' is given by Eq. (98) of Chapter 11, А is the variational parameter* 
(assumed to be real) and 


Urs, Fa) = #,o0(F1)1oo (Fe) : (52) 


Uio(r;) and Ujoo(F2) being the wavefunctions corresponding to tlie ground state 
of the hydrogen atom, the co-ordinates r, and г, are defined in Fig. 11.2. 


"This problem is adapted from Schiff ( 1968); the justification for such a choice of the trial 
` function is also given there. 
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SOLUTIONS 


SOLUTION 12.2 
(a) The solution of the radial part of the Schródinger equation for the square 
well potential is discussed in Secs. 19.5.2 and 19.5.3. We write E = —B where 
B is the binding energy of the deuteron. The equation that determines the energy 
eigenvalues for / = 0 is [see Eq. (85) of Chapter 19] 
cot ka = — к/к = — [B/(V, — B) (53) 
where к? = 2uB/ ® and k? = 2u(V, — В)/Ъ?, 


Now p. = mam;[(ms + my) = 1.67 х 107! р. For V, = 40 MeV, a = 1.896 x 
10-15 cm we obtain В = 2.223 MeV. 
(b) The normalized trial wavefunction is given by 


[ED 2» [-£] (54) 
Thus 


an BA Icd d Bria 4, s 

Ев = AT e-Br'a| — e Wr (x) — vob Bria ape ij 
0 

(55) 


Substituting for V(r) from Eq. (44) and carrying out the integration, we get 


E = nu [e 21 1 + 28 + 282 »] 56 
Cmm: 8 — 2y{1 — ( P. + 28*)e (56) 
where 

ye HE ш\л; (57) 


The minimum occurs when ФЕв/46 = 0 giving 
1 
Ben? = т = 0.1445 (58) 
On solving the above equation we get B = 0.93. Thus 


Eg = — 143 MeV 


As can be seen the error is quite large which is due to the fact that the choice of 
the trial function is poor. 


SOLUTION 12.3 
(a) Referring to the solution of Problem 5.7, we have 


3 71/2 
а Es ] = 3.64 (59) 
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The solution. of the equation J,(g) = 0 gives 
[ 
= 0.858 (60) 


giving B — 2.223 MeV. 
(b) We substitute for V(r) from Eq. (46) in Eq. (55) and carry out the inte- 
gration to obtain 


S MUS C E 

B = зга ALS E (6) 
where 

y = ERE ہے‎ 1655 4 

B3 
The minimum occurs when dEs/d8 = 0 giving 
4 
OP = 24ү = 39.73 (62) 


On solving the above equation we get 8 = 0.6088. Thus 
Ep = —2.14.MeV 
SOLUTION 12.4 
The analysis is similar to the one given in Sec. 12.4; the result for E, is 
«(a — 1) — {1 — (1 + Qe} 36-2496 
em ipie ГЕО Oe 


a je 
++]: s 


Where ¢ = af = aR/a,. For « = 1 we will get the results of Sec, 12.4. Now we 
may write the above equation in the form 

= af, (0) + aF (E) (64) 
where í \ Ju 


-i1-rü-üs9em-20:9er ile 
dni к ETT Taaa 
and 


EE E CL edo) ec 
ras pos Ї+Ї++# ет? TTF Ja а bs 
We take « and $ as two independent parameters. Setting dE/dx = 0, we get 
a = — F,(0)/2F,() GD 
Thus 5 
E EOF 


== je 4 АЕО 
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Ey Cin units of g 


Fig. 12.3 The variation OF E, and a with z. The minimum value of E, (ех —0.5865 e/a, = 
—15.95 eV) occurs at ¢ = 2.48 at which æ = 1,238, 


These two equations enable us to plot « and E, as a function of t (see Fig. 
12.3) the minimum value of E, (e — 0.5865 ela, = — 15.95 eV) occurs at 
¢ = 2.48 for which « = 1.238. 

Thus 


Dissociation energy = Ex — Eg; = — 13.6 + 15.95 eV = 2.35 eV 


R= č a = 2.003 ay = 1.06 А 


a 
(b) By differentiating E, one can show 


dE, e 
= = 0.092 — 
da 22 а 
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d E. 
dk? 


Since р = $ m, 1.67 X 10-?* g, we have, using Eq. (123) of Chapter 5, the 
following value for the zero point vibrational energy 


e a 2 
= 0.092 <(=) = 1.369 x 10" erg/cm? 
do V a 


NE Ao 1 [1369x107 | T 
Evib = y po ЛО T67 x pn = 1:81 x 10 erg 
=0.11eV 


Thus the dissociation energy becomes 2.24 eV. 


SOLUTION 12.5 
Sé*Hbde 
[$*éd* 
where H = H, + H’ (see Problem 11.15), dt = агу, dr, and the integral is over 
a six dimensional space. Now 


E = 


1 hntr 
Ug — AUyoo(F,) tyo0(F2) = тай exp (- m 
e emo WES 
and Houa = Ey, Eo = — p Ойу Т 


Thus,  f$*éds = [идат + 2А f uoH'ua dr + A? | uoH’?uo йт 
=1 + Æ f uH" dc 
where we have used the relation 
Î uH'uds = 0 
which can be verified by direct integration. Further, 
f ##Н#ах = f u,(1 + AH’) (Hy + Н) u(1 + AH’) dr 
= f u Houdr + f иш,Н'иейх 
+ A [f Ug’ Hundt + f uHo(ugH') dt 
+ f uH'uH'dr + f ugH’*ugdt] 
+ A? [f u,H’Ho (uoH’) dr + f u Hud] 
= Eo + А[Е,[ uoH'u,d= + E, | uuH' dr 
+ 2 f usH"u, dr] 
= Eq + 2A [шН'ийт 
the other integrals going to zero. Thus 
E Ey + 2A f шН%ийт 
1 + A? f uH”? usd 
= E, + (24 — 43E) | UpH udr 


Е = 
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Setting dE/dA = 0, we get A = 1/E,. Thus the minimum value of Eş is given 
by 


Eş = Ез + + | Huds 
0 


The integral is evaluated in Problem 11.15, on substitution we get 


245 
Combining the result of Problem 11.15 we may write Eg — 8e*ap/R* < Ground 
State Energy < E, — 6e*ap/ R5. 


CHAPTER THIRTEEN 
The WKB Approximation 


13.1. Introduction 


As has already been mentioned, the exact solution of the Schródinger equation 
can be obtained only for a few potential energy variations. In many cases, the 
Hamiltonian can be written as a sum of two parts (Н = Н, + Н) where the 
energy eigenvalues and the corresponding eigenfunctions are known and the 
effect of H' can be assumed to be small. In Such cases one can develop the 
perturbation method which has been discussed in Chapter 11. Although the use 
of first order perturbation theory is fairly straightforward, the use of second 
order results is very cumbersome as it involves a summation over an infinite 
number of states [see Eq. (24) of. Chapter 11]. On the other hand, the variation- 
al method (see Chapter 12) ‘can Bive extremely good estimate of the ground 
state energy by choosing an appropriate trial function. The method, however, 
becomes quite cumbersome when one has to apply to higher excited states. 

In this chapter we will develop yet another approximate method which gives 
a direct solution of the Schródinger equation. The method, which is usually re- 
ferred to as the WKB (Wentzel-Kramers-Brillouin) method, is applicable to 
potentials which are such that the Schródinger equation is separable to one- 
dimensional equations; further, the potential should be slowly varyingsuch that 


1 dk 
[кә 21% (0 
where 
Ke) = 5 099 = [FEE - vo» Q 


Tepresents the local wave number*. It is of interest to mention that the motion 
of a particle in a varying potential is analogous to the behaviour of light in a 
medium of varying refractive index. If the refractive index changes rapidly, one 
has reflections; if the change is gradual, the trajectory is not straight but there 
аге practically no reflections. The behaviour of a particle is quite similar. The 
condition for no reflection is that the change in wavelength over а wavelength 
is small compared to the wavelength, i.e., ч 


Baler (3) 
ox 


* We may po.nt out that it is sometin es possible to modify the WKB method, so it 
applicab e to abruptly changing potential energy variations (see Sec. 11.3.1). 
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In terms of the local wave number k(x), defined through the equation 


k(x) = Ху (4) 
one obtains the condition given by Eq. (1). 

In Sec. 13.2, we obtain the WKB solutions of the one dimensional Schródin- 
ger equation. In Sec. 13.3, these solutions are used to derive the quantization 
condition which determines the energy eigenvalues corresponding to bound state 
problems. In Sec. 13.3 we show that the quantization condition (obtained. by 
using the WKB method) is closely related to the Bohr-Sommerfeld quantization 
conditions of the ‘old quantum theory’. In Sec. 13.4 we use the WKB solutions 
to study the barrier penetration problem and obtain an approximate expression 
for tunnelling probability. In Sec. 13.5 the use of the WKB method in problems 
involving a spherically symmetric potential has been discussed, In Sec. 13.6 the 
connection formulae are derived. 


2r 
у 


13.2. Тһе WKB Method for One Dimensional Problems 


The one dimensional Schródinger equation is 


а? 2, 

D + UE — уба) = 0 ® 
which for V(x) < E can be written їп the form 

d* 

9 + Aya) = 0 © 


where k(x) is given by the Eq. (2). If k(x) is a constant (i.e., independent of x), 
the solution of Eq. (6) is of the form exp (+:ikx), which suggests that when 
k(x) is slowly varying one may try a solution of the form 


ф(х) = eto 


If we substitute this in Eq. (6) and neglect th» term involving d*u/dx®, we would 
readily obtain 


x 
u(x) — +| k(x)dx 
Thus the zeroeth order solution of Eq. :6) is of the form 


x 
(x) = exp | + ] k(x)dx 1 (7) 
Indeed, if we differentiate U(x), we would obtain 


2, 
D | Гео = а uen о 
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Thus if the term on the right hand side is negligible [which will indeed be the 
case when Eq. (1) is satisfied] then ф(х) is indeed an accurate solution of Eq. (6). 
In order to obtain a better solution we write 


U(x) = Р(х) бх) 


If we substitute this in Eq. (6) and neglect the term involving a°F/dx*, we 
obtain 


| dF Оа) 


F dx 2k(x) dx 


the solution of which is 


1 
F(x) = JRS 
The solutions 
1 
EM +i j k(x) dx 
Vx) CEPIT КЪ е (8) 


are known as the WKB solutions. The most general WKB solution is the linear 
combination 


Hes f ei LEGO dx а. T e iL k(x) dx (9) 

Similarly when V(x) ^ E, the Schrédingér equation can be written in the form 
2,1 

94. ар) U(x) = 0 (10) 

where 
717 

ex) = [22 (бө) - 5 | an 

The WKB solution of Eq. (10) is 
rode TQ) dx 
( —L 6C i 
vx) = vs oua t D e (12) 
K Ve 


The WKB solutions are valid when Bg. (1) and a similar equation for x(x) are 
satisfied. Obviously, the WKB solutions will never be valid when V(x) is close 
to E. In Fig. 13.1 we have plotted typical variations of, V(x) with x; the hori- 
zontal arrow represents the value of E. The point x — a, where 


V(x) lena = E (13) 
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is known as the turning point.* The WKB solutions are not valid near x — a; 
‘however, the WKB approximation gives solutions for x <a [Eq. (9)] and for 
x > a [Eq. (12). The question is how to match solutions of the two regions 
x < aand x > a; we call them regions I and II (see Fig. 13.1). In order to match 
the solutions, we consider the behaviour of the wavefunction near the turning 
point x — a. We assume that in the neighbourhood 9f the turning point, the 
potential energy variation is approximately linear; i.e., near x = a we may write 


HE -F œ] = — a(x— a) (14) 


Near the turning point, if V(x) is an increasing function of x [see Fig. 13.1(a)], 
х would be positive; conversely, if V(x) isa decreasing function of x [see Fig. 
13.1(b)], « would be negative. Substituting Eq. (14) in the Schródinger equation 
(Eq. 5) we get 


A « ~ a) Ux) = 0 (15) 


The solution of the above equation can be obtained in terms of Airy functions; 
using their asymptotic forms it is possible to obtain the connection between the 
WKB solutions. The details are worked out in Sec, 13.6, we give the results 
here : 

Case I: « > 0 [Barrier to the right—see Fig, 13.1(a)] : 


2 р k(x) dx + =] «—у- exp [ i fete & ] (16) 
x 
V(x) T х 


а 


(а) 
*The point x = a is also known as the classical turning point, because if a particle (having 
а total energy E) moves towards x — a (from smaller values of X) then at x — a the kinetic 
energy would become zero and the particle will ‘turn back’. The regions x > aand x <a 
(in Fig, 13.1) are known as the classically forbidden region and the classically allowed region 
respectively. 
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V(x) 


a x 


(b) 
Fig. 13.1 A smooth potential energy variation. The point x — a where V(x) — Eis known as 
the turning point. 


a 


TF cos] | k(x) dx + i] T S x(x) ax] (17) 


Case ЇЇ: & < 0 [Barrier to the left—see Fig. 13.1 (b)] 


ie exp [- | к(х) à] (—» iE sin cj k(x) dx + i] (18) 


J sid x(x) ax] I Ir cos] | K(x) dx + т] (19) 


х 


The above four equations are known as the "connection formulae'; these for- 
mulae tell us how the WKB solutions on one side of the turning point go over 
to the WKB solutions on the other side of theturning point. The expressions on 
the left and right hand sides of the connection formulae represent respectively 
the WKB solutions in the regions far to the left and far to the right of the turn- 
ing point. The double arrow represents the direction along which the connec- 
tion formulae are strictly valid; this point is discussed in detail in Sec. 13.6. If 
we multiply Eq. (16) by + i and add to Eq. (17) we get 


x 


ett Ko) de + 2) |> үг лш (20) 
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where on the right hand side we have neglected the exponentially decaying 
solution which would be negligible in comparison to the exponentially ampli- 
fying solution. Notice that we have put the arrow in one direction only. The 
exponentially amplifying solution goes over to the left hand side of Eq. (17). 
In a similar mauner, for « < 0 we have 


a x 
JT ex | x(x) а | = ехр [ +i ( | k(x) dx + ك‎ “<0 (21) 
x a 
In the next two sections we will illustrate the use of the connection formulae 
in determining discrete energy eigenvalues and also in calculating the trans- 
mission probability for tunnelling through a potential energy barrier. 


13.3 Application to Bound States 
In this section we will use the connection formulae for WKB solutions to obtain 
the bound state energy levels for a potential of the type shown in Fig. 13.2. In 
region I, i.e., for x < ху, the wavefunction should be exponentially decaying and 
hence the WKB solution must be of the form 
X, 
= em exp [- | x(x) a] (22) 
х 
Around the turning point x = Xy, & is negative, therefore in region II, фт would 
go over to (see Eq. 18) 


x 


фп = a kdx — i] 


х 


Xa 
= T cos| 0 - | ках — т] 
х 


х, % 


Fiz.13.2 A potential well. The points x = x, and x=x, are the turning points. 
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where 


Xa 
9 = | k(x) dx 


» 
Thus 
2 P 
т 
bn = ar cos( | ках + i) 
2 T 
; : т 
vig inti ( | tax 2) (23) 


x 


x 
Equation (17) tells us that cos( f kdx + 7/4) will go over to an „exponentially 


x ` 
increasing solution in region Ш and thus, for а bound state, we must have 


cos 0 = 0 (24) 
or 

х, ; Pn 

| klods = (4 ) ; | [E — РЁ dx = (n + Ds Q5) 

xi xi 


which is known as the quantization condition that bound states must satisfy. 
For a given form of V(x), Eq. (25) is satisfied for certain specific values of E; 
these are the discrete eigenvalues corresponding to V(x) in the WKB approxi- 
mation (see the first six problems at the end of this chapter). 


13.4 The Physical Interpretation of the Quantization condition 


It is of interest to mention that in the old quantum theory* only those station- 
ary states are allowed for which the following condition is satisfied 


$ pdx = nh, n=0,1,2,3,.-- (26) 


where we have restricted ourselves to motion in one dimension. Equation (26) 
is known as the Sommerfeld quantization condition and the left hand side is 
the Sommerfeld phase integral taken over a complete classical oscillation. Since 
р = БЕ, Eq. (26) can also be written in the form 


$ ках = 2n; n=0,1,2,.-- (27) 


*See, e.g., Pauling and Wilson (1935). 
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Now $ kdx represents the total phase change in one complete oscillation and 
is therefore given by 


Xs 


$ kdz = 2 | exco. (28) 


x1 


where 9, and 9, are the ‘abrupt’ phase shifts that occur at the turning points x, 
and x,. Thus, we have 


Xs 


| kar = ne аф) (29) 


х 
We now consider two cases. 


Case I 
The first case corresponds to the V(x) variation such that there is no discon- 
tinuity in V(x) at the turning points (e.g., Fig. 13.2). For such a case 
т 
ре — 7 (30) 


This immediately follows from the right hand side of Eq. (18) which can be 
written in the form 


x 
x Ji ens [ 77 kajde | — L2) +1] хук ] ay 


Since the first term represents the incident wave (from the right) and the second 
the reflected Wave, we see that there is an 'abrupt' phaseshift of — т/2 on 


V(x) 


V2 
E ——» 
Vi 


x 


Fig. 13.3 A potential step at x = 0. A particle with energy E is incident from the left, 
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reflection. Thus Eq. (29) becomes 
; 1 
| Dax = 0 +4) (32) 


х 


which is identical to Eq. (25). 


Case II 

When there is an abrupt change in the value of. V(x) at one or both the caus- 
tics, then using a method similar to that used in Sec. 4.2 it is easy to show that 
the phase change on reflection by a potential step of the type shown in Fig 13.3 
is given by (cf. Eq. 14 of Chapter 4) 


be af Е i 
?-——2tan (455 (33) 


As an example, we consider the square well potential shown in Fig. 13.4. We 
have М 


Ф = Ф = ET Е (34) 
4, Thus Eq. (29) becomes 
(vE пт ~ 42) 

- (234 ) = а (4 2 (35) 


Which gives the exact results [cf. Eqs. (43) and (44) (of Chapter 3]; п = 0, 2,4, 
+ . . correspond to the symmetrical solutions and л = 1, 3, 5, . . . correspond to 
anti-symmetrical solutions. 


V(x) 


=а/27 0/2 х 


Fig. 13.4 The square well potential. 
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13.4. Application to Barrier Penetration 


We next consider a potential of the type shown in Fig. 13.5. We assume that a 
wave is incident from the left. Thus, in region I, there will be an incident as well 
as a reflected wave. On the other hand, in region III there will only be an out- 
going wave. Our objective is to calculate the transmission coefficient for a given 
value of E. Since in region III there is only an outgoing wave, the WKB solue 
tion in this region will be of the form 


йш le exp (i | keer) (36) 
b 


Using the connection formula given by Eq. (21), we have the following WKB 
solution in region II, 


b 
i [x dx 
jn = PL — in/4 e 
b x 
& init Î x dx. 1 = «dx 
= Fe imd 1.7 а ] = Ba a 37 
rr Eust a 
In order to obtain the solution in region I, we use the connection formula 
given by Eq. (41) to obtain 


b 
| &(x)dx а 
фт = [r~ n/Á,a vr cos [J k(x)dx = i] (38) 
or di = ding Vn (39) 


у(х) 


e b x 


big. 13.5 A potential barrier. The points x = a and x = b are the turning;points. 
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=i | k(x)dx 
where ф= VE en (40) 
a 
p Vti 
and ref = VE° ® (41) 


represent the wavefunctions corresponding to the incident and reflected waves 
respectively; further, 


A=Fexp [| коа: | (42) 
and 3 
В = Fe"! exp [| «(ax | (43) 


implying that the reflected wave has the same amplitude* with a phase change 
of n/2. 

The currents can easily be calculated by using the relation [see Eq. (36) of 
Chapter 2] 


в dy 
= т-с 
J = Real part of [ Ue ] (44) 
and one obtains the following expression for the transmission coefficient 
FR 
=| | =% 45 
r=| 4 | ; 45) 
where 
b • 
a= ex | — | д | (46) 
а 


A slightly better approximation (when 0 is not very small) is (see Problem 
13.15) : a 


rA 


(47) 


"Thus, in the approximation scheme of this section, the reflection coefficient is unity; 
hence the result for the transmission coefficient will be valid when its value is extremely 


b 
small; ie, exp (— f « dx) < 1 —see Eq. (47), 
a 
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and consistent with this approximation, the reflection coefficient is given by 
(Notice that R -- T — 1) 


d iT 
NA : 


13.5 The WKB Method for Three Dimensional Problems 


The radial equation for a particle in a central field is given by [see Eq. (21) of 
Chapter 5] 


2 K+ 1) 5? 
oe | £-vo- Cer |e =0 (49) 


where u(r) = rR(r). Since r goes from 0 to co, it is appropriate that we change 
the independent variable in the radial equation to x so that r = 0 corresponds 
to x = — oo. In order to do this, we introduce the transformation 


Р = م‎ 
The function и then satisfies 


2 


In order to bring the above equation in the one dimensional Schrödinger equa- 
tion form, we introduce a new dependent variable 

X(x) = u(x) ets 
The function x(x) satisfies the following equation 


E - (её) - (+ iE en ]xm=o (50)‏ | سے 


x 
Thus, instead of the integral J k(x)dx, we would have 


x г 
2m f- e (35: B 1/2 
[[= p [Eve COP ue) ds = | kar 
where we have gone back to the original variable r and 
. 1 1)2 d? 1/2 
kin) = ESL -rYo- esL (51) 


Thus the WKB solution to the radial part of equation can be considered in an 
exactly similar manner except for the fact that ЩІ + 1) has to be replaced by 
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(I -+ 3*. For example, to get the bound state energies, we must solve the equa- 
tion 
ra 2 
| ktr) dr = (n +4) (52) 
or, 
where r, and r, are the turning points where k(r) vanishes (see, e.g., Problem 
13.7). 
The WKB method can also be used for the approximate calculation of phase 
shifts in scattering theory (see Chapter 19). The expressions for phase shifts are 
given by* [see e.g., Morse and Feshbach (1953)] : 


hm | Er - yp - CLP ge 


Je eas fa 


where the lower limit corresponds to the zero of the integrand. The above ex- 
pression for 3, gives good results for large phase shifts*. It may be mentioned 
„that since Born approximation gives accurate values of phase shifts when they 
are small (see Chapter 19), the Born approximation and the WKB method com- 
bined should give good estimate for 8; for all / ! 


13.6 Derivation of the Connection Formulae 
We return to Eq. (15) 


DX — a(x — a) Wx) =0 


We will assume « to be positive. The above equation can be written in the form 


24. — s) = 0 (54) 


where 
z = A(x — a) 


A convenient pair of linearly independent solutions are the Airy functions Ai(z) 
and Bi(z); these functions are related to Bessel functions (see Sec. 13.6.1) and 
сап be expressed as a series for all values of z (see Problem 13.22). However, we 


"Comparison of some calculations of exact phase shifts with those obtained by using WKB 
method has been made by Mott and Massey (1949), Chapter X. 
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are interested in large values of z (both positive and negative); we have for these 
(see Appendices H and K) : 


Ai(z) ~ зау xA niji 
(2) avi j : | a 
~ 1ана (2+ 7). ror 
and ы 
Bi(z) ~ b z1^ @%, rcr 3 
i D бө 
~ ig lz teos (t +). z> = 
where 
E= غ‎ | 2|۹ = зой |а|" (57) 


It may be seen that the behaviour for large positive and large negative values 
of z are quite different. This is understandable because we expect the solutions 
to exhibit exponential behaviour for positive z and oscillatory behaviour for 
negative z. That the behaviour should be such is obvious from the WKB solu- 
tions (see Eqs. 9 and 11) because for z > 0 Eq. (54) is simliar to Eq. (10) with 
x? = z giving the following as WKB solutions (see Eq. 12) 


(z) ~ тг E | к(х) «| = gilt exp] ± f za 1 


wild pt where Ё = 222/2 


Similarly z < 0, Eq. (54) is similar to Eq. (6) with k*(z) = — z = | z| giving the 
following as WKB solutions-(see Eq. 9) 


Ye) ~ SE exp [+ if мэ a] = |z I^ exp (it) 


the linear combinations of which will give the trigonometric functions. 
Now, the general solution of Eq. (54) will be : 


ф(2) = a Ai(z) + b Bs(z) 


*It should be mentioned that the right hand sides of Eqs. (18)-(21) represent the first term 
of what is known as the asymptotic series (see Appendices K and L); these series are in inverse 
powers of Е (ie., 57#), they are all divergent for any finite value of E (or, of | z |) no matter 
how large it is. Nevertheless, they are most useful since, for large 5, a few terms (in our cast, 
{һе first terms alone) of the series will give a sufficiently precise value for the functions; taking 
a large number of terms will, in general, give a poorer approximation (see Appendix K), 
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where a and b are constants to be determined from boundary conditions. For 
large positivez, the first term is exponentially decreasing (see Eq. 55) and hence is 
negligible in comparison to the second term which is exponentially increasing 
(see Eq. 57). Indeed, the first term will generally be negligible compared to the 
second term and there is no sense in retaining it unless, for given boundary 
conditions, it turns out that there is no large term; i.e., b = 0. When this is the 
case (i.e., when b = 0) 


4(z) = a Ai(z) 


>> 2 34694 for x— + oo 
2r 


> vertes (€+ 1) for х — eo 
i.e., the solution 
Los e-3 > | z |-14 sin (s a =) (58) 


(Read the arrow as ‘goes over to’). The direction of the arrow implies that it is 
the exponentially decaying solution in region II which goes over to the right hand 
side expression in region I (see Fig. 13.1a), the converse being not necessarily 
true because a small change in the phase of the sine term will give rise to a term 
proportional to cos (5 + 7/4) which would give rise to an exponentially grow- 
ing term e* (see Eq. 57 and 58). This exponentially growing term, for suffici- 
ently large values of č, will inevitably be dominant over the exponentially decreas- 
ing term e-5, even if the e-* term is important for smaller values of E. In fact, 
we expect the linear combination 


cos 9 Bi(z) + sin e Ai(z) 
which tends to 
RUM |2 EE cos (e+ i) + sin 9 sin G d 7)| 
for z— — oo 


to go over to 


I z-il'[cos eë + sin e е *] for z—++00 
7T 


For values of 9 such that cos р differ appreciably from zero, the term propor- 
tional to e-* can be neglected and one has the connection formula 


T 
лм Z o9|-21H et 
izi NUS eos (t + 4 JE 2 (59) 
The arrow indicates that the left hand solution in region I goes over to the ex- 


ponentially amplifying solution in region II; once again, the converse is not 
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necessarily true because the neglected exponentially decaying term would alter 
the phase of the cosine term. This also follows from the arbitrariness of o. In 


fact, we could have considered the linear combination 


Bi(z) + i Ai(z) 


to obtain the connection formula 
|z- exp [+ (s T х] چ‎ zih eš (60) 
However, the connection formula (59) with ф = 0, ie., 
(61) 


| z | cos (s ae ij ee 


and Eq. (58) written in the form 
212 [sin (s + 1) «€ zig (62) 
агё currently used in literature. In Eqs. (61) and (62) the quantities on the LHS 


and RHS correspond to regions I and II respectivley. 
Now, for V(x) varying linearly with x (see Eq. 14), we have for x <a 


IQ) e 2 [E = y()] = ofa — x) = оза | 2| 


giving 
| k(x) dx = anf (a Us ow zi -2(-, s Di, 
б х 


Similarly for x > a 
кх) = E [V(x) — E] zz «(x — a) 22%: 


giving 


2 
Bee, lle 
= 23/2 = 


x x 
f x(x) dx = eno —а)їЗ ах = 
а а 
Thus we have the following connection formulae : 
a x 
Es cos ( | K(x) de + e ) bs me exp ( f x(x) di) (63) 


a 


x 


= sin ( f k(x) dx + i)- ve e(- | к(х) dx) (64) 


a 
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We also have 


a x 


p. exp| zu | Horas + 3} | ze os( | 0) dx) 


These are the connection formulae which were written down in Sec. 13.2 [see 
Eqs. (16) and (17)]. In an exactly similar manner we can derive the connection 
formulae for « < 0 [see Eqs. (18) and (19)]. 

It is of interest to mention here that strictly speaking, the connection formu- 
lae should be used only along the direction of the arrow as has been discussed 
above. However, in literature, the connection formulae, Eqs. (63) and (64) have 
been used in the reverse direction also, i.e., along the direction opposite to that 
of the arrow. Pauli (1958) has argued on the validity of the connection formulae 
[Eqs. (63) and (64)] on the basis of conservation of current density which sug- 
gests the validity of the connection formulae in the reverse direction also. In: 
fact he writes the following as the ‘correct’ connection : 

a 


ф(х) = Fay exp [! ( | k(x) dx — T J] fo x«a (65) 


= E exp ГЈ x(x) dx | + c exp [-/ к(х) as | 


for x>a (66) 


Notice that equating the real and imaginary parts, we get Eqs. (64) and (63) 
respectively. Referenee may also be made to H@ading (1962) where the use of 
connection formulae in both directions has been justified. On the other hand, 
many authors have argued that the use of these formulae in the reverse direc- 
tion is not correct (see, e.g., Froman and Froman, 1965). Nevertheless, in liter- 
ature, the connection formulae have been extensively used in the reverse direc- 
tion (sec, e.g., Problems 5, 6, 15, 16, 17 and 18 of this chapter) and indeed in 
Problem 13.6 we find that the WKB results compare very well with the exact 
results. 


13.6.1 RELATIONSHIP BETWEEN AIRY AND BESSEL FUNCTIONS 
We start with Eq. (54) 


We first consider the region z > 0, We make the transformation 
4G) = 22 4) 
On substitution we find that 4 (z) satisfies the differential equation 
Фф 


1 
2 att ge а yt d(z) = 0 
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We make another transformation 


Е = م‎ 
to obtain 
dé, ç dé 1 РА 
dr cr du ERR Ee 


which is known as the modified Bessel equation (see Appendix H). The solutions 
are Z,,,(E) and I-,,,(E). Thus the solutions of Eq. (54) for z > 0 are given by 


V) = 28 1.1118) (68) 
For z < 0, we should write у = — z to obtain 


dà + num =0 


We proceed in an exactly similar manner : we make the transformations (7) = 
7? b(n) and $ = $7!/* to obtain 


ә: at 404 ke - 3] $0) = (69) 


which is the Bessel equation (see Appendix Н) and the solutions are J::/s(6). 
Thus, the general solution of Eq. (54) may be written as 
Ф(2) = LC Lus) + Cahill forz >0 


= |2108 [С,7-1,3(8) ^ Caha) forz < 0 


(70) 


where 
= {4|2[% 


It may be noted that if we make the transformation © = i£ in Eq. (67) we would 
get Eq. (69). Thus /,(5) should be proportional to J«(i£); indeed one writes 


LE) = i Init) = 2 ENS A 


where we have used the relation 


,__ (Eye 
n) = (7D TIT ED wo 


г=0 


In Eq. (70), for given value of C, and C;, C, and C, are determined from the 
condition that ф(т) and 40/42 should be continuous at z = 0. A pair of inde- 
pendent solutions (which along with their derivatives are continuous at z — 0) 
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are the Airy functions defined through the following equations 


Aio) = ҖӘЕ — Ll 2>0) 
= Fiz") + Ла), 2<0! 


| 

Bile) = JP La ELO 2>0} (з) 

v3 | 
| 


= йт Iz PAUL) — 7802 <0 j 
The continuity of these functions and their derivatives are discussed in Problems 
13.21 and 1322. The main reason for choosing the above equations is because 
of their convenient asymptotic forms as given.by Eq. (55) and (56). The func- 
tions are plotted in Fig. 13.6. Notice that the exponentially decaying solution in 
the region z 7 0 goes over to the solution proportional to | 2 |1" sin( + 7/4) in 
the region z < 0 which gives the connection formula given by Eq. (62). 
Similarly, the other connection formulae can be derived. 

In order to derive the asymptotic forms of the Airy functions we start with 
the asymptotic forms of the Bessel functions (see Appendix H) 


n > (< Y: E LE а (74) 


Fig. 13.6 The variations of 4i(x) and Bi(x) with x, 
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Thus 


Ca 2 1/3 eiim 1 8-0 [4) + кышы 
uc (=) [ 2 


Since i = e'™/?, we get after simplification 


n. Fo ( x). [eë + ern e~] i (15) 


It would seem that it is meaningless to keep the e-* term because the exponen- 
tially increasing term e* will always dominate over the exponentially decreasing 
term; however, it is necessary to retain the decreasing term for calculating the 
asymptotic form of Ai(z). Indeed if we substitute the above asymptotic forms in 
Eq. (73) we would get Eqs. (55) and (56). Notice that although the asymptotic 
forms of both J,,3(€) and L,,,(ë) are exponentially increasing, the asymptotic 
forms of Ai(z) and Bi(z) are exponentially decreasing and exponentially increas- 
ing repectively. The case is similar to the solutions cosh x and sinh x of the 
differential equation d*^y/dx* — 4 = 0, both solutions diverging as х > eo; how» 
ever, in most cases it is more convenient to choose e? and e-* as solutions which 
are of course linear combinations of cosh x and sinh x. 


PROBLEMS 
PROBLEM 13.1 
Apply the WKB method to calculate the energy eigenvalues corresponding to 
the harmonic oscillator potential [V(x) — фто?х2]. 


PROBLEM 13.2 
Consider the symmetrie power law one dimensional potential 


V(x) -i K 


o s a 
£l (K>0,a>0,«> 0) (76) 
Show that the WKB energy levels are given by 
1 К V8 3 1 2a 
(^ 5)ss(4) abd «+2 » 
2а(2т)\ T (5) r(1 + i) С 


Obtain explicit values for the harmonic oscillator potential (x = 2) and the in- 
finite square well potential (x — co). 


PROBLEM 13.3 
Obtain the energy levels and total number of discrete energy levels for the 
potential 


V = — Ve sech? x/a (78) 
Compare with the exact result obtained in Problem 3,12, 
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PROBLEM 13.4 
Show that the WKB energy levels corresponding to the free fall of a particle 
in earth's gravitational field are given by 
. 
En = 9(и + 3)? 7? mg? Бариз (79) 
[Hint : V(z) = mgz, @ 0) 
= оо (z « 0) 


Use Eq. (29) with Ф, = — т [see Eq. (33) with V, = eo] and Ф, = — п[2 [see 
Eq. (30)]. Compare with the exact result in Problem 3.14.] 


PROBLEM 13.5 

Consider a double well symmetric potential as shown in Fig. 13.7. Using the 
WKB connection formulae, show that (for E < Vo) the energy eigefivalues are 
determined by solving the following transcendental equation 


cot [ y KG3 dx ] =it exp [ a em às] (80) 


where the upper and lower signs correspond to symmetric and anti-symmetric 
solutions respectively; here x = + a and x = + b are the turning points. We 
may note that the above equation will not give accurate results for E close to 
Vo (why 2). ; 


V(x) 


1 
! 
1 
| 
l 
! 
I 
I 
1 
-a 


oj ------- -- 


+0 +b x 


Fig. 13,7 A double well potential which is symmetric about х == 0, The points x = + aand 
x = +. b are turning points. 


PROBLEM 13.6 Р à 1 
Using the results of Problem 13.5, obtain the equations which would determine 
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the energy levels of the double oscillator for which (see Problem 3.15) 

V(x) = $me?[| x | — al? (81) 
PROBLEM 13.7 


Using the WKB method, calculate the energy levels for the hydrogen atom 
problem, i.e., V(r) = — Ze?/r. 


PROBLEM 13.8 
(a) Using the WKB approximation, calculate the transmission coefficient for 
the triangular barrier for which the potential energy variation is given by 


Ya) = n(1 -H, |x| <a 


=0 Ix| 2a 


(82) 


(b) Since the potential energy variation is linear, one can exactly solve the 
Schrödinger equation (see Problem 4.9). Show that the WKB solutions are 
accurate when 


(MEY (Ay ^ 


PROBLEM 13.9 


Using the WKB approximation, show that for the parabolic barrier of the 
form 


v9 -v(1- x) fo |x|«a 
=0 for |x|>a 


(84) 


the transmission coefficient is given by 


qu exp] — (Ry (i — all (85) 


PROBLEM 13,10 
(a) Calculate the transmission coefficient for the barrier of the form 


V(x) =0 for x<0 
(86) 
=Vo— ax for x> 0 (« > 0) 

(b) The above potential energy variation is applicable to the field emission 
of electrons from a metal surface. Then V, = Er + ¢ and a = (— @é where 
Er represents the Fermi energy, ф the work function, q(— 0) the electronic 
charge and € the strength of the electric field. Assume T 


= 0°К and calculate 
the dependence of the electric current on the electric field. 
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PROBLEM 13.11 = 


In the above problem if we take into account the presence of image force, we 
will have 


V(x) =0 fo x<0 
= = چ‎ È for х> 0 (87) 
Show that the corresponding transmission coefficient is given by 
4 V3 \1/2 3/2 
ор (FE?) (1 Е) em] (88) 
where 
3 L^ г 1/8 
Ф(Г) = ij (1 BH 3) d, (89) 
2 } 5 
1 


Г = 8x/(Vy — E) and £j, = 3 F (3 — Г) are the roots of the integrand. Ф(Г) 
can be expressed in terms of the elliptic integrals (see, e.g., Gradshteyn and 
Ryzhik, 1965, p. 235) 


Ф(Г) = VE, [E(n) — 25, K0) (90) 
where y = (1 = = ) and 


|2 
E(n) = | (1 — sint 0:3 20 
0 


and 
n/2 
Ko) = | (1 азі) ao 
0 


are complete elliptic integrals of first and second kind have been tabulated by 
Abramowitz and Stegun (1965), р. 608. For Г = 0.0, 0.0454, 0.114, 0.160, 
0.22 and 0.25 the values of Ф(Г) are 1.0, 0.765, 0.485, 0.312, 0.094 and 0.0 
respectively. 


Propiem 13.12 

(a) In Sec. 4.3 we had considered tunnelling through a rectangular b 
height V, and width a (see Fig. 4.2). Show that for [(27/ h*)(V, — E)a 
the transmission coefficient is given by 


1/3 
T = Сехр [- а 5) E. 


where the factor C is of the order of unity an tain- values 


exactly equal to unity. 
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V(x) 


۷ x 


Fig. 13.8 A smooth potential barrier replaced by a large number of steps. 


(b) If we now assume C — 1 and that a potential of thetype shown in Fig. 
13,8 is replaced by a series of rectangular steps then by using the above expres- 


sion for T repeatedly, show that one obtains the WKB result. 
PROBLEM 13.13 

Equation (8) is known as the WKB solution of Eq. (5). Show that the next 
approximation gives 


10) = DES exp ( tros) exp[ —1(4 1 dk 


2 Ba 
йа] o 


PROBLEM 13.14 
Prove the connection formulae given by Eqs. (18) and (19). 


PROBLEM 13.15 

In Sec. 13.4 we had used the WKB approximation to calculate the tunnelling 
probability through a potential barrier. In this problem we will derive a more 
accurate expression by using the connection formulae in the reverse direction 
also. In region IIT, assume a wavefunction of the form 


dan = vig [ i( i k(x) dx + T )] (92) 
b 
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Write фт in terms of cosine and sine functions and using the connection for- 
mulae given by Eqs. (16)-(19) show that 


sme Ge) [n ү] 


(epe) e 


where @ is defined through Eq. (46). Thus 


T- ums (94) 
and 
1 1 
Mic e 


[б 
4 
1 9 ү 
(+4) 
Notice that R+ Т = 1. 


PROBLEM 13.16 

Consider a symmetrical potential well surrounded by a barrier as shown in 
Fig. 13.9. Calculate the reflection and transmission coefficients for a wave which 
is incident from the left; the corresponding energy E is denoted by a horizontal 


і 
' 
LI 
s 
' 
t 
4 
-b -0 +a +b 


Fig. 13.9 A symmetrical potential well surrounded by a barrier. The points x = - a and 
X = + b are turning points. 
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line ia Fig. 13.9. Show that the transmission coefficient is unity when 


+a 
| k(9dx = atiz (96) 


which is the quantization condition for a bound state in the potential well.* 
(Hint : In region V, assume a wavefunction ofthe form given by Eq. 92, write it 
in terms of sine and cosine functions and use the connection formulae (16)-(19) 
in the reverse direction also). 


PROBLEM 13.17. 

This and the following two problems are on the application of the WKB 
method to а decay. The potential as seen by an а particle is approximately given 
by** (see Fig. 13.10) 


И) = – о for r<R 


2 
2 ге for r>R e» 


where R represents the radius of the nucleus, ze and Ze the charge of the alpha 
particle and the nucleus respectively. Assuming / = 0, calculate the lifetime for 
« decay***, 


PROBLEM 13.18 
The potential as seen by an « particle in a nucleus is shown in Fig. 13.10. 
(a) Starting from a radial function (ф = u/r) 


um(r) = Ww” [: ( kdr + rs J] (98) 


obtain the corresponding solution u(r). Show that the boundary. condition 
“ur (0) = 0, leads to stationary states (they are actually quasi-stationary) with 
energies Ep 


"These bound states are usually ;«.«..«u to as metasiable states (see, e.g., Bohm, 1951, 
Chapter 12), 

**Physically, this corresponds to the е particle being ‘free’ inside the nucleus and bound to 
it, and outside the nucleus, the particle experiences the repulsive Coulomb force. In the c 
decay problem, a nucleus of charge (Z + 2) e decays to an х particis (of charge 2e) and a 
daughter nucleus of charge Ze. 

***It should be mentioned that for «-decay to actually occur, it should te energetically 


possible. 
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Fig. 13.10 The potential energy variation as seen by the alpha particle, Outside the nucleus 
(i.e., for r > R) the alpha particle experiences a repulsive Coulomb force. The 
points r — R and r — a are the turning points. 


(b) Show that for energies E slightly off Ej, the amplitude of the ‘outside’ 
function ur; becomes very large. 

(c) Build up a wave packet with states of energy E zz E, to represent the а 
particle within the nucleus at ¢ = 0. Show that the probability of finding the х 
particle within the barrier at a later time ¢ is equal to exp (— 1/1). 


PRontEM 13.19 
Using the results of the previous problem, show that the cross-section for 
Scattering of an « particle with an energy ne? ‘resonance is given by 


zm T2 $ 
ИЕ e» 


PROBLEM 12.20 
In Sec. 13.5, it was mentioned that with the replacement, of /(/ + 1) 
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(I + $)", the W.K.B. method can be applied for the radial functions in three 
dimensional problems. Show that for motion in the free field case, this replace- 
ment gives the correct asymptotic behaviour of the radial wavefunction. 


PROBLEM 13.21 
In terms of Bessel functions (see Appendix H), show that the solutions of 
Eq. (54) are 


4 (z) ~ &n I v Jab) = us forz <0 (100) 
gn yea =e  forz>0 (101) 
where §=#| 21372, k?(z) = — z 
and к(2) =z. Using 
nG- » Tey G&G)” i (102) 
and 
n (E) = i-J, (iE) = Sarwan (4y (103) 
prove that 
со on db (Хон (104a) 
E eu ds eap) pecho (1046) 
e e ==; 5. = +g: (say) (1058) 
and 
50 а. ГЕ to r =0 (105b) 
Thus w, and u- join smoothly to —v, and v- respectively. Hence 
Ai(z) = ү [- v + 2. | (106a) 
and 
Ai(— 2) = JL [u + «-] (106b) 


join smoothly at z — 0. Further 
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Bi(z) = cS [vx + 2] (107a) 


and 
В(—2) = Vt [—u + u] (1075) 
join smootbly at z — 0. 


PROBLEM 13.22 
Using the results of the previous problem prove that 


Ai (2) = C f (2) — С, (2) (108) 
and 
Bi (2) = 43 [Gf (2) + Cag (2) (109) 
where 
Ја) =1 + г m z+ = "+... 
8 (2) =2 + Pattini 58 иф... 
= [31 Г (2)]-: = 0.3550 
C, = [315 Г (3)]7 = 0.2558 
SOLUTIONS 


SOLUTION 13.1 
The quantization condition [Eq. (47)] becomes 


2i nd j 1 n 1 

m = — 

(2) | [E — mex | ax = (n+ }-)« (110) 
—а 

where а = (2E/mo*jt. The integration gives E = (n + 3) fio which is the same 


~as obtained by using the exact theory [see Eq. (67) of Chapter 3]. 


So.ution 13.3 
The quantization condition S amediately. leads to 


2mV. үз _ 1 
( 15 ) J (€) = (п + Dr (111) 
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where 
+«(ё) 
1(в) = | (secht Е — с\з 
—a& (£) 


€= —E] Va Е = = and « = sech We 


Notice that for bound states 0 < € < 1. In order to evaluate J (£) we calculate 
dJ/dé 


\ Де 
Z -— I | (sech? Е — @)-1/2 dé (112) 


where we have used the relation that if 
f(x) 
I= | re» 
& (x) 


then 


f 
d. d, 
ж” | 83s ire ron FE ONE 


and in our case the second term on the right hand side vanishes because the 
integrand vanishes at the upper and lower limits*. The integral on the right 
hand side of Eq. (112) can now be integrated through the substitution т = 
sinh &. The resulting equation can now be integrated w.r.t. 2 to give 


J (£) = т [1— v2] 


where we have used the fact that J (1) = 0. Thus the energy levels are 


a O ow 


SOLUTION 13.5 


The solution in region I, i.e., for x < —Ь (see Fig. 13.7) should be exponen” 
tially decaying and hence of the form 


*Since in al! problems using WKB method, the integrard Vanishes at the upper and lower 
limits, this technique of calculating J (£) is quite often used; see also Problem 13,7, 
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E exp [5]. а]‏ = رل 


which goes over to (in region II) 
x —а 
2i Qu ms 2А 189 
bn = AES | p — i]- Te cos | 0 -| k dx 4 ] 


—a 


where 0= | k dx. Thus 
b 


e AT. 
tn = 74 [estes ( f kax + 3 ) + sin @sin( | kdx + F)| 
x x 


This goes over to 


Uni - 74 feos 9e? exp (ef x dx ) + D er exp (f- dx) | 
x x 


a 
in the region —a < x < a; here А = exp ( § «(x)dx). The condition that the 
-а 


wavefunction should either be symmetric (ф'(0) = 0) ог antisymmetric function 
of x (ф(0) = 0) leads to the required transcendental equation. 


SOLUTION 13.6 
It is easy to show that 
(i) for0 < £ < бопе gets 
т 1 үл 
cot (5) = + 5 exp| ^e (£g — €) + e cosh FE 


A (114a) 


and (ii) for € > ве one gets 


Rod am Е ана TY) VET ULM we’ CAB) 
TE + 9M (E — 65)" + езіп | | = 2 

where j 
e= a and & = moa /Ñ 


22 (45-125/1982) 
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0 2.0 4.0 6.0 


mi tee) 


Fig. 13.11 The energy eigen values for the double oscillatorasa function of Eq ( = moa?|T) 
which determines the separation of the two oscillators, The solid and the dashed 
curves correspond to the exact and WKB calculations respectively. Notice that û 


a> œ, E > (n + 3) Bo and the levels become 2-fold degenerate; thus the system 
becomes equivalent to two independent harmonic oscillators, 


In Fig. 13.11 we have plotted the WKB results and compared them with thé 


exact solutions (see Problem 3.15). Notice that near the line € = g&,, the WKB 
results become inaccurate. 


SoLuTION 13.7 
The quantization condition [Eq. (52)] can be written in the form 


VIJ (e) = (n + x (115) 
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where 
Е. 1з 
re = [IE var Ol a 
5 
ет (5) = E T x 


== e Ee ME PI eC P 
E a i )«= 2 (1+ 2 ) = (вш) 
Using a method similar to that employed in Problem 13.3 one obtains 


dI nZ 


de — Ag (116) 


Further the minimum value of Veg (E) is —Z?/4 which occurs at Ё = 2x/Z. 
Thus 


г ( =- f) (117) 


because č, becomes equal to £j. Equation (116) can now be integrated and 
using Eq. (117) one obtains the following expression from the quantization 
condition 


z 
= аъ 3f (10) 


which is the exact result with (n + / + 1) representing the total quantum 
number. 


SOLUTION 13.8 


res [a per rnb "0 ] 


= 


where x = + x, = 4(1 — E/Vo a are the turning points. Simple integration 


gives 
r- [HE 6- 7 am 


SOULTION 13.10 


(a) T = exp [—2{( 2 yu Vo — ax — EP dx ] 
9 
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where E, = р?/2т and xı = (1/2) (V, — E3). . Carrying out the integration 


one gets 
1 8/2 
T = exp [- x( 2m ) (r a E) ] (120) 


(b) The current density is given by 


J= Сев) [7 Pa dp. (121) 


where n(p,) dp, represents the number of electrons per unit volume whose Pas 
lies between pz and p, + dpz. Now at low temperatures (i.e., T < Er/k), the 
Fermi function is approximately given by: 


F(E)=1 for E < E; 
=0 for E> Ер 


(see Problem 5.3). Using the expression for density of states (see Appendix M), 
we get 


(рә) dpa = р сауа | | dp, dps 


2r [2m (Ep—E,)}1/* 
s dpz\ 40 рі dp, 
0 0 


where we have changed into polar co-ordinates and Pi = (pi + pj. Thus 


am 


n (pz) ар. = (Er — E;) dp. (122) 


Substituting this in Eq. t we get 
3/2 
J= او اک‎ 4 E јер jp [8 ШШ + xj ]e 


where = Er — Е.ф = V, — Er, B = (4/32) (2 т/ћз):/2, Making a binomial 
expansion of (1 + /4)?s, retaining up to first order term and extending the 
upper limit to co, we get 


J = Ao & exp (— Bye) (123) 
where we have used « = | q | € and 

lal? _ 1.54x10-8 4 

A = “gra хоро amp/m* (124) 


2m 


: a sm 
By = Y l4 1^ (m o : = 6.85 X 10? s volts/m (125) 
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Ф = Ф/| q | being the work function measured in electron volts. Equation (123) 
is known as the Fowler-Nordheim field emission formula and agrees with 
the experimental data. Notice that the field emission (or, sometimes referred to 
as cold emission) is due to the tunneling phenomenon and hence is a purely 


quantum mechanical effect, 
SOLUTION 13.16 


Referring to Fig. 13.9, in region V, (i.e., x > b), 
and hence the wave function would be of the form 


фу = ехр [ (к dx *3)] 
b 


x x 


we have an outgoing wave 


a TEL соз ( | kede + =) + isin ( [код ax + Z (126) 
' 4k (| 4 ) (р 4 )] 
which would go over to [set Eqs. (18) and (19)] 


x 


8 456 exp(— f dx) n 3 û exp (ЁК ax) | (127) 


where 
га [-| ө] 
Thus 
eie n ет) te fag) 
- e[ Gm) (ns 3) 
—(F sin a + cos cos (fr -4)] m» 
where 


‚= pon 3 p (129) 
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We again use the connection formula to obtain 
x 


Фи = Jk [G- созк — i sin :3 exp ( d dx) 


x 
(за + 5 cosa) 5 exp 3 к(х) dx) 
4 р —b 


and 
—b 
hr = zoll. -— sin «) se k(x) dx + m 
—b 
-(4 sin а + j cos « ) sin ( | k(x) dx + Е) 
"o rt 2соза —i( $ + = ED 
әр f i юа т }+ +(#- F ) sin x 
-b 
wo [ifiwe + T 3 
Thus 
Т= 4 
[ 4 cost « + (a+ ч) sate | 
and 
aee c 
4 costa + (+ 7 ) int | 


Notice that R + T = 1 and further T = 1 (and R = 0) when 
«= Nr 


+a 
or f k(x) dx = (N + ф) т 


—а 


(130) 


(131) 


(132) 


(133) 


(134) 


(135) 
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This result may be compared to the transmission resonance corresponding to 
the square well (see Sec.. 19.5.2). It may be noted that for a single barrier of the 
type discussed in Sec. 13.4 the transmission probability is usually extremely 
small; however, we have just shown that two such barriers with a potential well 
in between can be completely transparent. This is due to the destructive inter- 
ference of waves similar to that occurring in a Febry-Perot interferometer. 


SouLTION 13.17 
25 exp (—2J) (136) 


where 


a 
_ [ 2mzze yn 1 1 ya 
hee Ge ) =) gl 
R 


Making the substitution r = a cos, we readily get 


72 (Za) "| cosi (&y"-( R- Е )] (137) 


where a (= zZe*/E) represents the turning point (see Fig. 13.10). Now, if the 
speed of х particles inside the nucleus is — then the rate of hitting the barrier 
~v/R. Thus the probability per second of escape (which is the inverse of the 
mean life time) is given by 
l AMD 

Duc R e (138) 
Since* v ~ 10° cm/sec and R ~ 107° cm, v/R ~ 10% sec, Further, for low 
energy « particles, R/a « 1 so that the quantity inside the square brackets in 
Eq. (137) is zz 7/2. Thus 
те? Y 


J a nae ( 7 


where a = e*/fic = 1/137 is the fine structure constant. Thus one may write 


(139) 


logy += €, — © Yr (140) 


which can be shown to have a fairly good agreement with experimental data 
(see, e.g., Hyde et al., 1964). We conclude by noting that the effect of introduc- 
ing the term / (J + 1) £%/2mr? in V(r) is not very great, because, e.g.; for | = 5, 
the value of « changes by a factor not more than 10. 


*This follows from the uncertainty principle 


6 x 10-27 erg-sec 


~ h 10? cm/sec 
o~ mR ~ (FX 1840 x 9 x 1075 g) X 10-12 em ^ | 
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SOLUTION 13.18 
The potential energy of the « particle is of the form shown in Fig. 13.10. 
We look for solution in region ШІ which represents an outgoing wave. Thus 


un (r) — E exp [ i f k(r)dr + i i] (141) 
a 


where the constant е’ 4 has been introduced for convenience. Expressing in 
terms of sine and cosine functions and using Eqs. (18) and (19), um (r) goes 
over to (in region IT) 


r 


ип = 52 (е )+ z Tew(« | «mar )} 
R 


R 
(142) 
where 
T ер [-J «О ] (143) 
R 
ип (r) would go over to [sce Eqs. (16) and (17)] 
«102 ^ у; 
ul (r) = wit sin (f kdr + i) т Т соѕ (| kdr + =} 
R 

= i sin (| k(r)dr + 3) (for T < 1) (144) 


where N = 2А/Т. Now, the boundary condition u (0) = 0 (otherwise y = u (r)/r 
will go to co) gives 


sin [ho dr + x] =0 


ог 
R 


[ко а= (n- 4) mi n= 12... (145) 
0 


Which would be satisfied for certain values of E which we denote by E,. When 
- the energy of the particle is slightly different from Er, we may write, for u, (r) 
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R 
uf = Se sin ( [kar + F—0) (146) 


F 
Now, we may write 


ke kr + (S) (E— E) 


E EEE 


Mr 
ho, 
‚ where v, (= Ñikr/m) is the velocity. Thus и (0) gives 
R R i 
: + T. 1 
sin( [kr ar + F +E- E» „к= в) =о 
0 oris 


which will be satisfied if 


[s EXE ч (147) 
where 
R 
"P [ж (148) 
0 X T 


Let us now obtain, from the connection formulae, the wavefunction uf and TL 
corresponding to Eq. (146). Writing 


R R 
E _ NE а ees TRE 
u = У соз sin ({ kdr + i) sin 0 cos це le J] (149) 
we get 
a а 
ий = pes cos 9 exp (ko dr) — E exp ( -| x(r) dr Jl (150) 
r » 
and 
r 2 ө г 
Е Ney T Y 2in9. т 
ul ua ve [reto | rar + z ) – 22 ае t4 )] (151) 


From Eq. (151) it can be seen that unless sin 0 = 0, the second term can be 
very large so that.the probability of finding the particle outside is large except 
at certain energies E = E, (0 = 0). Rewriting this equation in the form 

r 


ui = JE 4 cos | ke) dr + + 3 | | (152) 
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we get 
_ { cos* 0 4028 ju à 
А= (2 T + 51п? 9 апа (153) 
tan 8 = Ж-{апф (154) 
T3 


Notice that for small values of T, as 0 goes from negative to positive values 
(i.e., as the energy E passes through resonánce) tan 8 changes rapidly from a 
large negative value to a large positive value, so that 3 changes by т. We may 
write, for small values of 6 


T Sa tog 
Ass ae 4 Ti (155) 
The current of « particles in region III is 


vår 


ER 2 
=o|Nep EL, 1 S INe 228 да (156) 


Thus for а unit current of a particles 


A= کے‎ 
2xh | Ng È 


At resonance 0 — 0 so that 


| dun 
Hs, Po эк, 
Thus 
Ne (4)8.. ® 1602731 
xe] Гане om 
Let к now build a wave packet to Tepresent the « particle withinr = Rat 
? = 0, 


и (0,0) = [ uE (r) «(E — E) dE 
+e 
E [ иё(у) (е) de (158) 


where € = E — E, and $(&) will be large only near the region E = E,. We 
have 


ys 


$(2) = | u€* (r) u (r, 0) dr 


(159) 
0 
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where we have used the relation 


Jue” © vé) dr = xe — e) (160) 
The time development of the wave packet is given by 
Te 
u(r, t) = | пе (у) eB (E — Ej) dE (161) 


The probability W(t) that the « particle is still in the original state is given by 


W(t) = 


К 3 0) u(r, t)dr | ЕМ I $) e iF ael (160) 
0 —o 


where we have used Eq. (160). ф(&) may be evaluated from Eq. (159). Now, the 
initial wavefunction и (r, 0) is very nearly a stationary state (© = 0); on the other 
hand, иё (r) differs slightly from the stationary state; therefore we may write 


2 71/2 
ве) = |1 ER) (163) 
Thus 
+e —iét/B E 
W(t) а | tesa de (164) 
га i] 
Im € 
Re & 


Fig. 13.12 The contour of integration, 
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This integral may be evaluated (for t > 0) over the contour indicated in the 


complex e plane (using Jordan's lemma). There is a simple pole (see Fig. 13.12) 
within the contour at 


4% 
Evaluating the integral we obtain 
W(t) a | ett |! = єч 


(165) 
where `ò 
1 ТА 
AU ORT (166) 


This result may be compared with Eq. (138). 
SOLUTION 13.19 
Let us rewrite Eq. (151) in terms of ingoing and outgoing spherical waves 


r 


"T TE (= r4 amt) exi ( | kai + a ) 
a 


z- 


лыо. 


а 
Let us examine this in the neighbourhood of resonance, i.e., for small values of 


(=). Thus 


cos 0 2isin 0 


AT € 2i 
2 TE T SIETE” (5 =F) (168) 
where 
kT? 
T= Ire 
Therefore, 


ғ 


= JF (е - 5 )ص(‎ + | kdr + 4) 


а 


ct (e a 5 x aba d 4) (169) 
a 
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We may write the exponents as 


r b r 
| za = | kar + | kar 
a a b 


Assuming that for r > b the potential tends to zero, k remains-constant and this 
gives 


E c ir ir 
gp——— — — i = —i - 
ш ee. {(e 7 ) exp (Кт + {е + 5 Je i (kr 4 »} 
(170) 
consider now a plane wave of unit flux, which undergoes no scattering. 
1 г! | 
9 = fis О 


The / — 0 part of this wave can be written as (see Appendix N and Eq. 11 of 
Appendix H): 
1 ei*r m ein 


tog de 2 

or 
DUI, I; r 

u= тте [e - e] : (173) 

Thus unit flux corresponds to an ingoing spherical wave 
WERT ; 

— ast jd (174) 

We can make this agree with Eq. (170) by requiring 
im gis 
TEM i mon co 175, 

C= кит (GF TA E 

The wavefunction is now 
1 RAS Leiter ВИР) the 
uy Qiu [ еї" 038 EIA e “| (176) 


$0 that the outgoing scattered waye is the difference between Eqs. (176) and 
(173). Thus 


1 (€ — iT/2) e5 
tise = eel Dru (177) 
The scattering cross-section is 
do = v | sc d0 
= v | usc P dQ 
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The total cross-section is given by 
ees HE 8i2 в 1 E 
k? | e +iF/2 
_ 4n (езіп 8 — T'/2cos 8)? 
Picks (& + 17/4) (178) 


for energies far away from resonance 2 >T and 


4x. 
o= a sinê (179) 
while for small 8 and small € 
т г? 
(180) 


o= pery T/4 


CHAPTER FOURTEEN 
Hydrogen and Hydrogen Like Atoms 


14.1 Energy Levels of Hydrogen: Relativistic Effects 


We have seen (in Sec. 5.3) that the non-relativistic theory of the hydrogen atom 
gives for the energy 
En = — En (4)= -B$ ev 

so that the energies are independent of the orbital angular momenta / and the 
magnetic quantum number m. Аз already mentioned (see Sec 5.3), the / degen- 
eracy is peculiar to the Coulomb potential. Indeed, in the relativistic theory of 
Dirac, this degeneracy is lifted. An approximate treatment of relativistic effects 
already shows how this happens (see Problem 11.12).* 

The observed spectra of hydrogen show that further features are to be incor- 
porated. The most important of these is the spin orbit correction to the Hamil- 
tonian 

Hy = E(r)L+s 
With this addition, L and s no longer commute with the Hamiltonian, But 
J = L + s does commute so that the good quantum numbers are (see Problem 
11.12). 

Ls,j and m =m + ms 
Here т is the eigenvalue of Js. For a free atom spherical symmetry still ensures 
m degeneracy so that the energies depend only on /, s and j. 

The splitting of a particular level due to the spin orbit interaction is called 
the fine structure and is worked out in Problem 11.12. Referring to Fig. 11.4, 
it can be seen that the magnitudes of fine structure splitting and relativity effect 
are of comparable order and some 105 times smaller than the spacing ofn =1 
and п = 2 levels. 


14.2 Fine Structure of Hydrogen in Dirac Theory 


Dirac's relativistic theory predicts (see Sec. 23.10; see also Problem 11.12) for 
the hydrogen atom energies 


E лз =] 
En = me [1-39 = TA >) 


Here a = et[ hc, the fine structure constant and the energy Еп,» includes the rest 
energy of the electron. 


*This can be understood qualitative'y from the Sommerfeld model of elliptic orbits. For 
these, the velocity of the electron is not constant and the mass changes differently for differ- 
ent orbits with the same л. 
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Ge 15240 


eco 0.365 


(Numbers in eni!) (Not to scale) 


Fig. 14.1. Level structure of the hydrogen atom, 


The point to note in this formula is that the energy does not depend explicit- 
ly on /so that levels with a particular rt and j value will be doubly degenerate 
with | = j + } for the two levels (except for / = 0 ). The experimentally obser- 
ved level structure is shown in Fig. 14.1 for n = 2 and n = 3, The level splittings 
are shown in cm~ along with their spectroscopic levels. (For example *Dys 
means 2s + 1 =2, i.e, s = $; l= 2 and j = 3/2). 

The discovery that 2 *S;;, level lies about 1058 Mc/s* above the 2 *P,). level 
was made in a crucial experiment by Lamb and Retherford in 1947 and it led 
to important theoretical developments in quantum electrodynamics. 


14.3. Alkali Atoms 


Next to hydrogen, the simplest spectra are those of. alkali atoms, viz. Li, Na, 
К etc., which have a single s electron outside closed shells. An oversimplified 
picture for these atoms would be to think of the singie electron moving in à 
Coulomb field in a hydrogen like orbit with m > 1. For example, sodium 
(15125325535) may be thought of as an atom with 3s electron moving in the central 
field due to a single charge, the ten electrons in the closed shells shielding the 
nuclear charge. The ionization potential of sodium, in this picture, wouid be 


*For such small splittings, it is conventional to quote the frequency v rather than the 
energy hy, 1 Mc/s = 4.14 x 10-9 eV, i 
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Fig. 14.2. Energy levels of Na for the n=3 and n—4 states of the valence electron. 

1/r (13.6) & 1.5 eV which is much smaller than the observed value of 5.1 eV. 
The reason for this large discrepancy is that the 3s electron wavefunction yields 
a finite probability for being close to the nucleus when the potential it sees will 
be due to an incompletely shielded nucleus. Thus the effective potential expe- 
rienced by the 3s electron is not really —e/r as in the case of hydrogen. 

The result is that the levels ofalkali atoms, while showing qualitative features 
of hydrogen, exhibit certain important differences. Fig. 14.2 shows the energy 
levels of Na for the п = 3 and n = 4 states of the valence electron. 

Note that the 3S and 3P levels are no longer degenerate. Moreover, each of 
the levels, ЗР, 3D and 4P splits into a pair with j = / + 4 and 1 — $. The level 
Spacings are indicated. 

A comparison of the energy levels of hydrogen, lithium and sodium is worth 
a study to bring out the broad features of hydrogen like atoms. Figure 14.3 
shows some levels (only the и, Г values are indicated). 


Hydrogen| Lithium Sodium 
Ons 5р Sd St 5d 5t 
-1 ——4 |45 4p 4d 4t|5s 5р 44 4 
27 5:531 3s 4s £P 34 
23 2 3р 

—2 
E (eV) -4 
-5 2s 3s g 
-6 
-13 
ETA emet 


Fig. 14.3. Broad features of the energy levels of hydrogen, lithium and sodium. 
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One notices that the 2s level of Li and the 3s level of Na are very different 
from the п = 2 and п = 3 levels of Н. At the same time the.2p level of Li and 
the 3d level of Na are almost at the ‘right’ places, i.e., the corresponding values 
of Н. Indeed, for large values of / the energy levels seem to follow closely those 
of hydrogen. To understand this, we remark that the radial wavefunctions, 
for small r, behave like г! so that for large values of /, there is little probability 
for the electron to get close to the nucleus. On the other hand, for large r, the 
nucleus is effectively shielded by all the other electrons so that the outermost 
electron moves in near hydrogen like orbits for large /. For this reason, it is 
customary to speak of penetrating orbits for small / and non-penetrating orbits 
for large |. As we had remarked (footnote on page 136) it is the large / orbits ~ 
that ought to be pictured as circular orbits. i 

Each of the levels (except the S levels) is a doublet with a splitting propor- 
tional to Ё (г) L -s due to the spin orbit interaction. Although the expectation 
value of (L - s) increases with /, the value (ë (г) у decreases rapidly with | во 
that the doublet splitting becomes quite small for large /. 


14.4. Selection Rules 


The experimental source of information for deducing the level structure discus- 
sed, is the observed spectra arising from transitions from one level to another. 
"These transitions are dictated by certain selection rules, the most important for 
atomic spectra being the ones for electric dipole transitions. These are 


М= +1,  Aj=0,+1 


for the changes in these quantum numbers from the initial to the final atomic 
state. (The derivation of these rules is given in Chapter 21). A classic example 
in Na are the ‘D’ lines easily observed in optical spectroscopy, the transitions ` 
being 3?P,,, and 3 ?2Р, у; to 3 Sa. 

А most important consequence of these rules for hydrogen arises for the state 
2512. Transition to 1S state is forbidden and the transition probability to 2 3P,,s 
is negligible due to the very small energy difference. Thus the 2S state is meta- 
stable; in the Lamb-Retherford experiment this property was used to separate 
atoms in this state although considerable care was required to prevent 
2S, —2P,,, mixing due to small perturbations. 


14.5 Hyperfine Structure 


The term hyperfine structure was used, initially, to describe extremely small 
splitting of spectral lines. For example, a line in Bismuth at 3596 A wavelength 
was found to contain six components within about 300 А. All effects causing 
such a splitting (magnitude and number) were included in a consideration of 
hyperfine effects, as for example the isotope effect, due to the sample containing 
more than one isotope. 


————————————————————————— 
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The term is now used to describe interaction between a particular nucleus 
and the surrounding electrons. The interaction is then between the electric and 
magnetic moments of the nucleus and the electric and magnetic fields at the site 
of the nucleus due to the electrons*. 

In this chapter we shall describe the hyperfine splitting of hydrogen— pri- 
marily, the ground state. This splitting is due to the interaction of the magnetic 
moments of the proton and the electron associated with theirspins. An estimate 
may be made from semiclassical considerations. The energy of a pair of paral- 
lel magnets separated by a distance r is ~ p us/r*, where p, and р, аге magne- 
tic moments. Using this to estimate the energy we have 


eh eh NL 
A Ey (28 эс )( лс) +) 


` where the first factor is the proton and the second, the electron magnetic 


moments. Taking the average ( 1/r* ) ~ Maj (see Appendix J) where a, is the 
Bohr radius, one obtains 


A Ens ~ 150 MHz 
А more careful quantum mechanical calculation gives (sec also Problem 18.6) 


A Ent = F рерр [4 r фт (0)] 
in energy units, the negative and positive signs corresponding to parallel and 
antiparallel spin alignment. Here ф (0) is the 1S wavefunction at the origin, 


This gives 
A Ent ~ F 600 MHz 


The experimentally observed splitting of 1420 MHz** is somewhat larger than 
this and has been well accounted for in a more careful calculation based on 


Dirac theory. 


*The idea that the energy of the atom is the sum ofa nuclear energy and a portion ‘belong- 
ing’ to the electrons is a fiction of our making, but a convenient fiction at that because the 
scale of energies of the two is so different. It has become possible to study the hyperfine inter- 
altion both from the nuclear and atomic spectral studies—the enormous accuracy of energy 
measurement in such methods as Mossbauer spectroscopy has made this possible. Evidently, 
a study of hyperfine interactions is then a tool to explore nuclear properties or the field due 
to the surrounding electrons ‘depending on which we know better to begin with. Indeed the 
growth of the subject may be judged by the fact that an annual international conference on 


hyperfine interactions is now the source of an enormous amount of data. 
ntally to a precision of about 2 parts 


** Actually, this value has been determined experime: 
in 104, 


CHAPTER FIFTEEN 


The Helium Atom and the Exclusion Principle 


15.1 Introduction 


Schródinger's equation, as we have seen in Chapter 3, gives the same energies 
for the hydrogen atom as the Bohr model. It.is only when we consider many , 
electron systems that new effects are manifested, the most important being those 
due.to the Pauli exclusion principle which is fundamental to an understanding 
of the building up of the periodic table. In this chapter, we shall first consider 


15.2 The Independent Particle Approximation , 


The potential energy of the helium-like atom 
the electron nucleus interaction: namely, 
trons. The Hamiltonian is 


PL pl 207 20 a 
Ди 2m oM n nt 


contains ап extra term, apart from 
the repulsive energy of the two elece 


Ta 
ТАГ, Ze Ze a* 1 
~~ am vite 2 ze, Ч 
Неге, T, and г, represent the co-ordinates of the two electrons w 
the nucleus (which is assumed to be Stationary) and г 
tance between the two electrons (see Fig. 15.1) for the helium atom, Z — 2. 
Now the term "/r;2 is of the same order of magnitude as the other two terms in 


the potential energy; nevertheless, we shall begin by neglecting it. (We shall see, 
later, how to incorporate this term) i 


ith respect to 
= |r, —r| is the dis- 


Iu 
-e 
7 


КЕ 
5 
ге 


Fig. 15.1 The helium atom Consists of a nucleus of charge 2e and two electrons, 
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may be separated by writing 


u(rs, rs) = и. (в) u, (т) G) 
giving identical equations for u, and иь 
+? Ze 
(- 2m vi- mi ) иат) = Ea ua (т,) (4) 
n Ze 
(- Evi- E) ue) = o e 9 
with — E- Е.ф E, (6) 


Equations (4) and (5) tell us that the two electrons 1 and 2 move independently 
of each other and the total energy of the system is simply the sum of the ener- 
gies of the non-interacting electrons. 

Since Eqs. (4) and (5) are the same as for a hydrogen like atom, the solutions 
are immediately written down (see Secs. 5.2 and 5.3) 

Ua (rj) = Ray, (ri) Yim, (0, Ф) (7) 
and a similar one for up (ra). A particular eigenstate is characterized by specify- 
ing a and b, i.e., by specifying the two sets of quantum numbers m, l, m, and 
Nz, D, ту. 

Similarly, the energy eigenvalues can easily te written down. Both Ea and Ey 
would be of the form* 


Z! met z: 
no BEB, o 
where А 
те! _ 13 05eV (9) 
e 


represents the ionization energy of the hydrogen atom. In this approximation, 
then, the ground state is the one with both electrons in the 15 state (designated 
as the 15? configuration), the total energy being (for Z — 2) А 

—4Eg — 4 Ey = —108.8 eV (10) 
This is to be compared with the observed value of —79.0 eV. 


15.3 Electron Interaction Energy 


One way to estimate this is to regard e*/r,; as a perturbation. The first order 
correction to the ground state energy 1s, then 


.et 
( 27524 Jj ufo o (Fı) uioo(r2) [rent Шоо (Fı) оо (Fa) dt, d, (11) 
Tis 

* iltonian given by Eq. (1) assumes infinite mass of the nucleus. The effect of the 
Es лена can be approximately taken into account by replacing the electron 
mass т by the reduced mass u (= т Mj/(m + M )) where M is the mass of the nucleus—see 


Problem 15.6 (cf. Sec. 5.2). 
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which has been evaluated in Problem 15.1, the result is 


(E ) = Î Z En = 34.02 eV (12) 


Ta 
Where we have assumed Z — 2. Thus the total energy is — 74.8 eV, only 4.2 eV 
above the experimental value. Such a large ‘correction’ makes the perturbation 
approach suspect and we turn to other methods. 


15.4 Variation Method 


The effect of the repulsive term, e*/r,,, is to reduce the nuclear attraction on 
each electron. One way to accommodate this is to assume hydrogen like wave- 
functions corresponding to an effective nuclear charge Z', which will be assum- 
ed to be a variable parameter. Thus, we assume the (normalized) wavefunction 
as (cf. Eq. (60) of Chapter 5] 


z^ 1 г 
$ (г, г) = (a ) e-Z'rilao g-Z'raíoe (13) 


The Hamiltonian, however, remains as in Eq. (1) with Z asa fixed number; for 
He, Z — 2. We have to minimize the integral (see Secs. 12.2 and 12.4). 


Е(@)- f e[- wit vb -ze( ++) 


e 
+ | ¢ am) dr drs (14) 


which has been evaluated in Problem 15.2. The result is 


E(Z') = [- 227 +. AZ (2 Ду 5. 2" ] Eg (15) 
The minimum of £{Z’) occurs when 
Z-Zg-Z- ipe16 (16) 
so that 
= —2Z Ен 
= — 76.2 eV (17) 


Other trial functions (having more complicated forms) have also been used, 
some yielding values within 0.017; of the observed one—see Table 12.1. 


15.5 Exchange Degeneracy and Identical Particles 
In Sec. 15.2 we saw that in the independent particle model, the wavefunction 
Ua (гу) Up (ra) (18) 
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is а solution of the Schródinger equation corresponding to the energy E — 
Е, + Ey. Since the Schrödinger equation [Eq. (2)] is completely symmetrical in 
the two electrons, it is obvious that the wavefunction* 


Uy (т,) иа (ту) (19) 


is also a solution of the Schródinger equation corresponding to the same eigen- 
value E, + Ey. Thus we have a degeneracy which is known as the exchange 
degeneracy because it arises due to the possibility of exchanging the two elec- 
trons**. We could also construct the linear combinations = 


u= >| ue (r) (ы) + ue (e) ] (20) 


кш vi [ б) (ы) — и, о ] (21) 


which are also solutions of Eq. (2) belonging to the same energy E; + Ej; the 
factor 1/4/2 has been introduced so that the wavefunctions are normalized. 
The solutions u, and u- are known as the symmetric and antisymmetric solu- 
tions because when the indices 1 and 2 are interchanged, u, remains the same 
whereas u- changes sign. We will shortly see that it is essential that we use 
either the symmetrical or antisymmetrical solution rather than solutions given 
by Eqs. (18) and (19) which are neither symmetric nor antisymmetric. This is 
due to the indistinguishability of identical particles like electrons. It may be 
mentioned that in classical mechanics, identical particles are always distinguish- 
able in the sense that it is possible to keep track of individual particles. How- 
ever, in quantum mechanics, since it is not possible to keep track of individual 
particles (without disturbing the system), identical particles are indistinguish- 
able. Thus considering a two electron system, if the two electrons are interchang- 
ed, we must get the same wavefunction except (possibly) for an unimportant 
phase factor***, i.e. 


u(r, Fs) = eff urs, F1) (22) 


where ¢ is a real constant. Now, if Py, represents the particle interchange ope- 
rator then 


Р u(r,, ra) = urs, гу) Q3) 

*The wavefunction given by Eq. (18) corresponds to the state where the first electron is in 
the state a and the second electron in the state b whereas Eq. (19) corresponds to the first 
electron in state b and the second electron in state a. 

**The exchange degeneracy exists as long as we neglect the electron-electron interaction. 
If the interaction between electrons is taken into account, the levels, in general, will split up 
(See Sec. 15,6), 

***One could also argue that the probability of finding the frst electron at r; and the second 
electron at ry must be equal to the probability of find.ng the first electron at г, and the second 
electron at r; giving 


| (rı, га) |" = | (ra, rı) |? 


Which would lead to Eq. (22). 
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and Pf, u(y, fa) = Р urs, г) = U(f, Ta) (24) 
Further 1 
Р? u(r, Fa) = Р, (г, ту) = e$ P, u(r), Fa) 
= e$ u(rs, г) 
= e u(r, Fa) 
Thus  &'$—--1 оге = +1 giving 
ur, Ta) = - urs, т) (25) 
This equation shows that the wavefunction should be either symmetrical or 
antisymmetrical with respect to the interchange of the indices. 
It may be mentioned that if the two particles are in the svmmetric (or anti- 
symmetric) state then they will remain ір the symmetric (or antisymmctric) state 
for all times. This follows from the Schródinger equation 


D 1 

b a Ж НАУ. (26) 
implying that ¥ has the same symmetry as ¥ [because H is always symmetrical 
with respect to the change of indices as the twò electrons are identical; see, e.g, 
Eq. (1)). Hence if Y'(r;, To t= 0) is symmetric then it will remain symmetric at 
At and so on. 


15.6 The Pauli Exclusion Principle 


Till now we have not considered the spin angular momentum associated with 
the electron. We denote the spin functions by | X. ) where | y+ ) and | x ) 
represent the spin up and spin down states*, For the two electron system, the 
spin functions are | 7... (1) ) and | xa (2) ) where the numbers in the paren- 
thesis refer to the first and second electron. Because of the indistinguishability 
of the electrons, we must construct appropriate linear combinations which are 
either symmetric or antisymmetric with respect to the interchange of indices; 
these states are denoted by 


Ix) = D Ox 0) = [1121) Qn 
IX) 1x-0-0) = 11424) 
14) = d [peo + Г 2)) | 

= gzl ita >+ 114217 [ (29) 
d= ys [i Ox @) - 0 ] 
= 5 mona] G0 


* Thus, if the electron is in the spin up (or spin down) state then the measurement of the 
z-component of the spin angular momentum will lead to + 1h (or — yh). At some places it 


will be convenient to designate the states | x +) and 1x-j as | t) and |} ) respectively. 
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the first three functions being symmetric and the last one being antisymmetric. 
The first function, for example, corresponds to both the functions being in the | 
spin up state and so on. 

Now, in Sec. 10.3 we had seen that the first three states (known as the triplet 
state) correspond to total spin S = 1 and the fourth state (known as the singlet 
state) corresponds to the total spin 5 = 0; in Eqs. (27)-(29), Xf, X? and x; 

correspond to S = 1 (with m, = 1,0, — 1) and x, corresponds to S=0. 

We consider the ground state (15?) of the helium atom. The total wavefunc- 
tion will be 

130g (Fı) ioo (2) (31) 
multiplied by the appropriate spin function. Now, it is an experimental fact 
that the ground state of the helium atom does not split up in a magnetic field; 
consequently it must be a singlet rather than a triplet state, T.e., we must have 
the following wavefunction representing the ground state 


ине (Fı) tog (t) 3 [xe 02-042 002 (0) ] (32) 


Thus the ground state wavefunction is antisymmetric*. Analysis of higher ex- 
cited states of helium (and also of other atoms) shows that the wavefunction 
for a sysiem of electrons must be antisymmetric with respect to the interchange of 
two electrons. Consequently, if the space dependent function is symmetric then 
the spin function should be antisymmetric and vice versa. The general wave- 
function (for a 2 electron system) should therefore be of the form 


v= al $0980 - WO 42 | (33) 


where the subscripts a and b include the spin state, i.e., they represent п, I,m 
and ms. It is obvious that if а = b (i.e., if both the electrons have the same set 


of values of n, l, m and m,) then 
ф= 0 


Which is the Pauli exclusion principle** according to which in an atom no two 
*Th d state is denoted by 155. The superscript 1 denotes a singlet (total spinz-0), 5 
denotes, in o) the SBE BÎ 0 іѕ us indicate. J = Ò. It is unfortunate that an S state here may 
be confused with total spin; certain conventions have to be adhered to, however! 

on that Pauli had put forward the exclusion 
idt had introduced the idea of the spinning electron. 
f the spectra of alkali atoms and of the anomalous 


values of all antum numbers. Pauli in his Nobel ‹ i ns th 
Sicists found оаа to understand the exclusion principle, since no meaning in terms of a 
с0а was given to the Tourin ect и ее дш 

eck a idt's idea of the elec 1 ) 
meii UO | Qd by assuming that the spin quantum number of one electron is 
4 and that the quotient of the magnetic moment (0 j 
the spine value twice as large as for the, ordinary ог 
on the historical development, the reader 1* F ү : 
the original article of Pauli has been reprinted in Ter Haars book. 
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electrons can have the same set of values of the four quantum numbers п, |, m 
and ms. Thus the antisymmetric nature of the total wavefunction leads auto. 
matically to the Pauli exclusion principle. 

For a system of N electrons, the antisymmetric wavefunction is given by the 
Slater determinant | 


Ya, (1) Ya, (2)..... Ya, QV) 
Va, (1) Ф, (2)..... 
M í ( й (34) 


desiit Yay (N) 


It is immediately obvious that if a 1= а; then the two rows would become the 
same and the determinant would vanish. 

Particles that are described by antisymmetric wavefunctions are known as 
Fermions and they are Said to obey Fermi-Dirac statistics; examples of such 
particles are electrons, protons, neutrons, etc. On the other hand, particles which 
аге described by symmetric wavefunctions are known as Bosons and they obey 
Bose-Einstein Statistics; examples of such Particles are photons, pions, etc. Pauli 
has proved that particles with half integral spins are Fermions and particles with 


integral spins are Bosons; the Proof is, however, much beyond the scope of this 
book. 


15.7 Excited States of Helium* 


For the first excited State, we have the possible configurations 1s 2s and 1s 2p. 
Once again, if we ignore the electron-electron interaction, we have the indepen- 


dent particle model and the spatial part of the wavefunctions would be of the 
form 


шоо (Fı) из» (rj) (35) 


Where I = 0 for 2s and J = 1 for 2p states, This wavefunction, however, does 
not have the symmetry Property required and the correct combinations are 


“= 3 #100 (F1) Hato (Fa) + шо (Fa) tài 2] (36) 
апа 
u= 7 Гаь (rı) ипо (т) — Uio (т;) Uno e» | (37) 


(For the ground state 15* configuration, u- would vanish identically). 


*The ground state of lithium and the corresponding exchange correction has been discuss: 
ed by Flugge (1971). 
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We now incorporate spin wavefunctions. We have already seen that the sing- 
let state | x.) is antisymmetric and the triplet state | y) is symmetric [see Eqs. 
(27)-(30)]. In accordance with the exclusion principle, only the following anti- 
symmetric combinations are permissible 


be = «+ | Xa) (singlet) (38) 

= и |х) (triplet) (39) 
where the subscripts s and f refer to the singlet and triplet states respectively. 
Now, if we ignore the interaction of the electrons, these four states are degene- 
rate; its inclusion lifts the degeneracy. Qualitatively, we can see this as follows, 
For a space symmetric wavefunction, there is a considerable probability for the 
two electrons to come close together (i.e., u, can be large for г, zz r,) whereas 
for the space antisymmetric state, this probability is quite small. Thus, the repul- 
sive energy of the two electrons gives a larger positive contribution for u+ than 
for u_. One, therefore, expects triplet states to lie lower than the singlet ones, 
We must emphasize that this difference in energy is not due to spin dependent 
forces but is a consequence of the exclusion principle and the electrostatic inter- 
action of the two electrons, 

The configuration 1525 gives the singlet state 15, and the triplet 3S, since we 
have L = 0 and S — 0 or 1, the subscript gives the J value. One can estimate the 
difference in their energies by a perturbation calculation. The first order correc- 
tion to their energy is 


AE, = [fje 2 us dr, dra (singlet) (40) 
11 
Abe ffe Eu dis di, (triplet) (41) 
12 
where 
га = | Fı п | = га 
Since* 
(1) =1 = ux) (42) 


and since e*/r,, does not involve spin, only the space part of the wavefunction 
appears in the perturbation calculation. Next, we substitute for u, and u- [from 
Eqs. (36) and (37) with / = 0] in Eqs. (40) and (41) to obtain 


AE, = Jo + К (43) 

AE, = АКЪ (44) 
where 

h= е? ff uoo (Fı) ибо (га) z Uro (Fı) Изо (£a) 47, drs (45) 
and 

K, = е? || uio (т) иф» (Fs) E oo (Ts) зш (ту) ту da та (46) 


"It is because of А relation (х, | гу) = 1 that the perturbation to the ground state 
energy will be simply Eq. (11) although the ground state wavefunction is given by Eq. (32). 
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'p (singet) 
| 3p (triplet) 
2,0 
| is. (singlet) 
p 53 (triplet) 
JK; i) 3 
J+ Ke 
| Jake 
Ur 


(00,21) 


Fig. 15.2 Тһе splitting of the first excited state of the helium atom. 
and in arriving at Eqs. (43) and (44) we have used the fact that in the integrals 
J, and Ki, we can interchange r; and ry. 
The integral J, (for / = 0) is of the same type as we had encountered in the 
ground state energy shift calculation; the term Ki is known as the 'exchange' 
' integral. The evaluation is tedious but straightforward ара yields 
Jy 9.1 eV. and Кус 0.4 eV (47) 


A similar treatment can be given for the 152p configuration. Since /, = 0and 
I, = 1, L = 1 and for the singlet state (S = 0) J takes the value 1; оп the other 
hand, for the triplet state (S = 1) J takes the values 2, 1, 0. Thus the possible 
states are 

Р, and Paio 
Again the triplet levels lie lower than the singlet state; in fact 
J,£10.2eV and K,zz0.1eV (48) 


The corresponding energy levels are given in Fig. 15.2 (see also Problem 15.4). 


15.8 Fine Structure 


In order to remove the degeneracy within the triplet levels, it is necessary to 
include the spin orbit interaction. This is the interaction between the magnetic 
moment (associated with spin) and the orbital motion of the electron and is 
represented by a term of the form* 


Bers (49) 

in the Hamiltonian. Fora Ar with a particular value of L, S and J, we have 
(155) [70+ 0-2 E+) ssn] (50) 

which gives, 1, — 1 and -~ 2 for the 3P;, Pj, and *P, states respectively. Writing 


*L, S are the orbital and spin quantum numbers of the atom, 


THE HELIUM ATOM AND THE EXCLUSION PRINCIPLE 365 


ar = far (SEG) ¥ G1) 


we have, for the spin orbit correction, 2F, —2T and —4T for the above three 
terms giving the so-called fine structure splitting which is ~10-4 eV. Finally, 
it may be pointed out that there is a further 27 + 1 degeneracy in each of these 
terms which can be removed by the application of a magnetic field. The total 
number of 3P states is 5 + 3 + 1 = 9; this is (28+ DQL + 1)as may be 
expected. 


15.9 Helium Spectra 


In order to compare the foregoing theory with experiment, we have to state the 
rules governing the transitions between the various states. In the dipole approxi- 
mation (to be discussed in Secs. 21.3 and 22.4), it can be shown that no tran- 
sition occurs between singlet and triplet states. As 4 result, the energy level 
diagram of helium splits into two parts as shown in Fig. 15.3. The figure shows 
the energy levels when one of the electrons is in the 1s state and the other in nl 
state. Note the following features : 


L ORTHO HELIUM 


24.632 


1158 "1848 1556 
лез 7534 -144 


۰153p · -1534 
з "1535 Mi - 


22 


.1s2p( 2! P) ; 
л . sp (22Р) 


1825(2'5) 


20 


Fig. 15.3 The energy levels of the helium atom. 
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(1) Singlet levels, belonging to a particular value ofn and I have higher energy 
than triplet levels of the same п and /. 

(2) For n = 2, the difference 1S — 25 is larger than the 1P — ЗР difference, ر‎ 
This is because the exchange integral K for the P state is smaller; there isa 
smalier contribution from those regions where 1/7, is large. 

(3) The states 23S and 21S are metastable. The 2 1S +1 +S transition is forbid- 
den because of the selection rule AJ = +1 for dipole transitions and the 
238 115 for this reason as well as the one mentioned earlier, forbidding triplet- 
singlet transitions. Thus helium exists as two ‘gases’ as it were, parahelium* 
atoms with S = 0 and orthohelium with S = 1; 


PROBLEMS 


PROBLEM 15.1 


Evaluate the integral in Eq. (1 1) and calculate the ground state energy of two 
electron systems like He, Li*, Be** and B+++, Determine the ionization energy 
and compare with the corresponding experimental values which are 24.63 eV, 
15.64 eV, 153.87 eV, and 259.31 eV respectively. 


PROBLEM 15.2 


Evaluate the integral in Eq. (14) and calculate the ionization-energy for two 
electron systems. Compare with the corresponding result obtained by using pere 
turbation theory. 


PROBLEM 15.3 
Using the expressions 


им (т) = (2 ja etr [on (52) 
„ык. 2 em л, 2, 
m= F(Z IO Ren : 
and 
If E Max = 
Фф (т) = (з=) aT frites ci 0 (54) 


evaluate the integrals in Eqs. (45) and (46). [You will have to use the relation 
given by Eq. (63). For Z — 2 show that 


Ja = 9.1 eV 
Ko = 0.4 eV 
J, = 10.2 eV 
Kı = 0.1 eV 


*Some earlier books called it parhelium. 
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PROBLEM 15.4 


Using the values of Jo, Ko, J, and К, obtained in Problem 15.3 draw the energy 
levels of the 1525 and 152p states of helium atom (see Fig. 15.2) and calculate 
the ionization energies of the corresponding states. 


PROBLEM 15.5 


In the independent particle model (see Sec. 15.2), the first excited state of the 
helium atom is 8-fold degenerate* (we are neglecting spin). In order to evaluate 
the electron interaction energy (2/742) we must choose a representation in 
which the perturbation is diagonal. Show that, in order to make H'(—e*/ri;) 
diagonal, we must choose the appropriate symmetric and antisymmetric forms 
[see Eqs. (36) and (37)]. 

(Pauling and Wilson (1935) have explicitly shown this by solving an 8 x 8 
determinant.) 


PROBLEM 15.6 

(a) In the hydrogen atóm problem we had shown that the two body problem 
can be reduced to a one body problem with electron mass replaced by the 
reduced mass. In the helium atom problem (which is a three body problem) 
one can approximately take into account the effect of nuclear motion in the 
following manner. 

If R, and R, represent the position " the two electrons and Е, that of the 
nucleus (of mass M) then 2 Hamiltonian is of the form 


2 
- -p| س‎ 
H wg Ph am (Р? + РЗ) e( R, — Ral 


2 1 
"mir иск) б») 
where 
3 195 
пе [эт tap 221 ] 
= — ق‎ a i=n,1and2 (56) 
Introduce the co-ordinates 
т, = В, — Rs, r, = Ra — Rs (57) 
and the centre of mass co-ordinate R 
(M + 2m) R = MR, + m(Ri + Вз) (58) 


and show that 


Р? 
= 5 ОЙ + tx 
н-т 2m) gol pp Pi‘ Pe 
2 2 1 ) 
{| ur STONE ЭЛЕЕ 
ке: In -ni 6» 


*There will be four wavefunctions like 4,09 (гү) (ra) and four like шг, (Fı) 100 (t2). 
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mM. (60) 


is the reduced mass of an electron with the nucleus. Since M > u the term (1/M) 
Pi? pa will be small in comparison to the preceding term and in the first approxi- 
mation can be neglected. In this approximation, the resulting Hamiltonian is of 
the same form as Eq. (1) except for m being replaced by # and for an additional 
term involving the translational motion of the centre of mass. 

(b) Use first order perturbation theory to show that using a wavefunction 
of the form given by Eq. (3), the effect of the term (1/M) p;* р, is zero. 


SOLUTIONS 


SOLUTION 15.1 


The normalized hydrogen atom ground state wavefunction is given by 
Eq. (52). Thus 


3 
tioo (£i) оо (тз) = « 2 ) ехр [ x 2+] (61) 
Substituting in Eq. (11) we get 
a 
Gi a | etj mis LL E 


Now 


1 ny 

à os 2 (2) P, (cos) огл >r, 

eal cd 1 à (63) 
SS EL 

UR > 3 Р, (cos 9) for rn 2r, 

where 0 is the angle between r, and r, [see, e.g., Irving and Mullineux (1959), 
p. Ec Further, in evaluating the second integral, if we choose the z,-axis along 
Fı, then : 


dt, = r$ dr, sin 6 d0 do 


Introducing 
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we get 


£1 


e. ze if 
GO Xe |у] вав зо, а, ае [= | ef de, e^ 


x I (2) Р, (cos 0) sin 0 d0 dg +f 3 do, es 
1 1 1 5 

x E (£) || P, (cos 0) sin 0 d0 dp ] 
3 2 


1. 


Ze " 4 
= 875 | [feta sin 0, dû, 9, e^ [ Р p €"! dps 


о——2 


«| pa € ** do, ] 
fı 


64 52ےے کے 
"cn Ен (64)‏ 


where we have used the relation 
т 
[n (cos 0) sin 0d0 =2 (ог1=0 (65) 
0 
=0 forl>1 
Thus, according to the first order perturbation theory, the ground state energy 
is given by 


5 EJ ) 
yu — —22%Е т zE-(-2- 3 Z 2E, 


£ (- za i 7 ) x 27.21 eV (66) 


The calculated values are tabulated in Table 15.1. Since the ground state energy 
of a one electron atom is —Z*Ex, the ionization energy is given by 


5 
[(2- 52) 28,28, ]-[2- 42] % (67) 
In Table 15.1 we have tabulated the ionization energy as given by the above 


equation and compared with the corresponding experimental values. It is inter- 
esting to note that the absolute error remains almost the same; however, the 
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TABLE 15.1 


GROUND STATE AND IONIZATION ENERGIES OF TWO ELECTRON ATOMS 


Atom 2 Ground State Difference between 

Energy using lonization Energy Experimental Values 

Perturbation Experi- Perturbation Variational and Perturbation 

Theory mental Theory Method Theory Results for 

[Eq. (66)] value [Eq. (67)] [Eq. (73)] Ionization Energy 
He 2 —T4.83 eV 24.63eV — 2040eV 23.06 eV 4.23 eV 
Li* 3 —193.87eV — 75.64eV — 71.43eV 74.08 eV 4,21 eV 
Bett 4 —367.3eV — 153.87eV 149.66еУ — 15231eV 4.21 eV 
Bret 225 —595.2eV — 25931eV  25509eV 257.75 eV 4.22eV 


percentage error decreases with increase in Z. Physically this is due to the fact 

that for large Z, the term — Ze? (+ + +) would dominate over the term e/g. 
1 2 

SOLUTION 15.2 


Since exp [— Z’r/a] is the ground state wavefunction for a hydrogen like 
atom with charge Z'e, we must have 


it. Ze 
[- н те! $ (Fj, Iq) = — Z8 ЕФ (tay Fa) (68) 
Thus 
E(Z') эй HE 2Z EH + {2 — 2e(« x) 
X 1 1 
e 
+£ ddr (69) 
Tia 
Now 
ME | 2 
«Ё +.) ваа, = 2 [| ELE asas 
pa 1 e 57 
=22' 475, (10) 
апі 
i $ = Ф de, d 5 y 1) 
NR 7163, = 44 E, (1 


[see Eq. (64)]. On substitution we get Eq. (15) and the condition dEJdZ' =9 | 
leads to 


m 


va dE 
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Thus the ground state energy is 
2 
E = -2(2- 3) ey (2) 


and the corresponding ionization energy is 


[2(2 Ê2], o 


which gives a much better estimate than thẹ perturbation theory result (see 
Table 15.1). 


SOLUTION 15.4 
According to the first order perturbation theory the energy levels for the 1s 2s 
and 1s2p configurations are given by 


2 
Wo = (-2 Ен — 2 E,) + Jı Kı 


= —5 Ен + ДЕ Kı (74) 
where we have assumed Z = 2 and the upper and lower states correspond to 
singlet (parahelium) and triplet (orthohelium) states respectively. Substituting 
the values we get 


WE, = — 58.9 + 0.4 eV 


= — 58.5 eV and —59.3 eV (75) 
Wb — 57.8 + 0.1 eV 
= — 57.7 eV and —57.9 eV (16) 
The ionization energies are given by 
Z? Eg — WD zz 4.1 eV for the 15 2s parahelium state (So) ) 
c 4,9 eV for the 15 2s orthohelium state (25) 
f qm 


= 3.3 eV for the 15 2p parahelium state (P) | 
æ 3.5 eV for the 1s 2p orthohelium state (2Р,,1,0) J 
The corresponding experimentals values are 3.97 eV, 4.76 eV, 3.368 eV and 
3.623 eV respectively. 


CHAPTER SIXTEEN 
Many Electron Atoms 


16.1 Introduction 


As we have seen, in the case of the helium atom, exact solutions are not poss. - 


ible even for two electron atoms. However, one can resort to useful approxima- 
tions depending on just which terms in the Hamiltonian can be assumed small, 
We must then not be surprised if these approximations differ as we £o from 


mation and describe the L-S or Russell-Saunders coupling scheme applicable 


particularly to light atoms, Then we £o on to consider, briefly, JJ coupling which 
is useful for heavier atoms although pure examples of it do not occur very 


16.2 The Central Field Approximation 


А suitable Hamiltonian which takes into account the mutual interaction of the 


electrons as well as the spin orbit interaction is 


7 
he 1 1 
i=l Lc 


In Sec. 


18. 
has the form E(r).s and the above isa simple generalization. In the last term 
representing the electrostatic interaction between Pairs of electrons, the injunc- 
tion f < j is to prevent double counting. 
To begin with, we ignore the last two terms in which case the solution of the 
Schródinger equation is trivial. However, it is avery poor approximation as we 
have seen in the case of helium (see Chapter 15), Indeed, the effect of each 


nucleus and the other Z — 1 form a shell 


potential energy to Бе —Ze®/p, 4 constant. For large ғ, on the other other hand, 
the 2 — | electrons effectively shield the nucleus and the potential energy 


approaches —e?/r;; i.e., 
> Ze 
Vo— E + constant, for small гі (2) 
=> — efri for large r, 


Such ап approximation is known as the central field approximation. 
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In a system of several interacting electrons, one cannot talk about the state 
ofeach electron separately. However, the central field approximation permits 
us this luxury and we can assign quantum numbers 7, 1, m;, m,, j and m to each 
electron*. Since, however, the potential in which each electron moves is not of 
a Coulomb type, the energies will depend on п and J. 


16.3 Wave Functions 
The Schrödinger equation in the central field is 


{EIT + Ve) V (m...) = EY (tp Fa, <) (3) 


where Т; is the kinetic energy operator for the ith electron. The wave function 
Y can be written as a product of solutions '¥,(r,) and Eq. (3) is then separable 
into Z equations of the type 


Ur; + Y (r)] Yi (т) = E, ¥, (r) (4) 
Since V is independent of angles, the solutions are of the form 
Tom Row (п) Yu, mi (On Ф) G) 


where n;, l; and m; are the usual quantum numbers (see Sec. 5.3) associated 
with the fth particle. The state of the atom asa whole, is specified by assigning 
these quantum numbers to each electron. If we include spin, then the com- 
ponent of the spin m, ( = + 3) also has to be specified. 

The Pauli exclusion principle demands that the entire wavefunction be anti- 
Symmetric under the exchange of co-ordinates and spin of any pair of electrons 
(see Sec. 15.6). This means that no two electrons can have the same quantum 
numbers. Formally, antisymmetry is satisfied by the Slater determinant 


Ұа (д) Wm (a) © * + ° Ye (Gz) 
Pog (а) Fas (qg) + + + Ра, (42 


-— y UU HS SEE e 


ep erts eoa en a ls (6) 


ауа‏ ا ДА АША И IE‏ کو 


Yaz (д) Yaz (ga) + + + Faz (gz) 


Here ¥«;(q,) is the wavefunction describing the jth electron in the set of 
quantum numbers « and q; stands for the coordinates and spin of the jth elec- 
tron. It can be seen that interchange of two columns corresponds to interchang- 
ing two electrons and will change the sign of Y. If two rows are the same (i.e., 
States are the same), Y vanishes. 

A particular term in Eq. (6), for example, is Yaa (g1) Vag (9), . . . » Yas (92) 
Which corresponds to the first electron in state #s, the second in Ws, etc; there 
Will also be a term Yaa (q1) Yas (gs) . . . corresponding to the first electron in 
State «, and the second in ag, etc. Indeed there will be a term placing each 
electron in every state of the set “1, ... , «7. This means that one cannot assign 


“Here, m, (= +4) is the eigenvalue of sz and m is the eigenvalue of jz. 


y | 
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a particular electron to a particular state. Nevertheless, it is convenient to talk 
of electrons in the 15 state or 3d state, etc. 


16.4 Shells and Subshells 


Electrons with the same principal quantum number ж are said to occupy a para 
ticular shell. These hells are called К, L, M, N, О, etc. according as п equals 
1, 2, 3, 4, 5, etc. The energy levels corresponding to different / but the samen 
value are called subshells belonging to that shell. Subshells corresponding to / 
values of 0, 1, 2, 3, etc. are called s, p, d, f, etc., the labels deriving from an old 
spectroscopic terminology—sharp, principal, diffuse and fundamental. Those 
electrons which have the same values of both п and / are called equivalent elec- 
trons; the maximum number of equivalent electrons is 2 (2/-- 1). 

For example, the electronic configuration for the ground state of boron 
(Z = 5) is 1s? 2s? 2p meaning that the 1s and 2s subshells contain their full 
quota of electrons whereas the 2p contains just one electron. Similarly, carbon 
will be 15% 2s? 2р%, 

As n increases, the energy levels become more and more closely spaced. For 
large values of n, the shells overlap and the order of filling of the subshells 
depends upon / as well as on п. For example, vanadium (Z = 23) has the ground 
state 15* 25° 2р% 35% 3p* 4s? 34° which is usually abbreviated as (Ar) 45? 3d* 
because the element argon (Ar) has the electron configuration 15? 25° 2p 355 3p’. 
We would expect chromium (Z — 24) to be in (Ar) 4s? 3d* but instead it has 
the configuration (Ar) 4s 34°. The ground state electronic configuration of all 
us vag is discussed in books on atomic spectra; see, for example, White 

1934). 


16.5 Hartree's Method of Seif Consistent Fields 


An important method for obtaining a suitable central field is due to Hartree. 
In this method, a suitable function V(r;) is first chosen with a property close 
to that given by Eq. (2). The single particle states ve are then obtained by solv- 
ing the Schródinger equation. Now, the part of the potential due to all electrons 
other than the ith is calculated by assuming that each of these electrons yields а 
charge distribution as given by their wavefunctions already worked out. 

Consider the jth electron, j 5 i. The average charge in a volume element 
ат; due to this electron is edr,| фу (rj)? and the potential energy of interaction 
with the ith electron is 


I9, (т)? 
ef dy ec (7) 


Thus, the ith electron moves іп a potential generated by all the other electrons, 


namely Е 
2 
ерее 


jæi 
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so that the full potential is 


2—1 
y ze 
Ра ре ® 


where the first term is due to the nucleus. With this potential, we can repeat 
the whole precess, i.e., calculate the wavefunctions (in general, numerically), 
etc. The process is repeated until two successive iterations yield the same V(r) 
to the desired accuracy. In other words, the electrons are supposed to move in 
a potential which they themselves generate. This is why the method is called 
‘self consistent’. 

The numerical calculations necessary are possible only With high speed com- 
puters and that too with a great deal of technical expertise. We shall, however, 
illustrate the method with an elementary calculation for helium. Hartree’s 
method is designed for heavier atoms than helium but the purpose here is to 
clarify the general technique. We have used a small programmable calculator 
for this purpose and would strongly advise the student to try this calculation 
himself. 


16.6 Application to Helium Atom 
We start by assuming a potential* 
V(r) = —2/r (9) 


This is the potential either electron moves in if the other were absent. [In 
practice, it would save considerable labour to start with a more realistic poten- 
tial in accordance with Eq. (2). The radial function for the ground state is 


[see Eq. (51), Chapter 5] 
В» (r) = 262 etr (i) 
so that 
1 
Pioo (ta) = Rio (ra) Yo = у= Po (т) (11) 


The suffix 2 indicates that it is in the field of the second electron that the first 
one moves. Next, we calculate the integral 


° |n — nnl 


z= | us | prao (Fa) |? | (12) 


*We shall use atomic units, from hereon, for these calculations. In atomic units electron m 
m = 1, the magnitude of the electronic charge |e] = 1 and h m 1. Thus, in these uni 
Bohr radius is 1, the energy of the hydrogen atom 0.5 and tke velocity of light is 137. 

In high energy (particle) physics, it is customary to use another set of units with б = 1 


em]. 
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using the same method as given in Solution 15.1. The result is 
dum fi KARE sen] + 2(1 + 4r) e-4 
E 
Adding the term — Z/r, [ see Eq. (8) ], we obtain 
nes = {3 + (+ 2)} 
noa--[-(L2 n) (13) 


the suffix on У, indicating that we have now worked out the first iteration. Note 
that this function already has.the correct limiting behaviour for r, « 1 and 
n>. 

We can solve the radial equation numerically to obtain the ground state 
wavefunction using the method given in Chapter 17. The normalized wave- 
function u(r), corresponding to an eigenvalue E = 0.82, is-plotted in Е ig. 16.1. 
Here u (r) = rR(r) is the more convenient function to use. The radial equa- 
tion is then i 


du 


‘Sa = 218 — V]u = F(F) u (4) 
08 
| 06 
u(r) 
04 
o2 
T 
0 t0 20 30 40 
جم‎ 


Fig. 16.1 The normalized wavefunction и 


(r) corresponding to an 
eigenvalue E = 0.82. 
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and u is normalized to give 


jel" ar = 1 
0 
The energy of each election corresponding to this function is 
2,1 
Qn = (cie 3 y as 
12 


where the three terms are the kinetic energy, the potential energy due to the 
nucleus and the energy of repulsion between the electrons. We write 


(ну = (1) + (0) + (га) (16) 
Since there is no angular dependence for the s wave functions, we have 


(vy | “© dr (17) 
0 


The simplest way to evaluate this is to use Eq. (14) and write 


у= ав u? dr (18) 
0 
Similarly 
(y= [> dr (19) 
à : 


To evaluate (13), we write 


d: dm CAE for r4 гу 
Pia nj б n 


(20) 


шы ДЫ (2) (cos 0) forra > ri 
Ta ra 


Since for the s wavefunctions only the I = 0 terms survive on integration over 
angles, we have 


(>= ]woretz ИО p di] 21) 


Each of the integrals in Eqs. (18), (19) and (21) has to be evaluated numerically, 
For the wavefunction in Fig. 16.1, we obtain 
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qt) 2129 

(9) =—3.20 : (22) 
and 

(n3) = 0.97 


The total energy of helium atom (ground state) is not twice the sum of the 
above values. We must remember that the electrostatic energy of the two elect- 


rons must be added just once. Thus 


E, = 2((£) + (0)) + (m) = —285 (23) 
which turns out to be —77.6 eV; somewhat larger than the observed value of 
—79 eV. 

The above calculation, chosen for its simplicity, misses some of the subtler 
points. For example, the two electrons in the ground state are both in the 1s 
state so that the self-consistent potential for them is the same. This, however, is 
nov true in geferal. For the 1s 2s configuration of helium, we shall have, for the 
potential of one of the electrons due to the other, 


and 
ТРЕТ os 


showing explicitly that V,(r,) and V(r) are different functions. (Hence the suffix- 
eson V, and V;). One can use these to calculate energies as before. 

Since the effective Hamiltonians for the various electrons are different, the 
resulting solutions of the wave equations for the electrons will not, in general, 
be orthogonal. Moreover, the wavefunctions used will have to satisfy the exclu- 
sion principle. These features are incorporated in the Hartree-Fock method. 
The computations, however, are more formidable and certain modified versions 
of the method are sometimes more convenient; for further details see, e.g., Her- 
man and Skillman (1963). 


167 Coupling Schemes 


We now include the spin orbit interaction so that the potential reads 
V=V'+ Vs (26) 


1 1 
v3, 30 3 Ru ЖЕЛТ T TY 
v= ze 25 * 2 a (21) 
i i< 


where 


and 


Vo= УЕ (0-а (28) 
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We can rewrite V as 


V= Ve + u + Vso (29) 
where 
Ve = Ў; V(r) (30) 
i 
and 
vey’ — Sre (31) 


The purpose of writing it in this manner is to highlight the spirit of the central 
field approximation where v and Fso are neglected. If we wish to go on to the 
next approximation, we have to assess the relative importance of v and Vso. 
The approximation v 2 V, leads to ‘the so-called Russell-Saunders or L-S 
coupling scheme and is valid for light nuclei. The other extreme V, > v leads 
to j-j coupling. 


L-S Coupling 
Neglecting Vy, the Hamiltonian becomes 
H = YT + Yi +o= Ho + (32) 


Hy, here, is then the Hamiltonian we use in the central field approximation. 
Since spin does not occur at all in Eq. (32), all the spin operators s, (s:);, 5% 
‘and S; (where S = X s) commute with H and their eigenvalues are good 
quantum numbers. 

So long as we consider only Hg, each electron moves independently, giving single 
particle wavefunctions. Hence, I2, (I, 72 and L; all commute with Hy. But 
the extra term v includes explicitly: the interaction of electrons (although, a 
large part of the actual interaction has already been incorporated in the central 
field Hamiltonian Hj). Thus, the Hamiltonian H in Eq. (32) does not commute 
with each of the operators l any more. This is merely reiterating the obvious 
that for an interacting system, we cannot talk about angular momenta of parts 


of the system. 
However, L and Lz 
total angular momenta J* 


commute with the entire Hamiltonian. Moreover, the 
and Js, where J = L + S commute with Н. 

їп this approximation, (i.e., neglecting Vso, giving the Russell-Saunders 
att ike pe^ d an atom is specified by the quantum numbers L, Mr, 5, Ms 
and M, (we shall generally write M; merely as M) corresponding to the eigen- 
values of the various operators commuting with the Hamiltonian H. One must 
remember that although we refer to L as the eigenvalue of the total orbital 
angular momentum we really mean that L (L + 1) is the eigenvalue of L®, Simi- 


lar remarks apply for S and J. 


380 QUANTUM MECHANICS 

As an example, consider Sij. In the central field approximation, the single 
particle states are 1s, 2s, 2p, 35, 3p, 3d, etc. In accordance with the exclusion 
principle, the electron configuration is 


15° 25% 2p8 35% 3р? 


with all but the 3p state filled to capacity. The two 3p electrons have /, = 1, 
l, = 1 and the total number of possible states with this configuration is 


201, + 1) х 201, + 1) = 36 


But al! these are not allowed by the exclusion principle. For example, т = My 
= land ms, = mg, = $ is not allowed; these restrictions remove 2(2/ + 1) = 6 
states out of contention. Of the remaining 30 only half are independent states 
due to the indistinguishability of electrons. For example, mi, = т, = 1, m, = 
2, m = — $ is the same state as the one with mn = ma = 1, m, = =}, 
Ms, = }. 

In the central field approximation, all these states have the same energy. When 
we ‘switch on’ the correction term* v in the Hamiltonian H, this degeneracy is 
partially lifted. Assuming L-S coupling, we have the following possibilities 


L=0,1,2 and S=0,1 


Imposing the constraint that the total wavefunction must be antisymmetric we 
have, for even L (space symmetric) only singlet states S — 0 (spin antisym- 
metric) and for odd L (space antisymmetric) only triplet states S = 1 (spin 
symmetric). We have (2L + 1) (2S + 1) states so that we have 

L=0, S= 0 (1 state) 

L=1, 5 = 1 (9 states) 

І = 2, S = 0 (5 states) 


giving our 15 states. These states, however, no longer haye the same energy. 


16.8 Hund’s Rules 


Two empirical rules, first formulated by Hund, can be used to decide which 
ones have the lowest energy. The first rule is 


For any given electron configuration, the energy level with the highest multipli- 
city (i.e. highest value of S) will have the lowest energy. For this $ value, the 
level with the highest L value will be lowest in energy. 


Thus, for Si, we shall have L = 1, S = 1 and the state is designated by P 
(notice that L = 2, $ = 1 is forbidden). This still leaves a 9-fold degeneracy. 
Indeed, coupling L and S, we have the following possibilities; J = 0, 1, 2 50 


*This picturesque description is the theorists license. Nature, of course, does not provide 
auch ‘switches’ but it is a most convenient pretence to enable us to tbink in sequence. Particle 
physicists have, for years, been switching off weak, electromagnetic and other interactions. 
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that the possible terms are *P,, 3P,, and 3P, with 27 + 1 = 1, 3 and 5 states in 
each of these terms. To settle which term has the lowest energy, we include the 
spin orbit interaction 


Veo Y Rr) hes, (33) 


According to perturbation theory, the energy shift, to first order, within a state 
of quantum numbers L, S due to V, (regarded as a perturbation), is 


AE = CL, S, My, Ms | Vo | L, S, My, Ms Y (34) 
Now, it can be shown that this can be expressed as 
AE —t(5 L, S) L.S) (35) 


The expectation value ( L - S ) is readily calculated by writing 


LSS qug pos (36) 
80 that 
АЕ J+) — IL + 1) — S(S + 1 ¢ (37) 


2 
This gives — 25, — апа С for the three terms Po, 3P, and 3P, in our example. 
If is positive, Po will have the lowest energy. Hund's second rule sanctifies 
this choice. 
For normal multiplets, which arise from electron shells less than half full, the 
lowest energy is for J = | L — S|. For inverted multiplets, which arise from 
electron shells more than half full, the lowest energy is for J = L + S. 


16.9 Some Examples 

We take as our first examples, the boron atom (Z = 5). The five electrons are 
distributed, one in each of the four electron states 4 to D [see Table 16.1] 
plus one in any one of the six electron states E to J. There are then six poss- 


ible states of the boron atom as shown in Table 16.2*. : 
Let us now calculate the term symbol. Table 16.2 shows that the maximum 


values of Mz and Ms are 1 and j respectively. Therefore L = 1, iE з and the 
multiplicity 28 + 1 = 2; i.e., the eigenstate is a doublet. The possible values of 


J are given by ; 
L—S«J«&L-TS 
Thus J = } and J = $ There are then two eigenstates** 


Риз and ?Руз 


"Tables 16.1-and 16.2 and the ensuing discussion have been adapted from Tralli and Pomilla 


(1969) (with the kind permission of the publishers). 
**The notation for the term symbol is *** (Dy. 
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TABLE 16.1 
س‎ Lo 0c oo саол e UE ш 
Electron State ni li mi, Ms, 
A(i= 1) 1 0 0 n 
B (i =2) 1 0 0 |. 
C (i= 3) 2 0 0 i 
р( =) 2 0 0 d 
Е({= 5) 2 1 1 4 
Е( = 6) 2 1 1 -i 
G(i=7) 2 1 0 i 
H (i = 8) 2 1 0 -=f 
I (i= 9) 2 1 -1 i 
J (i = 10) 2 -1 -i 
____ Ч 8 
TABLE 16.2 


Six POSSIBLR STATES OF THE BORON ATOM 
— —— — —— — — M — — Ó—— — 9 ف‎ ———À 


State М; = ne к=н, 
[4 +B + C+ D] +E 1 i 
М + B + C+ D] + F 1 EH 
[4 +B +C4+D] +G 0 i 
[4 +B + C+D] + EH 0 -4 
[4 - BEC D] 1 -1 i 
[4 +B+ CD)4Z4 -1 i 


—————— — —— MÀ" 


L= 0, 1,2,3... are denoted by S, P, D, Е... respectively. The left super 
script is the multiplicity. The right subscript J denotes the value of the total 
angular momentum quantum number. 

According to Hund’s second rule, the ground state is *P,),. This detailed 
analysis may be avoided by ignoring closed shells altogether, leaving just the 2p 
electron. With I= 1, s = $, the same conclusion is reached; note that since p 
shell is fess than half full, we expect a normal multiplet. 

An another example, we consider oxygen: 1s? 25? 2p! and as before we сой” 
sider only the 2p* electrons. There are 6 possibilities as follows (n = 2, = 1). 
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ee 


State m т, 
а 1 + 
b SET —{ 
с 0 + 
а 0 = & 
e —1 i 
12 =й VE] 


Since the four electrons can occupy precisely four of these states, it is simpler 
to ask which two states to leave out. There are 15 possibilities. It is easy to see, 
therefore, that the states four p electrons are precisely the same as for two p 
electrons, i.c., we can regard that there are two Holes in the 2p shell. The poss- 
ible states therefore are exactly as for carbon. However, we see that the 2p shell 
is more than half full and we expect inverted multiplets. Thus we expect the 
ground state of oxygen to be 3P, whereas the ground state of carbon will be Pa 
in accordance with Hund's rules. 


16.10 j-j Coupling 


We now consider, briefly, the case when Vs > v. If we neglect v altogether, the 
Hamiltonian will commute with ji, the total angular momentum for each elec- 
tron, separately—this was not so for L-S coupling. Moreover, it can be easily 
shown that the Hamiltonian (neglecting 2) will not commute with /; and s; sepa- 
rately. An atom, now, can be specified by the four quantum numbers L, S, J 
and M. Hence, we first couple each / and s; to form j, and then couple the 
various j; to obtain the total angular momentum J. As an example, for a р? 
configuration in the same shell, j, and ja сап be $ or 3. One can have J = 
3,2, 1 or 0; but for equivalent electrons, it can be shown that J = 3 is not 
possible*, 

It is found that Z-S coupling starts breaking down for heavier atoms but one 
seldom finds examples of pure jj coupling. On the other hand, in nuclear struc- 
ture, where spin orbit forces are large, j coupling is of greater range of 
validity. 


PROBLEMS 


PROBLEM 16.1 
Show that the energy difference between two successive components of a 


*Equivalent electrons are those with the same values of n and l. The J = 3 case requires 
both electrons to occupy the same state and hence is forbidden by the exclusion principle; 
evidently for electrons with different n and /, this restriction does not apply. 
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multiplet (i.e., differing by unity in J values) is proportional to the higher J value 
of the pair. [Use Eqs. (35) and (37).] This is the famous Lande interval rule, 


PROBLEM 16.2 
Obtain Eq. (13) by evaluating the integral given by Eq. (12). 


PROBLEM 16.3 ч 
List the terms allowed by the exclusion principle for two electrons in d? con- 
figuration when they are (a) equivalent and (b) non-equivalent. 


PROBLEM 16.4 
Write down the terms for the cases: (a) (nsY(n's), (b) (rs)(n'd) and (c) (лр)(т'р). 


Consider both n = n' and n zz n. Here п, т are the principal quantum numbers 
of the two electrons, 


PROBLEM 16.5 а 

The 15 25 state of helium lies about 20 eV above the ground state 1°. (Actual- 
ly, there are two terms, 1s, and *s, the singlet having a somewhat higher 
“energy. You may ignore this.) 

Note that this corresponds to an energy about — 59eV for the 1s 2s. Show 
that this is about what one expects if we assume that the 15 electron moves in 
a nucleus of charge 2 and the 25 of charge 1. 

Study this in relation to the comment that the self-consistent field for different 


clectrons may not be the same and try to explain why the above naive picture, 
in the present case, works so well, 


, PROBLEM 16.6 
Start with the potentials for the 1s and 2s electrons (for the 1s 2s state of 
helium):using the naive picture as above and then go through the procedure of 
Sec. 16.6 to calculate self-consistent potentials. The calculation is tedious but 
instructive and requires the use of a computer or at least a programmable cal- 
culator with a few hundred steps facility. Proceed as follows: 
(a) Start with 
Ше = 255/8е-2ғ р 
апа 
Ugs = 27 Q- re, 


(where R = u/r) and calculate V, and V; from Eqs. (24) and (25). 
(b) Now use these single particle potentials to work out the normalized wave 
functions #,, and t, by integrating the Corresponding Schródinger equations. 
(c) Strictly speaking, you will have to Eo back and do it all over again t 
calculate the next approximations for V, and V; from Eqs. (24) and (25). How- 
ever, a fair result may be expected if you use the wavefunctions now from step 
(b) and calculate {H} from Eq. (16) using Eqs. (18), (19) and (21). 
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Do not forget that the term (ль) must be added only once. 


PROBLEM 16.7 
Show that for a closed shell (as suggested in Sec. 16.10) L — S — 0. 


SOLUTIONS 
SOLUTION 16.1 
Using Eq. (37), it is easily shown that 


ДЕ (J, L, S) — AE (J — 1, L, S)= JE 
SOLUTION 16.3 


With lı = h = 2; s, = $ = $; we have the following possible values for L, S 
and J 


The corresponding terms are 

26, 1G; ЗР, UF; 3D, 1D; 3P, 1P; *S and 1S 
By adding the values of (2S + 1) x (2L + 1) for each term or by working out 
Z(2J + 1) one can see that the total number of states is 100 which is, of course, 
just 


21 + 1) x 2QR + 1) 
All the terms are allowed for non-equivalent particles. 

For equivalent particles (i.e., electrons with the same principal quantum num- 
ber), the total wavefunction must be antisymmetric so that we can only have 
the combinations 

5 = 0, even L 

5 = 1, odd L 
Thus only 1G, 3F, 1D, 3P and 15 terms are allowed. Count the number of inde- | 
pendent states. 


SOLUTION 16.7 Жу. 
In a closed shell system all possible values of m, and m, are occupied; it means 


that for every positive value of т (and m,) occupied there is an electron with 
an equally negative value of m, (and m,). Thus, for such a state 


М = Em = X(n; + m) = 0 
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where the sum runs over all electrons in the shell; M is the cigenvalue of J, the 
Z-component of the total angular momentum. Suppose the state in question js 
| Yo). Then, since the total angular momentum J and J? commute with the 
Hamiltonian, we can follow the same arguments as in Sec. 9.2 to show that 
(Je + Wy) | Ye) must be a state with the same energy, same angular momen 
tum j but with eigenvalue of J, increased (or reduced, for the negative sign) 
by unity. Since, however, the closed shell state is non-degencrate, we demand 
that 


(Je tiJ) | Yo) =0 


i.e., | by ) is a state for which Jz, J, and J; all have zero eigenvalucs. Hence | 
we have J = 0. 


CHAPTER SEVENTEEN 
Numerical Integration of Schrodinger's Equation 


171 Introduction 


In most problems in quantum mechanics, analytic solutions in terms of known 
functions cannot be found. We then have to resort to numerical methods. For 
complex atoms, the Hartree or Hartree-Fock methods require such techniques 
to a high degree of sophistication and there is no substitute for actual experi- 
ence in handling such problems.* Nevertheless, it would be useful to learn some 
basic principles of such computation. We restrict ourselves to the solution of 
Schródinger equation for a central field. The simple exercises treated here can 
all be carried out with a programmable calculator of the type available in many 
institutions. 


172 General Principles 


The radial equation for a particle moving in a central field can be written as 


{4 + 2[E-V(r)] — JA) u(r) = 0 (1) 
the complete wavefunction being 
ро D yu o) O 


where Y;, are spherical harmonics. In writing down Eq. (1), we have used 
natural atomic units (see footnote on p. 315). 
The differential equation may then be written as 
и" = F(r)u (3) 
where ( 
IO +1) 
F(r) = و‎ ——a — (4) 
To solve this numerically, we divide the range of values of r (0 to oo in many 
cases) into fine intervals A, і.е. 
r=0,h, 2h; i. 
a particular value of r being denoted by r, and the corresponding value of u (to 
be determined) by uj. The essence of numerical calculus is to change continu- 
ous variations to finite intervals. 


"The reader is referred to the book by Hartree (1957) for an authoritative account of num- 


erica] methods used for atomic structure calculations, For a general account of numerical 


* solutions of ordinary differential equations, we refer to Hartree (1958). 
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We introduce the so-called central difference 


| 
Su, = [ҮР Tras (5) 
Clearly, the second (central) difference is E 
| 

Vu, = 3(8u,) = ua — Quy + uj 6 


It is convenient to think of the symbols 3 and 8 as operators which, acting on 
a particular uj, produce the results given in Eqs. (5) and (6). They are just 
definitions and, hence, are exact relations. To relate it to a differential equation, 
we need relations between these (finite) differences and derivatives and such 
relations, of course, will be approximations, It can be shown* that 
» r 

Pu = (14 nu +000 +... 0 
where 5%(h3u;) = 42339; will have the same operational definition as in Eq. (6) 
and О(Л%) represents terms of order Аё and will be neglected. Substituting tht 


expression for 3*u, from Eq. (6) and for и; from Eqs. (3) and (4) into Eq. (7), 
we obtain 


№ 1 
(1- Ta Ён )us = Ru + 2( 1 — 8 Fı) 


-( )- 4r Bra ) u- @ 


where F; = F(rj), etc. 


Equation (8) gives us a method to iterate values of и for increasing or decreas: 
ing values of r. In the former case 


(called outward integration), we start with 
known values of u,., and и; (remember that F,.,, F; and F;,, are all known 
values) and calculate иң. We then repeat the procedure to calculate u,+, from 
Шъ and u; and so on. 


17.3 Matching the Outward and Inward Solutions 
Hartree has given a simple procedure for matching the two solutions unless the 


value of E is the right one, tbe two will not match. For a particular value of E, 
we have 


[Га oar MDT, _, : D 


"This formula can be derived from the Taylor expansions 
" ho. Ld 
je ET E Xe PUE 
so that 


4 i 
ёш, = тш + А giv р ES 
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Let u + Au be the solution for another choice E + AE. Then 


HEY + am =0 — q0 


Neglecting the product AE Au, these two equations give 


а? 
[ du — Wr) +E + AE) — 


а? 10+ 1 
[ qs 200) + 2E MORD ] Au = —2u AE (11) 
Multiplying Eq. (9) by Au, Eq. (11) by wand subtracting, we obtain 
d'u @(Au) 


ua Ач —u d = 244ЛЕ 
The operations d?/dr? and А are interchangeable so that we can write 
4L [u Au ићи] = 2è AE 


where и’ = du/dr. Integrating, we get 


п Ta 
[u Au — или] = 2AE f utdr (12) 
ry fı 
Writing the left-hand side of Eq. (12) as —u*A (u'/u) we have 
LO Ta 
[a )]- - 24] ve (13) 
ri "n 


For the outward integration, we set гу = 0, т; = ro and u(0) = 0, so that 


r 


СТ 
[а A (= ) = —2AE б dr (14) 
u J jn 
0 
Similarly, for the inward integration we set rı = ro, ra = co and и(оо) = 0, so 
that 
-[wa()] = —2АЕ | ar (15) 
u re 
To 
Thus (writing € = —E > 0) 
To 
^ 24e | 2 
E a uout dr (16) 
[ à ( u ), 35 Га (7о) lout 3 93: 
and 


[C 5), o ceo] bs 


Te 
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and the values of u’/u should be the same for the correct values of £. Suppose, 
for example, (u'/u)out is larger than (u'/u)ig. We clearly have to reduce € ie, 
Аё « 0. Indeed, from Eqs. (16) and (17) we obtain 


t us dr П ty dr | 
و‎ que Ag. 1 s ^ 
uoc) ey |? 


EET Te w 


a relation easily obtained by setting 


B eu a Ea 


Equation (18) is used to estimate A€ and the revised estimate € may be used 
to repeat the whole procedure, if necessary. 
The matched solution may then be normalized to give 


fu - 1 
0 


17.4 The Hydrogen Atom as an Example 


We shall illustrate the method by calculating the ground state energy of the 
hydrogen atom. Here V — —1/r and F — —2(Е + 1/r). Our procedure is to 
integrate outwards from r = 0 to r = 2 in steps of A = 0.1 and to integrate in- 
wards from r = 10 tor = 2 in steps of h = 0.5 and see how to ‘match’ solutions 
atr = 2. We hope that u(r = 10) is sufficiently small. To start the outward 
integration, we need a few values of u for small r. We write : 


u(r) — È anr” (19) 
n=1 


since we know that for small r, the leading term in u behaves like r+, Substi- 


tuting Eq. (19) into Eq. (3) with F(r) = —2(E + l/r) and comparing coeffi 
cients of r, we obtain 


а, = —a, 
6a, = —2Ea, — 2a, (20) 
12a, = —2Ea, — 2a, 
Choosing a, — 1, we obtain 


1— E)? , (4E— 1) 
CEP. ES De (21) 


which can be used to obtain the first few values of u, say up to r= 0.4. 


u=r- r+ 
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To start the inward integration, we note that for large r, F(r) is very nearly 
constant, so that 
u(r) = A exp( — у F(r) r) (22) 
Fixing, arbitrarily, the value of u(R) at r — R, we have 
A = u(R) exp ( R VF) 
so that 
u(R — h) = u(R) exp (h VF) 
We can now proceed to use the iteration formula, Eq. (8) with 
uj = u(R — h) and шу = u(R) 

In practice, it is not really necessary to use a large value of R; typically, we 
have tried R = 5, h = 0.1 (same interval as for the outward integration) and 
started with a guess of € = 1.0. Successive iterations gave С = 0.330, 0.426, 
0.484 and 0.498. (The exact value is € = 0.5). We have plotted the calcula- 
tions for € = l and for € = 0.33 just to show what happens for incorrect values 
(see Fig. 17.1). We recommend that students try these calculations with a 
calculator to get a feel for numerical methods, 


م 


Fig, 17.1 The variation of u(r) wiih r for € = 1.С0апі € = 0.33. 


392 QUANTUM MECHANICS 


PROBLEMS 


PROBLEM 17.1 
For large r, V(r)> 0 and the radial equation (for / = 0) may be written as 


u" = —2 | E | u(r) 


This means that if u(r) > 0 (< 0) the curvature is negative (positive). Perform 
the outward numerical integration for hydrogen atom ground state for | Е|=1 
and | E| — 0.3 and plot u(r) up to r zz 5. For | E| = 1, you will find u(r) + 
—eo and for | El = 0.3, u(r) > +оо, Study, particularly, the shape of the 
curves as they diverge from the r axis. 


4 
| 
i 
i 


PROBLEM 17.2 

Consider the one-dimensional potential well V — —V, for |x|< aandV=0 
for | x| > а. How do you expect (x) to behave for large x when (i) ^ has 
too small a value at a and (ii) ¢’ has too large a value at a? 


PROBLEM 17.3 
Perform the numerical integration to obtain the ground state energy and 
wavefunction for a deuteron using the square well potential 
_j-Yforr<a 
vo-1 0 for F> a 
with a = 1.5 fermi and Vo zz 25 MeV. 


CHAPTER EIGHTEEN 
Effects of Magnetic Field 


18.1 Introduction 


Studies on the interaction of magnetic field with particles are of immense im- 
portance in many diverse areas. For example, in spectroscopy, the splitting of 
spectral lines in a magnetic field (which leads to Zeeman and Paschen-Back 
effects, see Problems 18.1 to 18.4) is a subject of considerable importance (see, 
e.g., White, 1934). In solid state physics, the calculation of diamagnetic and 
paramagnetic susceptibilities (see Proólem 18.13) and the experiments on elec- 
tron spin resonance and nuclear magnetic resonance (see Sec. 18.6 and Pro- 
blems 18.8 to 18.10) have immense practical importance (see, e.g., Seitz, 1940; 
Slichter, 1963; Van Vleck, 1932; Wagner, 1972). 

In this chapter we will discuss the interaction of magnetic field with particles. 
We will first develop the Hamiltonian of a charged particle in an electromagne- 
tic field (Sec. 18.2) and will then discuss the interaction of the magnetic field 
with the orbital angular momentum and spin angular momentum of the elect- 
ron (Secs. 18.3 and 18.4). For example, we will show that the possible values 
of the magnetic moment components of the electron (because of its orbital 
motion) along the direction of the magnetic field are 


C (1) 
where* 

рв = ELS = 9274 X 10-* Joule/tesla 
= 9.274 x 10728 Joule/gauss (2) 
( 1 tesla = 10* gauss) 


is known as the Bohr magneton, т is the magnetic quantum number; the charge 
of the electron has been assumed to be —q(g = 1.602 x 10—29 C). Thus fora 
d-electron (| — 2) the possible values of orbital magnetic moment along the 


direction of the magnetic field are 
—2us, —ua, 0, tes, +248 


Corresponding to m, = +2, +1, 0, —1 and —2 respectively. } 
On the other hand, the magnetic moment components due to the spin angu- 
lar momentum of the electron, along the direction of the magnetic field are 


at ges = us (3) 


*In Chapter 5, the magnetic quantum number is denoted by m, here it is denoted by m; to 
avoid confusion with the electron mass. 


QUANTUM MECHANICS 394 


whereg is known as the gyromagnetic ratio ( = 2.0023). The corresponding 
proton magnetic moment is 


+4 2,0 (4) 


where g, = 5.56, Fp = qh/2M = 5.051 x 10-1 Joule/gauss. 
In Sec. 18.5 we will discuss the spin-orbit interaction. In Sec. 18.6 we will 
discuss the basic principle of magnetic resonance experiments, 


18.2 The Hamiltonian 


We first define the vector and scalar potentials. From the Maxwell equation 


V:B-0 (5) 
it immediately follows that B can be expréssed as the curl of a vector 
B—-vxA (6) 


where А is known as the vector potential. Further, if we substitute this in the 
equation 


vxà-- 3 0 
we would get 

vx(a« 3 )-o (8) 
Thus. we may set 

б=— oa — vé (9) 


where ¢ is known as the scalar potential. 


We next consider the motion of a charged particle (of charge Q) in an elec- 
tromagnetic field. The force acting on the charged particle is given by 


F=Q[&+¥xB] (10) 
or 


dy дА 
mw - =] - vex ua] 


Now 
94v — 04. дА 
А). = тусав 2 дА 
A aor o y =з) 
‚бт Ce DIT, 
ex MED] й + "dr 
where use has been made of the relation 


dA» _ 2As (* BAe тда м.) 


а а 
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Thus : us 

d 

a bm + бА1= 81-00 + Qv ° 4)] (11) 
Equation (11) can be written in the form 

4 ( 9LY _ ob 

&( ЁН ) ox (12) 
(and similar equations with x replaced by y and z) where 

L = FM eee a (13) 


Equation (12) is the Lagrangian equation of motion (sec, e.g., Goldstein, 1950) 
and L denotes the Lagrangian. The conjugate momenta are given by 


or 
р =m + ОА 1 (14) 
The Hamiltonian is given by 


ЕЕЕ 


: 1 
+ Q$ — ОА. -y (p — QA) 


~ oa 15 
= -zp P OAP + 0% (15) 


Equation (15) represents the Hamiltonian describing the non-relativistic motion 


of a charged particle in an electromagnetic field. 
In order to write the Schrédinger equation, we replace the operator p by 


—ihy to obtain 
in’ „нт (19) 


where H= us [iiy — QAF + 0% (17) 


18.3 The Schrödinger Equation Corresponding to а Static 
Electromagnetic Field 
the wavefunction can be written in the form 


(18) 


For a static electromagnetic field 


y (t, t) RA ф () gE 


396 QUANTUM MECHANICS 
where ф (r) satisfies the equation 
ax| itv – oa Û ¥ + Ov = Bp 
or 
b iQh 1 0 А; 
S Sev n+ aoe |+ E ns 9s]e-z 9 
Now, in the Coulomb gauge*, V - A = 0 and we have 
VAY=(V-AY+A- yd — A: yý 
which gives 
ЧЕ +09 ]¥= 24 00) 


Further, for a uniform magnetic field, we can always write** 


A = 1(B xr) (21) 
Thus the second term in Eq. (20) becomes 
HORT po Jh. : 
m АУФ = SA (B xX 1) Vy 


=--2 B. [r х (у) 


=—-В-@хю#= — -LB 


=- u Bý (22) 
whereL =r x p represents the orbital angular momentum and 


n= 01 shiorga) 


*From Eq. (6), we see that B is left unchanged if we add gradient of a scalar to A 
A> А’ + Vx. 


We may choose X such that y . A = 0; this 


is known as the Coulomb for further details 
see Jackson (1961)]. omb gauge [for further 


“*yx Atv x ®X)=40-)B-@B уугу ipn jn 
Also notice that 
LE Andy (EXD „ТЕ (rx B) B (EE 


because the field is uniform, 
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can be interpreted as the magnetic moment associated with the orbital motion 
of the charged particle* (the subscript o signifies that the magnetic moment 
refers to the orbital motion). This follows from the fact that the interaction 


energy of a magnet (with magnetic moment H ,) in a uniform magnetic field is 
given by** 


U- —HW,.B Q4) 


Equation (20) therefore assumes the form 


— wh (0 LB) + (Bx FY + on = o» 


The second term has just been physically interpreted as the magnetic interaction 
energy associated with the circulatory motion of the charged particle; the third 
term can also be interpreted in terms of a potential energy function (see, e.g., 
Powell and Crasenian, 1961, Sec. 10.6), however, the considerations are rather 
involved, Further, since the term is proportional to the square of the magnetic 
field, it makes a negligible contribution unless the fields are extremely high. 


18.4 The Interaction of the Magnetic Field with {Ре Spin Angular 
Momentum of the Electron 


In Sec. 9.2 we had discussed that electron is endowed with an intrinsic spin 
angular momentum given by 


s = {һа ; сб) 


Where c+, c, and с: are the Pauli matrices. Further, the magnetic moment asso- 
ciated with the spin angular momentum of a particle of charge O has the form 
lef. Eq. (23)] 


T Q7) 


*Equat'on (23) сап be physically understood by noting that a charge Q rotating (in the 
anticlockwise direction) in a circle of radius r with speed v constitutes a current J = vid 
and therefore the magnetic moment associated with this motion is given by (see, eg., Mendi- 
fatta and Siwhney, 1976, p. 152) 


Where we have assumed the circular motion to be ш Ше UU анн vector. A 
Points in the positive z-direction for anticlockwise motion, 
See, e.g., Panofsky and Phillips, 1962, p. 19. 
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where g is known as the gyromagnetic ratio. For the electron* в = 2and 0= _ 

—4, for the proton g = 5.56, Q = +q and m has to be replaced by the proton 

mass. | 
Thus the total magnetic moment of the electron is given by 


on = — [| 1+ ] =— [rss] (28) 


18.5 The Spia-Orbit Interaction 


In order to physically understand the spin-orbit interaction we note that an 
observer who is at rest with the electron sees the nucleus moving around him; 
the circulating nucleus constitutes a current and produces a magnetic field at the 
electron given by 


1 
B= gv XE 


where E represents the electric field produced at the electron by the nucleus and 
¥ the velocity of the electron. For a central potential 


BGR de Sy уд: 14 

qe vv T xt (29) 
Thus 

d. Ма 

e rod m 00) 


where L = г X р represents the angular momentum. The interaction energy 
with the magnetic moment of the electron is given by 


eee чар (31) 


where the additional factor of } is known as the Thomas precession factor andit 
comes from a Proper relativistic treatment (Thomas, 1926), The subscript 50 
on Н implies spin-orbit interaction. For the Coulomb potential 


"EU ze 
ve 4nt,r ein hi 


*The relativistic theory of Dirac predicis g = 2 (see Chapter 23); however, relativisti 
quantum electrodynamics shows that 


g = 2 + aj?n + О (a) 


where а (= g*/4ne, B, C = 1/137) is the fine structure constant. For the proton, g is very difie 
rent from 2 and hence it is not really a pure Dirac particle. It may be mentioned that neuli? 
particles like neutrons, A, 2° (which have spin 3) have finite magnetic moments; ¢-8- for mi 
neutron џ == —3.83 (q/2m,) s. Physically this arises from internal current distributions. 
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and 


gZh« 1 


amie 7179 (2) 


Assy = 


It may be mentioned that the spin-orbit interaction comes out automatically 
through a proper relativistic treatment (see Sec. 23.8). 


18.6 Magnetic Resonance Experiments 


In Problem 18.8 we will consider an electron in a uniform magnetic field (of 
magnitude By) in the z-direction. The energy eigenvalues will be 


#4В , 98 ) 


+} ta, and A (== aB ہے‎ 98 


The corresponding eigenkets will be the spin up and spin down states respect- 
ively (denoted by |2 t У and |z 4 }). In addition to the uniform field in 
the z-direction, if we apply a rotating r.f. (radio frequency) field in the x— y plane 
given by 

B. = B,cos ot, By = B, sin ot, В: = 0 (33) 
then this r.f. field causes transitions between the two spin states. Indeed in Prob- 
lem 18.10 we will show that if at t= 0, the system is in the |Z + ) state, then 


the spin-flip probability is given by 


oj inf 
Pepin din = ^а Г Sint (34) 
spin-flip Ẹ gu =} n " 
where 
"Ге z 
and 
o, SI ё ЯА G9 


The condition о = «y is known as the resonance condition and the p a 
for certainty at t = 7/27, RATS nue resonance condition x т FAR 
either by varying the frequency of the r.f. field (о) or pu s “J ie 
of the d.c. magnetic field B, (and hence ox). Notice 1 ug 
cores sharper as the value of В, is made smaller—see Fig. 8. ү ТИ 
Now, at г particular temperature. the number of E in ге ү. P 
(which has higher energy) will be less in comparison to the D г F 
inthe|z | ) state. Further, when a transition occurs from the |2 } ) state 
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Fig. 18,1 The resonance condition corresponds to w = wp, where the spin flips for certainty. 
The solid and the dashed curves correspond to «lag ( = B,/By) = 0.5. and 0.01 
respectirely. The resonance becomes sharper for smaller values of B. 


to the 12 1 ) state, energy is supplied by the r.f. field. At resonance, tbe pro» 
bability of spin flip will be maximum and hence the power supplied by the rf. 
field will be maximum. This is the basic principle behind the electron spin reson- 
ance (ESR) and nuclear magnetic resonance (NMR) experiments which prima- 
rily involve obtaining the resonance condition e = ву. This condition can be 
used either to accurately measure static magnetic fields (assuming the value of 
the electron magnetic moment or the proton magnetic moment) or to determine 
the magnetic moment of the atomic system. 


PROBLEMS 


РковгЕМ 18.1 р 
For a hydrogen atom placed іп а weak uniform magnetic field (in the z-direc- 
tion) the Hamiltonian will be the form 


H= Н E (37) 


where 


m= L— + VO) Gn 


tà 
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and 
"= 928 туш ЕВ. 

H 2m Вв. = * L: (39) 
represents the interaction with the magnetic field (see Eq. 24); we have neglect- 
ed the effects due to spin angular momentum of the electron (see Problem 18.2). 
Treat H' as perturbation and show that 5 states (1 = 0) are not split whereas 
the p-states (/ — 1) are split into three states separated by the energy interval 
UsB. This is known as the normal Zeeman effect, 

[Note: In this particular problem the perturbation calculation gives the exact 
results.] 


PROBLEM 18.2 
In continuation with the previous problem, if we take into account the effects 
Jue to spin angular momentum of the electron, the Hamiltonian will be of the 
form 
H = Ho H' +H" (40) 
Where H, is given by Eq. (38), H' represents the spin-orbit interaction (see 
Eq. 32) 
gZh« 1 


H =f) Low faa a (41) 
and 

Tas us E Ву, 42 

Н' = ЗЕТЕ = [4 + as] (42) 


Tepresents the interaction with the magnetic field [see Eq. Q8). Assume that 
the effect- of. H” to be small in comparison to the effect of H’, use the wave- 
functions corresponding to H’ as the perturbation [see Problem 1 1.12, Eq. (112) 
of Chapter 11 and Problem 9.12] to calculate the effect of H”. This is known 
as the weak-field anamolous Zeeman effect, or just Zeeman effect. 


PROBLEM 18.3 р 

Consider again the hydrogen like atom in a magnetic field B. Assume the 
magnetic field to be so strong that the effect of the spin-orbit interaction to be 
small compared to the effect of the magnetic field. Using the eigenfunctions of 
Н, + Н", calculate the perturbation due to spin-orbit interaction. This is known 


` as the Paschen-Back effect. 


PROBLEM 18.4 " 
The previous two problems correspond to weak magnetic fields and strong 


maenetic fields respectively. For the intermediate field case, H + H" has to be 
treated as perturbation to Ho. Use degenerate state perturbation theory to cal- 


ulate the effect of H’ + Н”, 
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PROBLEM 18.5 

In the following problem we will consider the effect of the proton magnetic 
moment and hence the hyperfine structure. However, before we do so, we note 
that the electron and proton can have their spins up or down; thus there are 
four possible spin states 


letpt У, ер У, letp t) andle Jp 4 ) (43) 


where the state | e + p | ) corresponds to electron spin up and proton spin 
down, etc. Show that the operator 

P=%4[1+0,-¢,] (и) 
is the spin exchange operator, і.е., when P operates оп any of the four states, 
the spin directions are exchanged. ‘Thus 


Pletpti)-letp 1 ), ete. 


In Eq. (44) o, and o, represent the Pauli spin matrices for electron and proton 
respectively; further с, acts only on the electron spin and «; acts only on the 
proton spin. 


PROBLEM 18.6 


The magnetic field due to the proton magnetic moment interacts with tht 
magnetic moment of the electron to give rise to the following interaction energy 
for s states [see Eq. (23-193) of Baym, 1969]. 


H' = 3 с, ap (45) 
where 


8» ( = 5.56 ) and ge ( = 2.0) represent the gyromagnetic ratios of proton and 
electron respectively; M; represents the proton mass. Show for the ground stale 
(п = 1) H’ leads to the (hyperfine) splitting of 4€ which leads to the 21 cm lie 


PROBLEM 18.7 


In continuation of the previous problem, if we put the hydrogen atom in? 
magnetic field, the interaction energy (for n = 1) is 


H' = Up oesB — uo5,B + ec, - ву Ш 
Calculate the corresponding splitting and the spin wavefunctions. | 
PROBLEM 18.8 


й : 2 5 Lo it 
Consider an electron in a uniform magnetic field which is assumed to к 
the z-direction. Neglect all orbital motion and write down the Hamilton. 
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representing the interaction of the magnetic field with the magnetic moment of 
the electron. Solve the time dependent Schródinger equation and assuming 
| ¥ (0) =.| x t ) calculate | ¥ ()) and hence the time dependence of 
(з. ),( з, ) and ( з. ). Show the Larmor precession. 


PROBLEM 18.9 
In Problem 18.8, instead of solving the time dependent Schródinger equation, 
Solve the Heisenberg equation of motion (see Sec. 8.12) for sz, sy and s, For 


| ¥ (0) ) = cos /212 t ) + sin 4/2 1Z ¥ ) (48) 
calculate ( ss(t) У, ( sy(t) ) and ( s(t) ) and interpret the results physically. 


PROBLEM 18.10 

In continuation of Problem 18.8, assume that in addition to the uniform 
magnetic field in the z-direction, there is a rotating r.f. field given by Eq. (33). 
Obtain an exact solution of the time-dependent Schródinger equation using a 
method similar to that used in Sec. 20.2. Assuming that at t = 0 the spin state 
is given by [2 4 ), calculate the probability for spin-flip at time г. The im- 
portance of such a result is discussed in Sec. 18.6. 


PROBLEM 18.11 : 
For a uniform magnetic field in the z-direction, we may assume 
As = 0, Ay = xB, А, = 0 (49) 
(Notice that v х A = Ba and y:A=0). Write down the соида оа 
Schrédinger equation for an electron and obtain an exact solution of the same“. 
How would the eigenvalues get modified if the magnetic moment associated 
with the spin angular momentum is also taken into account. 


PROBLEM 18.12 
In the above problem, if we assume À to be given by Eq. (21), show that the 


same values for the energy eigenvalues are obtained; the wavefunctions how- 
ever differ by an unimportant phase factor. 


PROBLEM 18.13 р | 
In continuation with Problem 18.11, consider an electron in a spherically 


symmetric potential experiencing a uniform magnetic field in the z-direction үт 
Which A may be assumed to be of the form 


As = —}yB, A, = 3 xB, А: = 0 (50) 


*This solution leads to the orbital diamagnetism of free electrons (see, e.g., Seitz, 1940, 
Chapter XVI). 
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Carry out a perturbation analysis and show that if (H,) and (H,) repre. 
sent the perturbations proportional to В and B® then whenever ( H,) + 0, 


(H) < (ну ` ; (51) 


Derive expressions for diamagnetic and paramagnetic susceptibilities. 


PROBLEM 18.14 
In Problem 18.13 if we assume A to be given by Eq. (49) show that the final 


| 
| 
| 
results are the same. | 


PROBLEM 18.15 | 
The potential energy of a two dimensional harmonic oscillator can be written | 


as 
V = boot (x? + у) (2) | 


Show that the energy levels and wavefunctions of the oscillator placed in a unis 
form magnetic field along the z-direction are given by 


E= [n +m +1] (05 4 or joe (53) 


43 


" = exp m - 3r] yn ТТЕ" nf) 64 | 


(у 


4h ht 
px cy 
m=0, +1, x2, 43... 
RS O HD as 
SOLUTIONS 
SOLUTION 18.1 
The perturbation is 
un E ШРЫ 
H = 70 Ly = —iasB = (55) 
The eigenfunctions of И, are 
u(n, 1, m) = Ry (т) Yim, (0, 9) G6 


Since L: Yim, = m;hY,w,, we get 


H'u (n, I, т) == m, ® и (n, 1, m) (57) 
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and, consequently the off diagonal elements are zero*. The Zeeman splitting is 
therefore given by 

A = f u*(n, 1, m) H'u(n, 1, m) d? = ysBm, (58) 
Thus a level characterized by the orbital angular quantum number / splits up 
into (2/ -+ 1) levels. However, because of the selection rule 

Am=0,+1 (59) 
we get three lines of frequencies 


B B 
AO ъъ oe F E (60) 


wg = 
which is known as the normal Zeeman effect (see also Sec, 21.5 and Fig. 21.4). 


SOLUTION 18.2 

Because of the spin-orbit interaction, the levels split and each level is charac- 
terized by definite values of J*, L? and s* (see Problem 11.12); the correspond- 
ing Pauli wavefunctions are given by 


Ry(r)Yi њу-12‏ } سا 


POP =| кру 1 (61) 
Dae К.г), mj-us for] =! +4 


and 
= [кз ji Ry) Y, ту+1/2 


Wp = 
¥ E call Ral) Yi, тууа 


The states corresponding to j = 1 + $ and j = / — 3 are (2/ + 2) and 2/-fold 
degenerate. Now, the Pauli operator for E" is 


(62) 
for f= 1— ф 


А B/E tigh 0 
(rien iEn 0 pru) (63) 
Since 

І, Yn m-a = —ih x Yu mls = (ту —{) B Yo man 


we immediately have (for j = I + 3) 


( Er jh (m, —3-- 3g) Ri Үл 


H")p (49) = рвВ ix 
(HEG ( Him)! (mj+ $— 42) Rui Yun | 

‘Indeed u(n, l, тр) are the exact eigenfunctions of H( = H, + H’) corresponding to the 
eigenvalue E, + ugBrn;. 


| 
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The off-diagonal elements are obviously zero and the perturbation is thus given 
by 


А = J (Yr (H")p (Yr de 


(21 + g) т; N 
= ugB (07 + 1) for j 14 i (64) 
and similarly, 
(21 + 2 — =) ту 
A HBT OTE E forj = 1 — $ (65) 


Thus the j = I + $ and j = 1— } split into (21 + 2) and 2/ levels. Further, if 
we assume g — 2, Equations (64) and (65) can be combined to give 


A= зв Lim; fatty 
The factor (j + 3)/( + 3) is known as the Lande g-factor (see Fig. 21.5). 
SOLUTION 18.3 


It is obvious that the functions 


19 (ml т, 3) ) = Imlmz + у (67) 


and 
LY (Lm, —}) у= In im, z | Y (68) 
are the exact eigenfunctions of Но + Н" belonging to the eigenvalues 


Е, +E Imh + 4 gh 
and 
En + M. [mh — 3 gh] 
respectively. These equations can be combined to give 
En + uaB (m, + 2m,) (69) 


where m, = $ and m, = —} correspond to the spin up and spin down states 
and we have assumed g = 2. Now, for the two States given by Eqs. (67) and 
(68), L: and s, are well defined and expectation values of La, sy, Ly, and s, are 
zero (see Problem 9.2). Thus the perturbation is given by 


(FOL 8) = (fi) (Ls ) = St mm, (70) 


where 


gZh«h* 7 1 
Gout = (00) c SEE | | Rule) Pet ce 
0 
Zuma 
= -ar a a 
21+ #(@ +1) т) 
and we have used Eq. (10) of Appendix 7. Thus the energy levels are given by 
Е = En + uaB (m + 2m) + n, тт, (72) 
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where м 

m = —l,....,+17 and m = +} and —} (73) 
Equation (72) represents the Paschen-Back effect andas сап be seen the opera- 
tors L5, 52, L, and s, have well defined values for each state; this is referred to 
as by saying that Lî, 5°, Г, and s: are good quantum numbers. The splitting for 
the P-states of an alkali atom is shown in Fig. 18.2. In the figure 2 = vaB/G,ui. 
At 9 = 0, we have the fine structure splitting. For small values of 8, Eq. (66) 
is to be used and for large values of 2, Eq. (72) is to be used. Both equations 
are limiting forms of Eq. (81) which should be used for intermediate values of 3. 


SOLUTION 18.4 ý 


We should first mention that for weak fields 5°, 13, J* and J; аге good quan- 
tum numbers, and on the other hand, for strong fields s*, 72, L, and s, are good 


m, ms 
qus 1/2 


“1/2 


-4 


ЕТА 


he P-state of an alkali atom by magnetic field, The two states 


Pea The soe B = 0 represent the fine structure splitting. 
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quantum numbers. However, for intermediate fields neither of them are good 
quantum numbers and one must calculate the off-diagonal elements as is done 
in degenerate perturbation theory. 


We choose as our representation, the eigenstates for the Strong field case; 
these are given by Eqs. (67) and (68). Now, from Eq. (72) 
Co, im, + D/A 4 (n т, +) у 
= (m + 3) upB (74) 
where** 
s sfm +t for т = 
mom +m {mtd for т, = —} 
The off-diagonal elements like 
Qe Lm, + SU IQ m F р) 


would vanish because 15 (n, І, m, + D) are eigenstates of H", 
Next, in order to calculate the matrix elements of 


— JE 
oaa Tois (15) 
we write 


(т, т = m —3, +4)) = [EE Ex! 1л, т)) 


(76) 
TT 
-A CD v m 
yl LU" 
ПОЕ сң ise e 
(77) 
| ae 
1 
+ (SRP) өө.) 


where js = L44. Further, ф are eigenfunctions 
and J; and we have used the Clebsch-Gorda 


in the representation L?, s?, J? 


n coefficients from Chapter 10 
(Table 10.1). Now 
PSM hir, m) ) = (4 D(7 з) рд (т) у (78) 
T719057,m)-0—904 уза | %(,1,]-,т) у (79) 


*We could have equally well chosen the eigenstates for th 
**The quantity m is denoted by m; in Probl. 
the subscript J, 


€ weak field case, 
em 18.2, Рог Convenience, we are dropping 
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The operator L* has the eigenvalues (| + 1) h* and sè has the eigenvalue 
(3)? = 2 h*. Thus (omitting the subscripts п, 1) 


(9 (m= m— 49) | ® Lam a m—4,0) 
= [4 (SRE) @ Gem - AE 
Powe d (mtu my- (ењ) 
нян fauto- ghe 
1-т-4 : 


+ f+ ноар 2(n- 2)" 


Further, the only non-vanishing, non-diagonal matrix elements are 


($m = т — hL: s| Y (mı = т+ъ —3)) 
= (Y (mı = m +}, 0) 108 | pn = m—4,4)) 
= тй т+)® 


Thus, considering H’ + Н” as perturbation, the secular determinant is (see 
Section 11.3): 


Кт) ы + (п pB -W ы У Стр (m+!) 
От) mF  ——kmci)Uwt(m—i)uB-W 
where ©: is given by Eq. (71). БОП (80) gives 


W? + WIS Cn AMANT +1 = G Gt Д » — miaB бы 
+ 58° (т — })] = 
The solutions are 


2 W = — ы + РВ + 3 [408 B* + 8 Cnn m BB 
+ 2, (+ DFP (81) 


where we have reintroduced the subscript j on т. It may be noted that 
(i) for B = 0 


W = tı [1 + (21+ DI j (82) 


which is the fine structure splitting (see Problem 11.12) 
(ii) for small B 


wi Lea Come) C+D [ 1+ doen y 


2 
= вО PS тураВ (83) 


=0 (80) 
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which is the Zeeman effect (sec Problem 18.2) 
(iii) for large B 


1 "a 
W--— 2-0 + muB + 5 B| 1 QA 


= [— } £ i m] Cae + (my 4 3) PBB (84) 


which is the same as given by Eq. (72) provided we note that m, = m; + m, and 

the upper and lower signs in Eq. (84) correspond to m, — -- 3 and m, — -į 
respectively, 

For the P-state of an alkali atom, / = 1, and we may write Eq. (81) in the ^ 
form 


ed i mos FIS (85) 
[am 4 4 


where 2 = aB/ln,t. in Fig. 18.2 we have plotted the splitting of the P-state 
of an alkali atom. A 


SOLUTION 18.5 
We first note that 


(0) (2) (ats 


«s onn 


where | 1 ) and | | ) states are the 121 ) and | z| ) 
9| 1»? — | 1) and o| (=| +) 


since the components of c, o 
ponents of op operate only o 


and 


States. Similarly, 


perate only on the electron spin state and the com- 
п the proton spin state we have, for example, 
oe on letpi) = enletpt) = |e fpf) ; 
20 9и | еру) = ks letpty- [ejpt) 
биб» [et A) =. [еру =]etp}} 
Thus . 
Se -co [еру у = аша еруу + o, c letpy + сез» |еўр}ў 
ERE he) O te 
"Therefore ^ 


PletpY)=}[1 o oio, 
Similarly one can consider other operati 


letri)?-2|eipt) 

ions to obtain 
Pletpt)= letpt),Plejpl) = [е{р{у 

апа (86) 

Plelpt) = |ефру 


which shows that P is the spin exchange operator. 
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SoLUTION 18:6 
Since H’ is proportional to Ge - а„, we have to look for a representation in 
which c, - с, is diagonal. Introducing the angular momentum operators 


8,=tho,ss=ife, and 5=8 +5, (87) 
we have 
Sı ° Sa = $ Ba, сз = & [52—51 — 53] (88) 


We have to look for a representation in which S*, s? and s3 are diagonal. This 
is easily obtained from the Clebsch-Gordan coefficients (see Table 10.1 and 
Sec. 10.3) and one has the four states 


11) = letpt 
12) = lelpy 
з) = yp lietat) + e21 (89) 
14) = 75110) [ер У (90) 


The first three states represent the triplet state and the fourth state ЕДИН 
the singlet state. For thetriplet state the values of S?, s? and 52 are 2°, $ B® and 
з f? respectively; the corresponding values for the singlet state are 0, +h 
and f? respectively. Thus the values of 8, * 8 ; are 


412-4- 5m IR for the triplet state 


i-i—2B58-— rnt for the singlet state 


Consequently, for п =1, the enegry for the triplet and singlet states are 


Е, +e and E,—3« (91) 
The separation is 
h h 
ex (eda) 19) Са 


(= he]4€) is about 21 cm which is the famous 21 
mers to measure the amount of hydrogen in the 
f the frequency is (quoted from Feynman, 1965) 


the corresponding wavelength 
cm line used by radio astrono: 
ey: The measured value 0 

y = (1420405751.800 + .028) Hz 


which is one of the most accurately determined quantities. 
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SOLUTION 18.7 


The states |e tpt) and | e| p ) are eigenstates of H' belonging to the 
eigenvalues 


изВ —,В + € 
and 


—usB + kp B + € 


It is easy to see that let pi) and le}pt) are not eigenstates. We 
write 
la) = еруу and 16) = (ep) 
Now 
Hla) =H letp}) =wsBletp)) - u,Bletpl) 


+ <@P—1)letp}) = (eB + u,B— 91a) + 2:16) 
Thus 


(al H ia) = (unB +upB—Q, (BIH | a) = 2 
Similarly 
(51 H’ 15) = (ров ов 9, (a| H' | b) = 2 
The secular determinant is 
(4| H' | a) -w {b| H' la} 


0 
(a | H' | b) (b1H'|b)—w 
Which gives 
= Буар [S (93) 


the corresponding wavefunctions can easily be found. For B->+0 we get the 
results of the previous problem, 


SOLUTION 18.8 
The Hamiltonian is 
g! 1 
Bu sno nos, (94) 
where we have intentionally put a 


subscript to H (so that we can use the same 
notation in Problem 18. 10) and 


mh e» 


The eigenvalues ofH are +} fia, and —} fies, the Corresponding eigenkets 
being | zt) and |z} ) Tespectively. Thus the general solution of the 


a = 


EFFECTS OF MAGNETIC FIELD 413 


Schródinger equation 


int | Y(0) = H | YO) 


| “(ду = e exp(—ieot/2) | 24.) + с, exp (4-097/2) | 24> 
But 
^ VLDE 4 - 
0 = of ety 180 [ | 
and > (96) 
24) = уу [180-150] ] 
Thus 
| Y(t)) = cos c xt) isin St ру (97) 


where we have assumed that at = 0, the spin is in the x-direction, ie 
| Y(0)) — | xt) which gives ¢ = €; = 1/۷2 . The expectation value of 5: 
is given by 


(sa) = CF (01521 Y= 4 h cos оі (98) 
Similarly 
(з) = C¥() | 1 Y (0) = — 15 sin esf aed 


(s) = CEA Es TY (0) = 0 


The above equations physically imply that the direction of spin rotates about 


the z-axis* with angular velocity do. 
It is interesting to note that the 5 


give 


chrédinger equation can be integrated to 


| Y()) = exp (—iHotl Bl w(9)) = expt iosta /2| 00) (101) 


SOLUTION 18.9 
In the Heisenberg representation (see Sec. 8.12) 


dt 


ih dsa = [sz H) = 0g [5, = – іБооу (t) | 

ih =: = (sy; H] = оо [sn Se] = + ifiogss (t) [ (102) 
t 

ih ds, = 0 J 


dt 

al motion that in the Stern-Gerlach experiment (see Sec. 9.4), 
irection of the field remains constant and ug and py average 
on the atom (averaged over the oscillations) is simply 


*It is because of this precession: 
the component of p along the di 
Out to zero. Thus the force acting 
V (uB). 


414 QUANTUM MECHANICS 


2 


Thus 
Oe = — 0, ар (103) 
The solutions are therefore 
Se (f) = ss (0) cos wt + s, (0) sin Oot (104) 
Sy (t) = — 5. (0) sin ext + sy (0) cos Wot (105) 
s(t) = s, (0) (166) 


The expectation values are 
(0) = CECO) | saft) | ¥ (0)) = (s.(0)) cos wot + (з, (0) sin oat (107) 

ete. For | ¥(0)) = | 24 
(se (0) ) = 15, (sy (0) = 0 = (s, (0)) (108) 


and we obtain the same result as in the previous problem. For 
IHO) = cos F124) + sin 12 1) (109) 
50(0)| ¥(0)) = hc. o () +45 sin 2 о, (0) 


= dcs [2| ) +45 2-21) 
Thus 
(540) = } sing’ 
Similarly (s,(0)} = O and (s,(0)) = {+ cos Ф. Physically this implies that at 


t = 0), the spin is in the x—z plane at an angle 9 with the z-axis. Using Eqs. 
(104)-(106), we get 


(500) = } Hsin 9 COS Wot (110) 
(5) = FF sin sin Wot ali) 
(50) =} coso (112) 


which shows thé precessional motion. 


SOLUTION 18.10 
The Hamiltonian is 
Н=Н„+Н' 
where H, is given by Eq. (94) and 


Н' = P [oz cos ot + ay sin or] = usB [os cos ot + oy sin ot] (113) 


Our objective is to solve the Schrédinger equation 


if 2 Vi) = (H + B) Y()) (114) 
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and since H’ now depends on time we adopt the method used in Sec. 20.2. The 
eigenkets of Hoare | 2 + ) and |z} ) (see Solution 18.8) which we denote by 
|1) and | 2), the corresponding energy eigenvalues being E, (= # how) and 
E, (= — 4 B oo) We write [cf. Eq. (5) of Chapter 20] 


|¥(D) =}, C01) exp (int) (i15) 
n=1,2 
and obtain [see Eq. (9) of Chapter 20] 


in EL = C) ua B [cos ot (1 | cx | 1) + sin at (1 | ov | 1] 


-+ C (t) un B, [соз ot (1 | oa | 2) + sin ot (1| oy | 2)] Pate 
or 


i 46. = e, C,(t) exp i (0o — Q) t (116) 


where os = a B) b [see Eq. (95)]. Similarly 
i 4. = o, C(t) exp — 090—9); (117) 


where ш, = yaB;/h. Simple algebra gives 


PC, yin dC афс) =0 (118) 
dř di 


where А = (o — @,)/2 . The solution is 


суш = Ay ele TI! Y A, еї (119) 


where 


Assuming that at f = 0, the o js pointing upwards, ie. 
c9) -1 and GO=0 

we get 
сй = Ае sin Tt 

Thus, using Eq. (117), 


: 1 i ELT 
сүа) = =: [Tos Prt iA — sin rije 
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Since C,(0) = 1, we get 4 = — iw,/T giving 
©? A 
leor = AF ap Sint (FD (120) 


Equation (120) represents the probability of spin-flip; it oscillates between zero 
and ®/(А? + o2), the maximum valüe occurring at 


ЕО 3. 
КИП ИЕТ ДАА; 


For (A/«,) > 1, the spin-flip probability is small; however at resonance o — ор 
and spin flips with certainty. The importance of such а phenomenon is discus. ' 
sed in Sec, 18.6, ` 


SOLUTION 18.11 : 
Equation (20) with ¢ = 0,0 = — qand A given by Eq. (49) becomes 


2m igh дф Bi : 
VY + w [Et ae ےپ اطم‎ o (121) 
The solution of Eq. (121) is of the form 
9 = us) exp [yt лә] (22 
where u(x) satisfies the equation : 
d'u(x) 2m Р? qB? Р, \2 
“de +g [e- 2 - (^+ ge) |жю-о аю 


Equation (123) is Very similar to the linear harmonic oscillator problem (see 
Secs. 3.6.3 and 11.2.3). The energy eigenvalues are 


АЕ Г qB РЗ 
2= ш + (n+ 3)s m = wit Qni 1) ов (124) 


SOLUTION 18.13 


Equation (20) [forg = — qand A given by Ед, (50)] gives the following 
expression for the Hamiltonian 


/ =o 2 RB а өтүү on 
H= api V. Muse OEE 


=H + Hy + H, TARIE (126) 
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where 
He 
H= — 90 у? + Vir) ; (127) 
B 
н = FL, (128) 
3 
Ыы 95 (CEDAT (129) 


The term H, represents the interaction between the magnetic moment of the 
atom and the external magnetic field and gives rise to paramagnetism. Theterm 
H, can be interpreted as the interaction of the magnetic moment induced in the 
atom with the magnetic field (see, e.g., Dekker 1952, Sec. 18.3); this gives rise 
to diamagnetism. Treating Н, and H, as perturbations we get 


0n) = IE mi РЕТ, (130) 
and 
(my = LE (ra sit 0) (131) 


It (H,) ¥ 0 then (assuming m, ~ 1) 


B 
CR = d emo ша 
1 


where a, (<= 0.5 x 10-19 m) represents the Bohr radius. Thus 


(Hn) 


1.6 x 10-39 A 
(Hy "05109 x0.25x 10-** В 


~ 10-5 B (B measured in tesla) 
~ 10-9 B (B measured in Gauss) 


Since the laboratory magnetic fields almost never exceed 10° Gauss, 
(n) (132) 
ELM C A 
(m) | 
hence whenever the paramagnetic term is non-zero, it dominates over the diamag- 
netic term. Thus for / > 0, (Hs) dominates and for I = 0, the diamagnetic term 
determines the magnetic behaviour. Indeed, for such a case (sin*0) = 2/3 and 


Ch) = бт (9) ү 


The induced magnetic moment is therefore —(q'i6m)(r*) B; thus if there are N 
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atoms per unit volume with each atom having т electrons, we get the followi 
expression for the diamagnetic susceptibility | 


ж = ZE (гу (13 


consistent with the classical result (see, e.g., Dekker, 1952, Sec. 18.3). The 
magnetic susceptibility therefore depends on the charge distribution in the atom 
For further details and comparison with experimental data, see, e.g., Van Vled 
(1932). In order to calculate the paramagnetic susceptibility, we note that 
magnetic moment per unit volume, P, is the statistical average over all possil 
states. 


_ y Zm us exp [—r ni 
P=N ILIA 
Ут 
= NH а Э ج‎ -Nun (^ a ee n (13 


where N represents the number of atoms per unit volume and the sum 
over mi goes from —/ to +/. Further, 


r= ивВ 
ЕТ 


which has been assumed to be very small compared to unity and use has beet 
made of the relation 


2 
Xon МЕ, 11+ 1) (136) 


If we take into account the effect of spin in a multi-electron atom, m; has to bt 
replaced by Mi + 2M, io obtain 


Nesp хм? 45м? 


Г б [s cT 
Nw 
= dap EC +1) + 48 (5 + 1] (13) 


The 1/T dependence of the susceptibility [see, Eqs. (136) and (137)] is known ё 
the Curie law. For further details, see Van Vleck (1932). 


CHAPTER 19 
Elementary Theory of Scattering 


19.1 Introduction 


In some of the earlier chapters (e.g., Chapters 3 and 5) we had considered 
solutions of the Schródinger equation which correspond to bound state pro- 
blems where the wavefunction vanished at large distances from the origin; the 
corresponding energy levels were found to form a discrete set. ‘In this chapter 
we will consider solutions of the Schródinger equation where the energy eigen- 
values would be continuously distributed; for such a case the wavefunction 
would not vanish at large distances from the origin. Such solutions correspond 
to the scattering of а particle by a force field where the energy is specified in 
advance and the behaviour of the wavefunction is found in terms of energy. We 
should mention here that in Chapter 4 we did consider the scattering by а опе 
dimensional force field, the corresponding three dimensional case will be con- 
sidered here. 

Scattering experiments have provided most of the information about interac- 
tions among atoms, nuclei and particles. The general technique is to have a colli- 
mated beam of projectiles (particles) with well defined energies and sometimes 
other properties, such as polarization, as well. The particles are then scattered 
by a target of atoms and the scattered. particles are detected by means ofa 
suitable detector. The measurement could be simply the intensity variation as 
a function of angle or could involve more detailed information like the change 
inthe energy or the polarization state, etc. The most commonly used para- 
meter which displays the results of a scattering experiment is the cross-section. 
In Sec. 19.2 we will give the definition of the scattering cross-section according 
to classical mechanics which will be followed by the corresponding quantum 
mechanical definition. As mentioned earlier, scattering experiments provide 
information about interaction among atoms, nuclei and particles. Assuming а 
certain model for the interaction, one calculates the cross-section which is 


tal data. A good agreement between theory and experi- 


compared with experimen 
ment would suggest the validity of the model assumed. However, sometimes 
heory and experiment and it 


a variety of models give good agreement between t 
becomes difficult to justify a particular model. In Secs. 19.4-19.6 we will develop 


theoretical methods to calculate the cross-section and wherever possible, com- 
parison will be made with available experimental data. 


19.2 The Classical Definition of Scattering Cross-section 


We first give the definition of the scattering cross-section accroding to classical 
mechanics. We consider a beam of particles moving along the z-direction with a 
flux of J, particles per unit area per unit time, The particles undergo scattering 
by a potential and one measures the angular distribution of scattered particles, 
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The scattering cross-section с (9, o) is defined by 


Number of particles scattered into solid angle 
dQ per unit time 


«0, pdQ = Incident Intensity J, (0 


where dQ) represents an infinitesimal solid angle in the direction (0, o); the 
angle 0 represents the angle of scattering and 9 represents the azimuthal angle; 
the origin has been assumed to be at the centre of the force (see Fig. 19.1). For 
a spherically symmetric potential, o(8, o) will be independent of 9, 


The total cross-section is given by 
т2т 
o= ff o(0,9)dQ = | | c(0, v) sin 0 40 dz (2) 
00 


Thus ola will represent the number of particles scattered out of the beam per 
unit time. For a spherically symmetric potential 
r 
а= n | sin 0 d0 6) 
0 


In classical mechanics, each particle has а well defined trajectory and if we 
assume that all particles of the incident beam have the same speed ш, there is 
an unique angle of scattering 0 corresponding to a particular value of the impact 
parameter з. For example, for an attractive square well potential defined by 


Иг) = У, O<r<a 


4 
= 0 r>a id 


Incident 
Beam 


Scatterer 


ig. 19.1 The scattering of an incident beam. The particles scattered into the solid angledQ 
are received by the detector 
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Fig. 19.2 The classical trajectory of a particle scattered by a square well potential, s denotes 
the impact parameter К 


the relation between the impact parameter ғ and the scattering angle 0 is given 
by (see Fig. 19.2 and Problem 19.20). 


0= —2(i —r) =2[ зз i. — sin? (2)] for0<s<a 
(5) 
0 fors > a 


where 


n= Zin P and Be imo (6) 
Now, the number of particles which cross the annular area between 5 and s + ds 
is J 2rs ds and this must represent the number of particles scattered between 0 
and 0 + d0 which from Eq. (1) is simply o(6) 7 27 sin 0 40. Thus 


I2xsds = —o(0) 12x sin 0 40 


or 
s ds 
i ae А 0) 


where the negative sign is due to the fact that 0 decreases with increase in the 
value of the impact parameter s. Equation (7) is quite general, if we now use 
the result given by Eq. (5) we would obtain 


0 0 ^ 
$3 ELE — cos 
( cos 1) (x cos) 
B nes 3 [ 1 + n? — 2ncos 1 4 i 


Since no scattering occurs for s > a, we must have 


0< [ т — 2sin"! 33] (9) 


Ina similar manner one can calculate the scattering cross-section for other 
forms of V(r) (see e.g., Goldstein, 1951, Chapter 3). 
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Fig. 19.3 A beam of particles of cross-seciional area A (and intensity 4) incident normally 
ona target 


19.2.1 PHYSICAL INTERPRETATION OF THE CROSS-SECTION 


Let us consider a beam of particles of cross-sectional area A (and intensity J) 
incident normally on a target as shown in Fig. 19.3. Let there be N scatterers 
per unit volume inside the target. If J(x) represents the intensity of beam after 
penetrating through a distance x and if d(x) represents the loss of intensity in 
traversing an additional distance dx then the total number of interactions (per 
unit time) in the volume element А dx will be given by 


A di(x) = c I(x) (NAdx) ; a0) 


where c represents the total cross-section [see Eq. (3)]*, the quantity (NAdx) 
represents the number of scatterers in the volume element Аах and the negative 
signis due to the fact that- I(x) decreases with x; we have neglected multiple 
scatterings in the volume element 4 dx. Simple integration of Eq. (10) gives 


Д) = her.” (11) , 


where X — No is known as the macroscopic cross-section and can be interpreted 
as the inverse of tbe mean free path. Further, it can be easily seen that the 
probability that the particle undergoes its first scattering between x and х + dx 
will simply be given by 


p(x) dx = e-** ах 


where the factor e~=* represents the probability that it does not undergo 


*We are assuming here that the number of particles scattered is simply the sum of the 
numbers scattered by each atom. In the quantum theory, we will see that if different atoms of 
the target act coherently, then we cannot simply add scattering cross-sections as above since 
interference effects are involved. One then has to add the scattering probability amplitudes 
first. Ап example of this is the scattering of low energy neutrons in crystals (see problems 


19.15 and 20.1). 
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scattering in traversing a distance x and X dx represents the probability that it 
does undergo scattering in traversing the distance dx. Obviously 


LJ 
[ р(х) dx = 1 
0 
аз it indeed should Ье. 


19.3 Quantum Theory of Scattering 


In quantum mechanics, strictly speaking, the scattering problem needs a tem- 
poral description, namely, how a wave packet representing the incident particle 
as t -> — oo behaves as it passes through the region of perturbation and pro- 
ceeds to t — co (See problem 19.19). However, when there is a steady current 
of particles in the beam, we often dispense with the temporal description. We 
merely calculate the current of particles at an infinite distance away from the 
target (as opposed to behaviour at t — oo). This is done by looking for asymp- 
“totic solutions of the time-independent Schrödinger equation. Since in this 
region the particles are free, we are dealing with the continuous spectrum of 
positive energies. 
We start with the time independent Schródinger equation: 


viét) + mE - Y (4 (9 =0 (12) 


where, if we are considering a fixed scattering centre, џ represents the mass of 

‚ the particle. On the other hand, if-we are considering a two-body interaction 
then р represents the reduced mass of the system provided the potential energy 
function depends only on the magnitude of the distance between the two parti- 
cles, ie, V= V(|r,— ra |); such potentials are known as spherically symmetric 
potentials, examples of which are the square well potential [see Eq. (79)], the 
Coulomb potential (see Sec. 5.3), the exponential potential (see Problem 5.7), 
etc. Then E [in Eq. (12)] represents the energy in the centre of mass system and 
r = r, — го represents the relative co-ordinate (see Secs. 5.3 and 19.8). The cross- 
section is calculated in the centre of mass system and the relation which enables 
one to calculate the cross-section in the laboratory system is discussed in Sec. 
s order to describe the scattering experiment we will obtain the solution of 
the Schródinger equation [Eq. (12)] in the form of an incident plane wave and 
an outgoing scattered wave. Thus we seck a solution of the form: 


kr 
vr) > et + f (0) £ a3) 
rx 


where k =k 2,z representing a unit vector along the z-axis. We may mention 


here that fot a short range force [i.c., NT V (r) = 0] the general form 
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of the asymptotic solution of Schrödinger equation will be of the form (see 
Appendix O) 


ет еі E 
ШШ eres (14) 


where the second term corresponds to an incoming wave and hence neglected 
in Eq. (13). It may be noted that since the potential is assumed to be spheri- 
cally symmetric, the amplitude of the scattered wave (ie., the function ) is 
assumed to be independent of the azimuthal angle 9. . 

If we multiply Eq. (13) by the appropriate time factor exp (—iEt[h ), it will 
be seen that the first term represents a plane wave propagating along the z-axis. 
Since | e'* |2 = 1 the number of particles crossing an unit area per unit time is 
simply 


hk 
e ae (15) 
[see Eqs. (38) and (40) of Chapter 2]. Corresponding to the second term in 
Eq. (13) the current density is given by [see Eq. (36) of Chapter 2 and also 
Problem 2.4] 


1- Ref po (57 ло)] a9 
aperte Mer. (17) 


where we have neglected terms of О (1/r°) which will make a negligible contri- 
bution at large values of r. The 1/r* dependence of J implies that the intensity 
of the scattered wave falls off according to the inverse square law (see Problem 
2.4). The function f(0) describes the angular distribution of the scattered wave 
and is known as the scattering amplitude. lt should be. pointed out that in our 
analysis we have calculated the current density due to the two parts of the wave- 
function separately. This is justified because in an actual experiment the incident 
wave is collimated and does not interfere with the scattered wave. 
Now, in Fig. 19.1 the area dA is given by 


dA = 40 (18) 


Therefore, the number of particles scattered in the solid angle dQ will be equal 
to the number that crosses the area 4А and hence equal to 


32 If @ rao (19) 
Thus* 
«0 - [5] wor Q0) 


*In general, the scattering amplitude f depends on 0 and o; but for spherically symmetric 


potentials, the scattering amplitude and therefore а is independent of the azimuthal angle, 
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Notice that multiplication of the RHS of Eq. (13) by an arbitrary constant 
would not have changed o(0). ? А 
In order to obtain à solution of Eq. (12) of the form of Eq. (13), we: rewrite 


Eq. (12) in the form ; 
(уз + I) $ (e) = Fix) (21) 


where 
k? = Ejh? iia F (r) = V(r) (r) 


We consider Eq. (21) as an inhomogeneous equation and write the soultion in 
the form 


Y (r) = Ф (r) + (r) (22) 
where ¢ (r) is a solution of the homogeneous equation 
(у? + &)4()-0 (23) 


For the scattering problem in which the incident beam travels along k, we 
choose 


V(r) = eter : (24) 


Let A(k') be the Fourier transform of a(r) [we use k' and not К so that the 
Fourier transform variable does not get confused with Ё? in Eq. 21]; i.e., 


" 1 ИА 
A(k') = eel v (r) eike de (25) 
Taking the inverse Fourier transform (see Appendix D) 
1 pike Й 
Thus 20) = gopr | AK) eter йк (26) 


F (r) = (у? + k?) $ (т) = (v! + E) o (т) 


= буа (+k) | 4a ena 
ue aee [ Аф) (8 — k’) ект di 


1 | Blk’) екет dk’ 


ba: (Qn)? 


where we have operated у? inside the integral and B(k") = A(k’) (&3—k')), The 
above equation tells us that F(r) is the Fourier transform of B(k’) and therefore 
taking the inverse Fourier transform (sce Appendix D) we get 


A(k’) (k? — k'?) = B(k’) = буун | F(r)e-ik"r dr (27) 
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Substituting for A(k’) from Eq. (27) in Eq. (26), we get [we replace r by r' in 
Eq. (27) so that it does not get confused with r in Eq. (26)]: 


o) = — P [ves F(r') exp [e (r — 0а ак’ 


which can be written in the form 


ote) = | eer) re de Q2) 
where 

бст) у] V exp Га Heh ry (29) 
is known as the Green's function* for the operator (у? + Кї). We define a 


pew variable р = r — r’ and choose the direction of the polar axis (і.е., the 
direction of k;) along р to get k' (гг) = К^, р = k'p cos 0 so that 


о я 2n 
90 = ae [rra] cos 0 зіп «| de 
0 0 
LJ 
iu Up e. oe | 
8n? ka—k ikê 
0 
Lu ке 
, e 
=- zu; [Ее 


We integrate this by going over to the complex k’-plane. The integrand bas 
poles on the real axis at k’ = +k. For the contour we shall choose the real axis 


*The Green's function is actually defined through the equation 
(v? + k") G (r, r) (тг = r’) 


where 3(r — r^) is the 3-dimensional Dirac delta function (sec Appendix F). In terms of the 
Greer''s function, the solution of Eq. (21) is 


sooo [6er Ferd! 
One can check that the above equation solves Eq. (21) by direct substitution 
(ot + Kd = (у* + MS + [ (у? + А) G(r, r) Fe’) dr 
- ] тг) F(r)dr' = Fir) 


where we have used Eq. (23). Appendix P gives a slightly different approach for evaluating 
the Green's function. 
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fo? : (b) 
Fig. 19.4 The two contours of integration chosen 


closed by the infinitely far upper half semicircle (see Fig. 19.4) since the factor 
e" eüsures that the integral vanishes on the upper half semicircle; this follows 
from Jordan's lemma (see, for example, Pipes, 1958). 

There, however, remains the important question of how to go around the two 
poles, We shall choose the two contours shown in Figs. 19.4(a) and (b). In 
case (a), the result is 


POS! ;[ Kee ] 
G(p) = 4nigi 2ri KE (30) 
This gives 
ikp ! A 
б.) = — s (31а) 


Similarly case (b) gives 


E 
G-() = — s (31b) 


Another way of formulating the rules for evaluating Gx is that for С. we 

replace k in the denominator in the integral in Eq. (30) by k+ ie and for G_ we 

replace k by k — ie always remembering that « is positive and letting € -> 0, 
We can now write down the corresponding solutions for v from Eq. (24), 


1 fexp(cik|r—r'|) \ ЕГ. 

ф&(т) = ект — "e [akir Ul’) ya) dr (32) 
We make two remarks about these solutions, First, any linear combination 
of YF and f” will also be a solution. Secondly, we really have not solved any- 
thing since Eq. (32) is an integral equation with the unknown y+ appearing 
on both sides. Actually we need the asymptotic forms, i.e., the form of фт) 
for r > co. if we assume that U(r’) + 0 only for a finite region, say | r'| < a 
then for r — co, the main contribution of the integral in Eq, (32) comes from 
a region where г < r; thus we may write 

2r: r' rs А 
|r| =r [1-26 م‎ Zr-—rr (33) 


` 
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so that* 


КА Diem es | extn Poy (e') Y= (ede! (34) 
or, : 
vo p eller — = fem U(r’) Y=(r)ar' Q3) 


where k'exkr.is a vector along the direction of scattering. Equation (35) is of 
the form : 
VEX) > ee + (0, v) 


etr 0. 
r 


(36) 


where 0, o are the polar angles of the scattered particle. 
We recall that for the complete solutions we must multiply Eq. (36) by the 
time part, exp (—iwt), where k and о are related by the free particle equation 


We now recognize that j* (r) represents a plane wave term plus an outgoing wave 
while {-(г) represents a plane wave: plus an incoming wave. We now restrict 
ourselves to the solution corresponding to the outgoing wave case j*(r). The 
term 


АФ, 9) = = j epik vere (37) 


is called the scattering amplitude. Generally in scattering experiments the detec- 
tor is placed outside the region of the incident beam and counts only the scat- 
tered part. It can be seen that the amplitude of the scattered beam decreases as 
1/r implying that the intensity decreases as l/r* as it indeed should be. Once 
ЛӨ, 9) is known, the scattering cross-section can be calculated using the relation 


4g - Ve 9r G8) 


19.4 The Born Approximation 


The scattering amplitude [Eq. (37)] cannot be evaluated unless we know +(r') 
in the first place. However, if the interaction energy U is treated as a small 


*In writing Eq. (34) we have replaced | r — r’ | by r in the denominator because 
1 


xr ] Pata 
Trorl rf N 


implying that the second term would have led to a term O(1/r?). 
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perturbation, then we can solve for ф+ by the method of successive approxima- 
tions. From Eq. (32) we obtain as the first approximation [setting }+(r‘) = eter] 


Hie = ee if 


The next approximation is obtained by using this value of 4+ in the integral 
in Eq. (32), i.e., 


exp (ik | r —r' |) 


|r—] U(r)e'k dr (39) 


1 


etklr-r'i 


Vi (r) = er — +Í dr’ peer U(r’) ект" 
1 V DEM LL RP mad b 
H) [je Pages Ara OOD 


The term 0; (r) obtained by this procedure is called the nth Born approximation. 
Frequently, one uses only the first term and it is referred to as the Born appro- 
ximation. The first Born approximation for the scattering amplitude is obtained 
by setting Y* (г) = exp (ik • r’) in Eq. (37) 


Л (8, 9) =— P f е-Кт U(r) gir dy’ 
NT Elus у g7i(k'—k)r^ de^ 
i | U(r) e -1»* dr 
Inserting the expression for U in terms of V, 
B , 7 N] 
$0, 9) = ре | Ve ar (41) 


where liq = h(k' — k) is the momentum transfer in scattering. We may also 
write 


im 

ЈО, 2) = — уаз (42) 
where 

VW | V(r) eft" dr (43) 
is the Fourier transform of the potential. For spherically symmetric potentials 

V(r) = V(r’), (44) 
and one obtains 

£0,9) = = a [ | | x! dr sin 0' d0' do’ V(r’) еі" cos 0” 
where we have assumed the z'-axis to be along q, and 

AU 
а —|k'—k| = 2k sin > (45) 
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Û being the angle of scattering (the angle between k’ and k), Carrying out the 
integrations we get 


fo-— J no tur ae (46) 
and 
o(0) = (2 yl [ve us rar" (47) 
0 


Suppose now V(r’) is a potential which has the same sign everywhere. Then 
Eq. (41) shows that for large values of q there will be large phase differences 
from different regions of the scatterer (i.e., the exponential term oscillates) and 
effects from different regions will tend to reduce the scattering amplitude. On 
the other hand for g = 0 (i.e., k' parallel to k) the amplitude will be the largest. 
The scattering amplitude in this case is 


fy — s ro ae (48) 


The ratio f(q)/f(0) is called the form factor. Another way of looking at the 
problem is to study the difference between a ‘point’ scatterer and a ‘spread out’ 


one. It is easy to see that, in general, the effect of a spread is to reduce the 
scattering. 


The Born approximation is useful when the scattered wave is negligible 
compared to the incident wave. Looking at Eq. (39) this implies that 


ekir—rt 
lax] FT teo ек а | ei (49) 


For short range central potentials, we can put r = 0 and obtain a crude limit 
2u OP a AET AG NE 
awe sin kr’ V (r’) dr |<: (50) 
0 


а result that is likely to hold for weak potentials and high energies. 
19.4.1 APPLICATION OF BORN APPROXIMATION FOR THE SHIELDED 

COULOMB POTENTIAL 
Аз an example we consider the shielded Coulomb potential for which the 
potential energy function is given by (see, €.g., Reitz and Milford, 1960, Sec. 
14-1)* 


ZZe r 
)و 28 در‎ G1) 
r a 
*We are, for the sake of convenience, using the CGS units. In MKS units e? should be 


replaced by 42/4 xe, but then there would be confusion between the charge q and the mọ- 
mentum transfer vecto' Bg. 
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where À is known as the shielding distance. Substituting in Eq. (46) we get 


3 
(0) — у Fal 220) If €1* sin gr dr 
0 
The integral is the imaginary part of f e-'!^ etar dr and gives 
0 


q 
g* EH 1/43 
Thus 


с )0( = $8 (AZ, ° 4 (ZZ, ety 
Ti (41 + 1/3) “(4 р? sins S. + j ) 
2 2 


(32) 


If we let А — оо, we get 
зүз 
gis ga e ы (53) 
16 E? sin* 5” 


which is exactly the same as obtained using classical mechanics (see Problem 
19.22). Indeed even the exact analysis (see Sec. 19.6) gives the same result. 


19.5 The Method of Partial Waves 


In the previous section we have discussed the Born approximaticn and have 
also given approximate conditions for its validity. When the Born approxima- 
tion fails, it is necessary to use other methods; one such method js the method 
of partial waves which is applicable to spherically symmetric potentials. For 
such a potential, the angular momentum of the scattered particle is a constant 
of motion. It is therefore advantageous to develop solutions in terms of angu- 
lar momentum eigenfunctions. If the potential is of sufficiently short range (or 
the energy of the incident particles is low), it will turn out that only a few eigen- 
functions with small angular momenta (that is, only a few partial waves) wili 
really be affected by the potential. Assuming that the incident momentum is 
fik, large angular momenta correspond rouglily to large values of the impact 
parameter* and hence the particle is hardly deflected. if the range of the poten- 
tial is a it usually suffices to consider angular momenta / with 


1& ka (54) 


We assume that particles of momenta hk are incident along the z-direction. 
The plane wave representing the incident particle can be expanded in terms of 


*Classically the angular momentum of the particle is mgs (see Fig. 19.2) and clearly for 
s > а (where a is the range of the potential) there is no scattering of the particle. 
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angular momentum eigenfunctions (j; are spherical Bessel functions in the 
following) 


exp (Ik r) = ее = У i! QI + 1) Pi (cos 8) jı (kr) (55) 
1=0 


where there is no azimuthal angular dependence in the expansion due to sym- 
metry around the z-axis [see Appendix N for the derivation of Eq. (55). It is 
clear that the scattering amplitude must also be independent of 9 since ihe 
potential, being spherically symmetric, does nothing to discriminate between 
various values of e. For large r the asymptotic form of Ji is (see Appendix Н) 


sin (kr — 17/2) 
ЖА (kr) E WE S 


exp [i(kr — In/2)] — exp [— i(kr — 1x/2)] 
a 2ikr 


>= 


(56) 


With the insertion of the time factor exp (— iot), it is clear from Eqs. (55) and 
(56) that the plane wave contains equal amplitudes of incoming and outgoing 
spherical waves. Thus the asymptotic form of Eq. (55) will be 


еъ NI) E yee» etr — (—1) e-*** | P, (cos 0) (57) 
1 


Now, the Schrédinger equation for the problem is, as before, (у? + k?) } = 

UY. We now expand Q(r) in the form 
ф(т) = Vm й un Р, (cos 0) (58) 
In writing down Eq. (58), we make the following observations: 

(a) Since, in the Schrédinger equation, Eq. (21), the potential is spherically 
symmetric, the spherical harmonics Yim (0, Ф) are solutions (see Sec. 5.2); in this 
problem m — 0, there being no p-dependence. We can, therefore, take the 
general solution to be alinear combination of Yio or Pi (cos 0). 

(b) The factors (2/ + 1) i'/k are introduced for convenience. Clearly, for Eq. 
(58) to be correct, и, (т) must solve the Schródinger equation, Eq. (21). 

Substituting Eq. (58) into Eq. (21) we obtain 


aH [e-vo 02], (20 (59) 


In Appendix O, we have shown that for a short range force for which 


Lim r V(r) = 0 (60) 
Po 
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the asymptotic form of u(r) will be exp (-Eikr); thus we may write* 
шщ (r) — Агей" + Ву е9 = C, sin G im 43 ) (61) 
БАМ 2 


where the factor Ir/2 has been introduced for the sake of convenience and the 
mue 3ı are known as phase shifts**. Equation (61) can be written in the 
orm 
Lr e 
u~ zi С) [е er —(—1)! e-ti e—t*r] (62) 


Substituting Eq. (62) into Eq. (58), we obtain 
жю > SED cni ear — (=1) emet] P(cost) (63) 
large r 1 


2ikr 
This is to be compared with the form 
Ur) e + ©" po) 


(21+ 1 ей" 

“2 poet alts 11-5 ела 
where we have used Eq. (57). Equations (63) and (64) represent the same func- 
tion and hence the coefficients of exp (ikr) and exp (-~ ikr) should be identical; 
equating the coefficients gives us 


Ci = eti 
and 
л) = У t+ 0) арол) 1 Pi(cos 6) (65) 
1=0 


*This may be very easily seen for a potential which vanishes beyond a certain distance 
r = a; because then for r > a, R; (ғ) (= u(r)/r) satisfies the equation satisfied by spherical 
Bessel functions and therefore [see Eqs. (14) and (15) of Appendix H] 


uj (r) —35 e [ар Jae) + b; ni(i 
г> = 


where р = kr and j; and n; are the spherical Bessel and spherical Neumann functions (see 
Appendix H). Using the asymptotic forms of j, and n; (sec Appendix Н) we get 


1 In Ix 
—= | a; — sin Pep by cos ( - £)] 
noz an (ғ 2) + , 2 
which is identical in form to Eq. (61) with 3; = tan”? (b;/a;). 


*^When V(r) = 0 everywhere, u(r) is simply krj,(kr) [see Eq. (55)] the asymptotic form of 
which is sin (kr — /x/2). Thus 8; is the ‘phase shift’ introduced by the potential, 
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or 


f = > Sun sin 3 exp(i3)) Pi(cos 9) (66) 
7=0 


The total cross-section can be shown to be (see Problem 19.16) 


LJ ` 
c= | Orda = Tu У O+ D sinh (67) 
1-0 
The above expression shows that as far as the total cross-section is concerned, 
the different partial waves contribute independently, there being no interference. 
This; however, is not the case for the differential cross-section. 
Аз an application of the method of partial waves, we will consider two 
examples. 


19.5.1 SCATTERING BY A HARD SPHERE 
We first consider the scattering by a hard sphere for which V(r) will be given by 


Vir) = 0 r>a 
= co r<a (68) 


Since the regionr < ais inpenetrable, the wayefunction must vanish at r = a. 
Now, for r > a the radial part of the Schródinger equation is [see Eq. (21)] 


D [е- EY] u(r) = 0 (69) 
For I = 0, the solution (which vanishes at r = a) is given by 

wr) = A sin k(r — а) à (70) 
Comparing with Eq. (61) we get 

3, = —ka (71) 


which is known as the s-wave (or [ = 0) phase shift. In general, (for arbitrary 
1) the solution is (see Appendix Н) 


u(r) = (kr) [Arj,(kr) + Bn(kr) for r > a (72) 
Using the boundary condition at г = a we get 


u(r) = кта, | jn — E n(kr) ] 


A х In (ка h : 
EZ [ sin ( kr — >) — E cos ( kr — 3)] (73) 
Comparing with Eq. (61) we immediately get 


(Ка) 
п. (Ка) 


The above equation is an exact result; for | = 0, one immeidately gets 
Eq. (71). For ka < 1 (i.e., for low energies), if we use Eq. (13) of Appendix Н, 


tanà, = — 
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we would get 


tan&z- .. (ka 5 
Qr DI! ОГ DI (75) 
Since ka < 1, we get 8,/3) <1, 8,/5, < 1, etc. This result is consistent with our 
Mee pen that at low energies only few of the angular momenta contri- 
ute. Thus for sufficiently low energies, only 8, effectivel i i 
, y contributes and изїп 
Eqs. (67) and (71), we get 1 Nos 
an ‚ 

с sin, zz 4ra? (76) 
which is four times the result obtained by using classical mechanics (see Prob- 
lem 19.21). At this point it may be worthwhile to discuss the conditions for 
the validity of the classical theory in describing the scattering process. The 
classical theory will be valid when one is justified in describing the scattering 
through the "trajectories" of the classical particle. The situation is analogous to 
the justification of the ‘ray-picture’ in optics which is valid when the refractive 
index changes very slowly in distances of the order of wavelength. This is also 
the condition for the validity of the WKB approximation (see Chapter 13). 
When diffraction effects become important it is necessary to have a quantum 
mechanical description of the scattering process. 

For the hard sphere case, when ka > 1 


tan ж — tan ( ka — 5) (17) 


so that 
l=ka 


«= y art Din? (ka +>) 
1=0 


ka 
4n ; хт 
= | Qx + D sin? (— ka + A) 
= na 78) 


which is still a factor of two more than the classical result. This is due to the 
fact that from the region 0 zz 0 there is a contribution of та®; this contribution 
arises from the famous Poisson diffraction phenomenon according to which 
when a plane wave is incident normally on an opaque disc, one always obtains 
a bright spot on the centre of the geometric shadow (for further details one 
may look up Sommerfeld, 1950, p. 215). 

19.5.2 SCATTERING BY A SQUARE WELL AND THE RAMSAUER EFFECT 

We next consider the s-wave scattering by a square well 


V(r) = — Vo 0<r<a 
(79) 


=0 r>a 
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For | = 0, the radial part of the Schródinger equation would be [see Eq. (59)] 


ie + Kufr) = 0 fo 0«r«a (80) 
Él E 0 for ra (81) 


where К? = 2m(E + V,)/ti? and Кї = 2тЕ/М!. For г < а we must have 
We = А sin Kr (the cosine solution will make Ro(r) = uo(r)/r go to infinity at 
r = 0). For r > a we write the solution in the form u(r) = B sin (kr4-3,). 
Continuity of u and its derivative at r — a gives 


tan (ka + &) = + tan Ka 


or 
3, = tan е tan Ка )- ka (82) 
Thus 
4n. 4n 1 1 
eer iem uiu wer 
a g+ktanka du 
3; “[ int ( I — (ап kajk) (83) 


where g — K cot Ka. 
Returning to Eq. (82) we notice that tan 8, (and hence the scattering cross- 
section) would vanish if 


tan Ka _ tanka, 
ENIKE? 


we are assuming ka < 1 so that 5, 3,, etc. are negligible. Although the above 
equation has been derived for a square well potential, similar vanishing of the 
cross-section would occur for a ‘localizable’ attractive potential. This effect was 
first observed by Ramsauer (and hence known as Ramsauer effect) who found 
that at low energies (~ 0.7 eV) the scattering cross-section of electrons by 
noble atoms was extremely small. The effect was later explained by quantum 
theory. 


19.5.3 SCATTERING OF NEUTRONS BY PROTONS 
The neutron-proton interaction can be approximately described by the square 
well interaction [see Eq. (79)]. Thus, we may use the results of Sec. 19.5.2 to 


study the scattering of neutrons by protons. For low energies ka — 0 and 
Eq. (83) becomes 


*7 P = gay 4 
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In order to determine the value of g (== K cot Ka) we use the data on the bind- 
ing energy for the ground state of deuteron; this is denoted by B and its value is 


zz 2.223 MeV. Now, for the ground state of deuteron E = —B and [= 0 so 
that 


u(r) = Asin kır for r<a 


=ce*r for r>a 
where кї = 2uB/h*, kî = 2u (—B + V,)/5*, 
к= Fr» д, — ma 


т +m," 2 


being the reduced mass of the neutron-proton system. Continuity conditions at 
r= а give us 


К, cot kya = —& (85) 


If B < V, (which is indeed the case because Vo = 40 MeV), 
kı = [2p Vo/ h*]*? = K. Thus 


$ + 
g= K cot Ka =k, cot ka к = — ( В) (86) 
substituting in Eq. (84) we get 
4n di 4r? 
"ЕЕ. o 2B С ma(E B) (87) 
f hi? (1 — ga) 


The last step is not very accurate because ga ~ 0.3; nevertheless the above ex- 
pression should give a reasonable estimate for с. However, if we assume Е € 
В = 2.223 MeV then the above expression gives c = 2.4 x 10-** cm? whereas 
the experimental value is about 21 x 1074 cm*. This large discrepancy cannot 
be accounted by the approximations made in the analysis. In 1935, Wigner 
made a suggestion which removed this difficulty. He pointed out that the ground 
state of deuteron was a triplet; however, there is no reason why neutron and 
proton could aot interact with their spins antiparallel (i.e., through the singlet 
state). Let Е, denote the energy of the neutron-proton system associated with 
the singlet state; then 


QUI S qp NES d ] 
em | a ЕЪВ A ETIEN (88) 


where 2 and ‡ are the statistical weights of the triplet and singlet states (see 
Sec. 15.5). If we assume | Ё. | z 40 KeV we get the right order of magnitude 
for c. However, it is not possible to decide whether the state is real or virtual.* 


*Corresponding to the neutron-proton interaction in the triplet state V; = 21 MeV and it 
is possible to have a bound state (a = 3 MeV); on the other hand, when the spins are antipa- 
rallel V, = 12 MeV and it is not possible to have a bound state. However, for E e 40 KeV it 
is possible to have a virtual (or a metastable) state (see Problems 13.16 and 13.17) with a 
finite lifetime (see, e.g., Bohm, 1951; Bethe and Morrison, 1956; Mott and Massey, 1949). 
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For low energies (E < 4-5 MeV) the experimental dependence of c on E is in 
reasonably good agreement with Eq. (88). 


19,5.4 APPOXRIMATE EXPRESSIONS FOR PHASE SHIFTS IN THE 

BORN APPROXIMATION 
In this section we will obtain approximate expressions for the phase shifts when 
they have small values. We start out with the equations satisfied by gi(r) [= kr 
j,(kr)] and u(r) [see Eqs. (14) and (15) of Appendix Н and Eq. (59) of this 
chapter]: 


Ге 92? о-о (89) 
ш + [#- 24 -09]«0-o (90) 


We multiply Eq. (89) by ш (r) and Eq. (90) by g, (r), subtract and integrate to 
obtain 
r 


[em O — «o Ж] - [ums mr) a 
0 


Both (г) and u(r) vanish at r = 0; further, we let r — co, and use the asym- 
ptotic forms [see Eq. (12) of Appendix H and Eq. (61)] to obtain for the left 
hand side 


g, du. — u(r) T> k sin (+ — F Jes (e E E 4 a) 


=k sin (kr — A +) cos (kr — >) = —ksin 8, 
Thus 


sin = — 1. 2H | VO wir) ee) ar (91) 
0 


The above equation is exact. Now if the phase shifts are small (which is likely 
to be valid for high energies or weak potentials) then in carrying out the above 
integration we may assume 


u(r) z gir) = kr j, (kr) 
Thus 


sin ر‎ e hs — 2А ] Ver) (ker j (kr) de. 


= — al V(r) [Jaa (kr) rdr (92) 
0 
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where use has been made of Eq. (10) of Appendix H. Since Born approximation 
is also valid under the same conditions, the calculation of 3; through Eq. (92) 
is known as the Born approximation. In Table 19.1 we have given the value of 
38 (for electron scattering by hydrogen—see Problem 19.6) obtained by using 
the Born approximation (Eq. 92) and have compared with the exact values 
obtained by numerical solution of the differential equation. Notice that higher 
the value of k better is the agreement between the two numbers. The agreement 
with the experimental data is also satisfactory as discussed by Mott and Mossey 
(1949). 


TABLE 19.1* 
COMPARISON OF EXACT AND ÁPPARUXIMATE VALUES FOR PHASES 
(a, = В?һе?) 


ka, Energy Sg *— Ex 
(eV) Approximation 

1.0 13.5 SA 0.905 0.596 

2.0 54 0.695 0.602 

3.0 122 0.568 0.534 

4.0 215 0.490 0.472 

5.0 340 0.432 0.422 


* Table adapted from Mott and Massey (1949). See also Problem 19,6. 


If we use Eq. (92) for 2, we should expect o(0) to be given by Eq. (47); this 
is indeed seen from the following 


/@ = БЕ 5 ү 1) Pi(cos 0) [exp(2i8) — 1] [see Eq. (66)] 


1=0,1,2 
= TA (21 + 1) Pi(cos 9) 9; 


бр 2 QI + 1) Pos 0) р | V(r) еа Lj (ko) dr 
0 


(using Eq. 92) 


E ES [= sin 4" yc) p dr (93) 
0 
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where q — 2k sin 0/2 and use has been made of the identity (see, e.g., Watson, 
1945), 


sin gr de 
eo. р + 1) Pi(cos б) (КӘР (94) 


Equation (93) is identical to Eq. (46). 


19.6 The Coulomb Scattering 
The Coulomb potential 


Yo) = 222 (95) 


is such tbat Lt r V(r) does not tend to zero and hence does not describe a 


short range ые (see Appendix О). Thus the results of the previous sections 
are not applicable. However, the scattering problem corresponding to the 
Coulomb potential can be solved directly in parabolic co-ordinates, the direction 
of the beam being an axis of Symmetry. The co-ordinate system is 


x= Vii cosg; y = WE sin e; z=} (Е ч) (96) 
We also have 
r=} +) (97) 


In terms of the parabolic co-ordinates, the Schrédinger equation [Eq. (12)] for 
the Coulomb potential becomes 


"bees kr) Eu nous. 


2Z,Z,et 
E+ 79 m 
Since we want solutions independent of o, we write 
Ф = AE Л) (99) 


Substituting from Eq. (99) in Eq. (98), we obtain 


та) ®( (e P euo 


зо that we can separate the equations 


FIC de) + (Few) A =o (100a) 
and 


à (s #) is {т چ‎ &)^ 3 (100b) 


dh 
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with 

@ + ы = 220 pst) 
The solution we want must be of the form of a plane wave moving along the 
z-direction plus an outgoing spherical wave. These are proportional to 

e = gina (102а) 
апа 

ейт — еї®Її+т) [2 (102b) 
Both these forms suggest that we look for a solution of the form 

е5 f,(7) 
In other words, we choose 

ЛО) = ека (103) 
Substituting Eq. (103) into Eq. (1002), we obtain 


(£- E 3 eitis + (+ k? — Bi je = 0 


2 
so that 
B, = ik/2 
Me this value of 8, in Eq. (101) we obtain, from Eq. (100b), 
” 
3p ран (2 600 |= (104) 


We {гу a solution of the form 


бп) = е*"? g(n) 


We have 
$ = — ES eg ng + g nn a 
E ا‎ Peng — ik eina x EL $e 
so that Eq. (104) becomes 
1 SE + (1 i  — ke = 0 (105) 
where we have written 
ne (106) 


ПЕ = узу 
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We want to reduce it to the equation satisfied by the confluent hypergeometric 
function 


4% V 
vA + — E = og = 0 (107) 


We identify ikz with 4’, —in with a. Now the solution of Eq. (107) is [see Ap- 
pendix G] 


g = F; (а; 1; — 1) = |Р, (— in; 1; ik) (108) 


For large values of z, the confluent hypergeometric function has the following 
behaviour [see Appendices G, K and L] 


'&@ вз) = (7 [A + Tu (109) 


Thus the asymptotic form of g can be written as 


E وع اع‎ 
where 
(—ikw" _ [—ik(r— z) 
еттт i) oT. + in) (и) 
d (ikx)-*n31 ейт de [ik(r = z)r*-! еїХїт—в) 
ED 2 TCM — ЧН) 
Writing 
[— ik(r — z)]^ е-е) 
= etnlalers)} einai) 
Since 
(~i) = etn 
this gives 
einni- — etnl-ir/3] — „п 
Thus " 
enis ТАА 
а= 
T(1 + in) (1118) 
Similarly 
enr ЇЗ g-inlnfk(r-z)) ойе) 
22 


ik(r — z) T(—in) (111b) 
We recall that the solution required is 
ф = etii e-thn/2 (у) ج‎ eit (о + gy) (112) 
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From Eqs. (ila), (111b) and (112) it is clear that e™ g, gives a modified plane 
wave and e** g, gives a spherical wave. We can write 


7/8 


AO E exp [in In [k(r — z)] + ikz]‏ جل 


Td + in) exp [ik — inin {kr — 
+ TE in) Я а — } (113) 
We have 
TE + in) _ inl (1 + iny 
T(-in) . rim) 
We can write : 
T(1 + in) = | T(1 + in) | exp (ion) 
Finally 
"ris 
y ral exp [ ike + in lo(k(r — 2)} ] 
+ MM exp | ikr — in In k(r = 2) + 2ion } RON 


We note that only the phases of the incident and scattered waves are modified. 
However, the phase of the scattered wave is of the form — ir In[k(r — z)] + 2ion 
so that it increases indefinitely for large r, although only logarithmically. We 
can still identify (putting z = r cos 8) 
n А 
7) 126599 exp [— in In(1 — cos 0)] (115) 
as the part containing the angular dependence. This gives the differential cross« 
section as 


d ZZ: \* 1 
EA E ) OD HO 


a result that agrees with the classical recult (sec Problem 19.22) as well as with 
the Born approximation result (see Eq. 53). 


19.7 Considerations for Identical Particles 

section we will discuss the scattering of identical particles like scattering 
of « particles by « particles. However, in order to point 
out the peculiarities for identical particles we first consider non-identical parti- 
cles like scattering of protons by « particles. In the centre of mass system the two 
particles approach each other with the same momentum (sce Fig. 19.5 and Sec. 

19.8) and after scattering they are again moving in opposite directions, If the 
detector is such that it could detect either the « particle or the proton then 


In this 
of protons by protons or 
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n 


(9,9) 
a), ; 


LU 
ges (-6,T. 0) 
2 1 


Fig. 19.5 Scattering in the centre of mass system 


the detector will register a count if the particle gets scattered along the direc- 
tion (8, 9) or along (x — 0, т + Ф) (see Fig. 19.5). Thus the cross-section will 
be given by 


o(0) = | f(0) |" + | f(r — 0, т + 9) (117) 
However, since most scattering potentials are spherically symmetric, we get 
e(0) = |709) |? + | f(x — 0) |? (118) 


The above equations give the correct results for non-identical particles like scat- 
tering of « particles by protons; however, it gives wrong results for scattering of 
protons by protons or of alpha particles by alpha particles. This is because of 
the indistinguishability of identical particles due to which it is impossible to say 
whether it is the incident particle or the terget particle which has reached the 
detector. Due to this indistinguishability, we must construct appropriate wave- 
functions which are either symmetric or antisymmetric with respect to the inter- 
change of indices (see Sec. 15.5). 

We first consider identical Fermions (like protons) for which the total wave- 
function, space and spin, must be antisymmetric, This means that even the 
asymptotic form of the wavefunction of a two particle system must obey this 
tule. However, the space part of the wavefunction alone may be either sym- 
metric or antisymmetric, depending on whether the spin part is antisymmetric 
or symmetric. Thus for the p — p system, the space wavefunction must be 
symmetric for the singlet and antisymmetric for the triplet case. In the centre 
of mass system the collision may be represented as in Fig. 19.5. The asympto- 
tic form of the wavefunction must therefore be a symmetric or an antisymmet- 
tic linear combination of the two cases. If 


ей 
r 


describes the form for the first, then 


yq) = ект + f(0, 9) 


Un) etr fle — 0, y) 7 (119) 


describes the second. The combinations are 


(vq) + ф(— 0] 
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The scattering cross-section is now 


0(0, 9) = 1/0, 9) + f(x —9,9 + x)? 
= 1/00, 9) F + [f(r —9, o + л) |" + 2Re[ f(0, 9) f*(x — 0, 9 + 7)] 
(120) 


To check the normalization in Eq. (119), we note that in the absence of intere 
ference we get the classical result 


9(9, 9) + 1700, e) P +1 fe — 6,9 + 2) | (21) 


This result merely says that the detector counting the scattered particles will 
not be able to say whether it is counting particle 1 or 2 so that the number 
counted at a particular angle is a sum of both the probabilities. 

However, the complete quantum mechanical result, viz. Eq. (120), is more 
subtle than just this. It is actually the probability amplitudes that interfere. 
(This situation is quite similar to electron diffraction by the double slit; see 
Chapter 2). 

At 0 = 7/2, for a central potential, the results are particularly interesting. 
We obtain 


а ( = 3) atl) | 


which is twice the result predicted by the classical equation [Eq. (121)]. Моге- 


over, 
л 
+ ( s ту = 


Thus the p — p triplet scattering at 1/2 should be absent. For an unpolarized 
beam of protons, the cross-section is 


o(8) = {в(0) |rripiet + 45(6) |singlet 


because the singlet state has statistical weight one and the triplet state three. 
Using Eq. (120), we obtain 


= Lf) I 170 — 9) P — Rel SO) f* — 0)] 


Equation (115) gives 


f® = X4 exp [— in In(2 sin? 0/2)] 


Лт – 6) = ET exp [— in In(2 cos? 6/2)] 
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Thus 
m 1 1 Re exp [— in In (tan*(0/2)] 
Oi dz aor + 2080/2) — sinX8/2) cos*(@/2) } 
m 1 1 cos [и In (tan? (0/2))] 
"Mame tome — аар 024 


Here n = # ZZ, e*|b*k. This formula agrees with the experimental data at 
energies which are not large enough so as to let the nuclear interaction become 
effective. For further details see Roy and Nigam (1967). 

It is of interest to mention that for spinless particles (e.g., « particles) the 
total wavefunction must be symmetric and therefore we must have 


(0) = | f(0) + f(r — 9)! (123) 
This equation gives 
(DT cm 


which is to be compared with the classical result [Eq. (118)] which gives o(0 = 
n[2) = 2.| f(1/2) |*. Thus the quantum theory predicts twice as much scattering 
as we would expect from classical theory; the experimental data confirms the 
quantum result. 


19.8 Laboratory and Centre of Mass Co-ordinate Systems 


In Sec. 5.3 we had shown that the two body problem can always be reduced to 
a one body problem provided the potential has spherical symmetry, i.e., the 
potential energy depended only on the magnitude of the distance between the 
two particles. It was shown that the Schrédinger equation could be broken up 
into two one particle equations, one describing the free motion of the centre of 
mass [see Eq. (31) of Chapter 5] and the other describing the relative motion 
of the two particles [see Eqs. (27) and (33) of Chapter 5 and Eq. (12) of this 


chapter]. Thus the cross-sections calculated in this chapter correspond to the | 


centre of mass system and since all measurements are carried out in the labora“ 


tory system we must know how to relate the cross-sections in the two systems*. 
It is the purpose of this section to know the relation between the two systems. 


We consider a particle of mass m, moving with velocity v, towards the target 


particle of mass m, which is initially at rest (see Fig, 19.62). The centre of mass 
(shown by C in the figure) moyes with velocity 


туй, 


ves m, + m 


(125) 


After scattering, the incident particle moves in a direction given by the angle 


*It may be mentioned here that while calculating the energies of the bound states in 
Chapter 5 we could ignore the motion of the centre of mass, 
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v 
Centre 
of mass а " 
о——= & о, Yo 
m ۷ 
! 1 ye mY 32 
pt mem? 
(a) 
ШМ] 
mi«m»? 
Center of 
\ mass 
O = e MÀ 
eu may m MI m5 
DESDE ШШЕ 


my Vy 
m,*m5 


() А 
te system in which the target particle (of mass mg) is 
125)] represents the velocity of the centre of 
rticles fly off in different directions. (b) In the 
icles approach each other with the same 


Fig. 19.6 (a) The laboratory co-ordina 
initially at rest; û, [as given by Eq.( 
mass. After scattering the two ра 
centre of mass system, the two part 
momenta; the centre of mass is at rest. 


(90, Фе); the target particle alsc suffers a recoil and moves in a different direc- 
tion. In the centre of mass system, the centre of mass is at rest and the two 
particles will approach each other with velocities z17,/(m, + ma) and = ту] 
(m, + my). It is easy to see that the total momenta of the two particles before 
scattering is zero and hence they must fly off in opposite directions after scat- 
tering as shown in Fig. 19.6(b). In the centre of mass system, if the scattering 
angle is denoted by (8, Ф) then for elastic scattering (i.e., when kinetic energies 
are conserved) the particles should move away with their original speeds as 


shown in Fig. 19.6(b). In order to get back to the laboratory system we must 
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superpose the velocity of the centre of mass which will readily give 


» sin 6 = 1ے‎ sin g 


m, + m, 
" = ۔‎ Im 
2' cos 0, ppm cos 0 4- v, 
LI 
Ф = Ф d 


where ' is the speed of the particle of mass m, after scattering. Thus 


sin 0 (2 


aw m/m, + cos 


Notice that when m, > m,, the centre of mass is almost at rest, Oo = 0 and 
two system of co-ordinates coincide. 

Since the laboratory and centre of mass scattering angles are not equal, 
angular distribution of the cross-section will be different in the two syste! 
the relation between the two scattering cross-sections can be obtained by noti 
that the number of particles scattered in a given element of solid angle must 
the same in two systems; thus 


0(0,, Po) sin 049,49, = c(0, 9) sin Od0de (128) 
or using Eqs. (126) and (127) 


3 3/2 
о(0,, Po) = cnr (0, Ф) (12%) 


It is о(0, Ф) which is obtained from the theory, the above equation tells us how 


to transform it to the laboratory system which should be compared with tht 
experimental data. 


PROBLEMS 


| 


PROBLEM 19.1 


Calculate the differential cross-section for the following potentials, using tht. 
Born approximation | 
(а) The square well potential 


Иг) = —Y) for r<a 
=0 for r>a 
(b) The Gaussian potential | 


V(r) = — Y, exp [- 3(2)] (130) 


You may have to use the relation 
= 


| exp(— at) cos (28:)й = EI = exp(— 22/0) 
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PROBLEM 19.2 ] 
The Yukawa potential is given by 


w=- (131) 


which is of the same form as the shielded Coulomb potential [see Eq. (51)] with 
g? playing the role of е? so that the dimensionless parameter g*/fic measures 
the strength of the interaction. Assuming that the neutron-proton interaction 
can be described by a Yukawa potential (which is, however, not strictly true) and 
that 1/« ~ 1.4 x 107? cm, estimate g?/ ñc from the observed zero energy cross- 
section of about 3.6 x 10-** cm? (this is the triplet cross-section, see Sec. 19.7). 


PROBLEM 19.3 
Assume the charge distribution of a scatterer to be given by 
Q(r) = Ze Fe) (132) 
where fF(r)dr = 1 implying that the total charge of the scatterer is Ze. Consi- 
der the scattering of a point charge Ze, calculate V4 [see Eqs. (42) and (43)] by 
' using the Poisson equation and show that 


47236 
А) = – бт A (- к) sam Ala) (133) 


where 
A(q) = f Q(r)e "dr (134) 


PROBLEM 19.4 
Using the results of the previous problem calculate g(q) and hence the cross- 
section for a point charge for which 
F(r) = 3(r) 
Compare with the result obtained in Sec. 19.4.1. 


Рровівм 19.5 
Use the results of Prob 
tributions 
-1 
(a) Q() = a) (Ze) for r«a 
for r > a (uniformly charged sphere) 


lem 19.3 to calculate в(@) for the following charge dis. 


d (135) 
© 00) = (кай dx A eR ГЫЗ, 
ze 1 (Shielded Coulomb) (137) 


Ps + ي‎ 
(0 00 = та r 
where Ze represents the total charge of the scatterer. Notice that all the cases 
will go over to the result of Problem 19.4 in the limit of a => 0. ` 
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PROBLEM 19.6 . { 
The scattering of fast electrons by a complex atom can be, in many са 


represented fairly accurately by assuming the following form of the potenti 
energy distribution ` 


Ze? elr’) , 1 
iridis ar ( 
where the first term is the potential due to the nucleus and the second due to 
atomic structure. For the hydrogen atom in the ground state, we may write 
1 
e(r) = | 4 (1s) = maj **P (— 2r/ay) 
Use the result of problem 19.3 to calculate c(6). 


PROBLEM 19.7 


Modify the analysis of the previous problem to study the scattering by helium 
atom, the ground state function of which can be represented by (sec Sec. 12.4) 


27 
bo = = exp[— Ztr, + r)/a], Z= e" 


PROBLEM 19.8 


Referring to Fig. 19.6 show that the total energy in the laboratory and centre 
of mass systems are related by 


)139( د 
E, a E‏ 
PROBLEM 19.9 ^‏ 

In the neutron-proton scattering, assuming that the range of the attractive | 
force, a, to be approximately 3 x 10713 cm show that the scattering will be 
almost isotropic (in the centre of mass system) for neutron energy x; 10 MeV. 
(This is indeed borne out by experimental data). | 
PROBLEM 19:10. х 


Assuming the mass of neutron to be equal to the mass of the proton, prove | 
that there cannot be any backscattering in the scattering of neutrons by pro- | 


tons. | 
PROBLEM 19.11 


For neutron-proton Scattering, make an angular distribution for [= 0 | 


(s-wave), 1 — 1 (p-wave) and | = 2 (d-wave) Scattering in the centre of mass | 
and laboratory co-ordinate systems. , 


PROBLEM 19.12 


For a short range force, use Eq. (92) to prove that 


= ~ Lo, > ~ Tos etc. (140) 
e 0 
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PROBLEM 19.13 
Consider a repulsive potential given by 


V(r) = Р O<r<a 


(141) 
=0 r>a 
show that 
3, = tan? E tanh Ka | — ka for E < Vo 
= tan? [x tan Ka | —ka forE>Vo 
Kı 
where 
je DRE, к = n DIF 
and 
K? = 2m (E — Vol ® 
PROBLEM 19.14 
For the square well potential discussed in Sec. 19.5.2 show that 
kji (ka) — в (ka) 142 
_ _ mo 
tan dı = — Ey; (ka) — em (ka) x 
where 
Кл (Ka) 


eit RR] 
For ka € 1, using the forms of jc) and пр) [ого + 0, show 
NE fe اھ و‎ 
о = tan 12 4d 
TA 17 aa] 
3, stan? | са Жүда, etc. 


PROBLEM 19.15 
Obtain an expre 
tering centres. 


ssion for the coherent scattering cross-section for many scat- 


PROBLEM 19.16 j o 
Show that the total cross-section, Eq. (67), follows from Fq (66) on using the 


orthogonality of Legendre polynomials. 


ProsLeM 19.17 fe j 

i i i he scat- 
i ng there is no absorption of the incident particle by 0 
e A R ties must be equal. Equation (63) 


i i ing intensi 
terer. Thus the outgoing and incoming In al (63) 
shows that this implies that 3; must be real. Show that the reaction cross-section, 
defined as the number of particles removed from the beam per unit flux, is given 


ж 


= 
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by 


"2 %- S 1) (1—15, 19) (143) 


PRonLEM 19.18 
Prove the optical theorem 


Soni = 4 Im fo) (144 


where Im f(0) is the imaginary part of the forward Scattering amplitude. 


PROBLEM 19.19 
Consider the Scattering of the wave packet 


Y (r, 4) = 


em J d k a(k) eter (145) 


PROBLEM 19,20 


For the square well potentia] discussed in Sec. 19.2, 
trajectory of the particle is the 
Sphere of radius а 


show that the classical 


1 Same as the path of a тау of light incident on a 
With refractive index given by 


(ЧЫ 


Cs 


Fig. 19.7 


(146) 


Scatterer 
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PROBLEM 19,21 


In the classical expression for the scattering cross-section for a Square well 
potential [see Eq. (8)] if we let Vo— co show that c(0) becomes independent of 


9, i.e., the scattering becomes isotropic. For such a case show that the ‘total 
cross-section is па? 


PROBLEM 19.22 
For the Coulomb potential [see Eq. (95)] show that the relation between the 
impact parameter and the Scattering angle is given by 
ZA 


sO = 2 сы. (147) 


(sce, e.g., Goldstein, 1950 Sec. 3.7). Hence using Eq. (7 )calculate the scatter- 
ing cross-section, 
SOLUTIONS 


SOLUTION 19.1 
a 


диз Vj [еее 


(а) (0) = ET 


= ae " (sin ga — да cos qa)* 
where the symbols have the same meaning as in Sec. 19.4, 
(b) Simple integration gives 


d 2np* а V2 
«t = (че)! Yah = “ы ce 


SOLUTION 19.2 
Using Eq. (52), we get 
т 
с = 2 | 50) sin 0 do = 2n 
0 
where we have used Eq. (45). On carrying out the integration, we get 
ГАТА! 1 
o= lór (£) (£) KETI) 


zy 1 
kg PET m ( "ic ( i] а 
Using the data given in the problem and the fact that 


2k 
| йй gd 
fig any a 


or, 


tats ~ 1 mp ~ 0.836 х 10-3 g‏ ہے 
ВА т. + Ms 2‏ 
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We get g?/ hc ~ 1.3. This is very much larger than the ‘strength’ of electromag- 
netic coupling e#/he сә 1/137. However, the Yukawa potential is hardly a 
sufficiently accurate representation of the nuclear interaction and one should 
treat this value of g?/Bc as only a rough estimate. 


SOLUTION 19.3 
The Poisson equation is given by* 
y? V(r) = — 4r Ze О(г) (148) 


Now, the Fourier transform of Eq. (43) gives 


V(r) = aa | Va el dq (149) 
ог, 
GV = |с ae da 
Thus 
+ | (Фуа) eitt dg = -- 4r Zie Q(r) = — 4r Zae * | Aq) e" dq 


where in the last step we have used the Fourier transform of Eq. (134). Thus 


4n Ze 
3 


Ya— Ala) (150) 


em = LO? = (55s) | ә A аз) 


SOLUTION 19.5 
(a) Alq) = f Q(r) e~t dr 


та 
#2- | | | е7Їїїеоз® 3dr sin 6 d0 de 
4 000 
3(Zye) |. 
m [sin да — да cos qa] (152) 


*Two points ought to be mentioned here : first we are working here in the CGS units 
(because in the MKS units e should be replaced by 7 which would get confused with q) and 
secondly in MKS units the Poisson equation is 

v*U = — [charge density]/e, 
where U is the potential (which is the potential energy per unit charge) and e, is the free 
space permittivity [see, e.g. Reitz and Milford (19С0)]. The final result obviously remains 
unchanged. 
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Hence 
90) = (2 (ZZ 9 5i А 
=) ay "(шаўк [sin да — qa cos да] (153) 

6) А = Ze m (= 4а2/2) (154) 

(с) AG (q) = ТІ + gia) 2 73) (155) 
SOLUTION 19.6 

Comparing with the notation of Problem 19.3, we have Z, = — 1 and for 
the hydrogen atom Q(r) = ed(r) — - eer) 

^ 4@ = [1 = F(g) (156) 
where 


Fla) = f p(t) er dr 


= ux [|| ear iao е-Ї4'©%5® 24; sin 0 20 dp 
таў 


1 
BETZ 57 
is sometimes called the atomic form factor. шш for A(q) in Eq. (133) 
we get 


j = (2e \ Hi dy al 
e0 = (Fae) ла = ga — FOF 


a 


The total cross-section will be 


2k sin 7 (158) 


т 2а, 
= | с(0) 2x sin 9 dd = | o(q) uds 
0 


ж, 3 
-TE 


where y = фа. Writing 
(8+7) = 4 + (4 + 0) = 16 + 8 )4 + ») + (4+ y» 


We can easily carry out-the integration. For Као > 1, we obtain 


ee a (159) 
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SOLUTION 19.7 
For the helium atom we have 


2 
ио E+ Aj Y egg Rens O 
п=1 a 
or 
Qt) = 2e 86 — уус exp L- 2Zrlad (ast) 


Proceeding as in the previous problem we get 


[8 х (1.68)? + qal 


Comparison of the theoretical results with experimental data show good agree- 
ment at electron energies above 100 eV (for further details, see Mott and Massey 
1949). 


SOLUTION 19.8 
We refer to Fig. 19.6 


Eta = } ту 


апа 


1 
= 5 е ss a (163) 


SOLUTION 19.9 
Scattering will be predominantly s-wave (1 = 0) for ka xá 1or 
E Q2( ERG RM 
Hiab 2E 2 ( ji 
Thus - 
(10717) 
Евь 3 Oe x 10739 x G X 107155 = 1.6 X 10-5 erg = 10 MeV (164) 


SOLUTION 19.10 
Equation (127) gives 


0, = 9/2 


and since 0 goes from 0 to л, % will be-less than т/2, 
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SOLUTION 19.12 


For a short-range force, only small values of r will contribute to the integral; 
therefore : 


od (kajn m" 
us ОПО: OI m]? (+) rdr (165) 


where a denotes the range of the force, and we have made use of the formula 
Az (kr) 
CUL 1) 


Evaluation of 3; requires a knowledge of the potential, but an order of magni- 
tude of the ratios is 


hou SEM 12225 


SOLUTION 19.15 
For a single scatterer, the asymptotic wave is given by 


bem em 
If the scatterer is located at ri then the distance to the detector is | r — r | (sec 


Fig. 19.8). There is, however, an extra phase change suffered by the incident 
wave by the time it reaches the scatterer so that 


, 


ЖООК 12,1 
uo = ret ейч її 1 rr, (166) 


| 


2:0 
Fig, 19.8 If the scatterer is at rz, then the distance to the detector is Гер 
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The total intensity of the scattered wave is 


PNIS - x y, ge EEEN explo — enl 


22 ur je A M? expliktz; =at ei — enl (167) 
14] 5 


where c, = | r — r; |. If we assume that all the scatterers are the same and 
their spread is much smaller than the distance of the detector, we can write 


1 а 
LE Nis +E 5 ехр ж — z; + ei — e] (168) 
۴ 
ixj Я 
where N is the number of scatterers. The first sum is the part that gives the in- 
coherent scattering and the second the coherent scattering. Note that the second 
term in Eq. (168) is a double sum. The coherent part can give large variations 


with angle. If the scatterers are all randomly spaced, then the sum will average 
out to zero, if 


k^oem1 


where Ар is roughly the spread of the scatterers. For k ^ p ~ 1 one can get 
large values for coherent scattering. In the forward direction, 


p= z —z sothat р — ру. Z; — 2; 


Thus the coherent intensity is 


Li Li 
UA Mas (169) 


Again, if there is a regular arrangement of scatterers as in a crystal satisfying 
the condition 
k(z — z, + ра — pj) = 2n 


one gets mazima. 


Equation (168) has to be modified for what is called ‘the binding factor’ in 
crystals. One writes 


а B 
M NC TE PE = 234 g-— ej) (170) 


The cross-section for coherent scattering can be written as 


d \ 
FL = Biff P. explik( zi — 2; + ei — ey] 


In those directions (Bragg angles) in which coherent scattering is appreciable, 
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n N? (remembering that we have a double sum). Thus 


d 
~ NP |р 


SOLUTION 19.17 
The net flux of particles through a sphere of radius Ris given by [see Eq. (34) 
of Chapter 2] 


ja = ail DE ah _ ye |, ndo 71) 
Now 
Ed E OLD. Paletti ik. e + Cy Glen] 
2 27 un QE 1) p peor + (тусан М 
апа 


фк > >, ор. Рр? «-®® — (—1)e*5] 


We, now, cannot assume that т, 19 to be the same. Thus 


1) Py 
Ге 33 AER DA и-и 
TT 


+ terms involving e**'** 


we can ignore the other two terms which oscillate rapidly and will average to 
zero. Thus ias that we want the net flux inward) 


jn ee (14 1) Ql + men-»wf4do Q7) 
>) 


Due to orthogonality relations 
А 2 
| Picos 0) Pi (cos 0) deos = zr S 


we obtain 
jit gi а DI — [a i 


The current in Ith partial wave is 


Tae E Qi 001 = 13 (173) 
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Thus the reaction cross-section is 
4 
d= v QI 4- DCO — 1%, P) (174) 


In Eq. (174), | m | < 1, for otherwise the outgoing current will exceed the in- 
coming one. Since the scattering cross-section is 


eT 01+ 011 


one sees that сі, is largest for тр = —1. In that case с! vanishes. On the other 
hand, 4; = 0 gives the maximum reaction cross-section for which 


t gta Git De 


с =з 


sc r rz 


If there is no scattering (n, = 1), there clearly is no reaction either. 


SOLUTION 19.18 
The total cross-section (from the previous problem) is 


e = oa + or = Bet 
where 
ehe TI + D2 — 9, 0] 
2r 
= та 01+ DU — Rex] 


and Rey is the real part of 7. From Eq. (65) we have for the formats scatter- 
ing amplitude, 


à —1 
SO) = > a+ 


=i > @+1 سل‎ 
1 


This establishes the optical theorem 


с = & Im f(0) 


CHAPTER 20 
Time Dependent Perturbation Theory 


20.1 Time Development of States 


When a system is isolated and the Hamiltonian is independent of the time, the 
energy eigenstates are true stationary states. If the system initially is in a parti- 
cular state Yn which is an eigenstate of the Hamiltcnian Ho, it will stay there 
for all time. The time dependence of Ya is of the form 


Falt) = ¥n(0) exp(— Е,/%) (1) 


where E, is the energy for the state и. If, however, the Hamiltonian is time 
dependent the energy is no longer a constant of motion. Knowledge of the 


behaviour of the system is obtained by solving the time dependent Schrödinger 
equation 


vci E 
ii Y= HY К @) 


Unfortunately the structure of the Hamiltonian Н in most cases dose not per- 
mit a solution of this equation in closed form. 

In many physical problems, the time dependence of the Hamiltonian arises 
because of what may be thought of as an external agency. An atom irradiated 
by light is an example. The time dependent part in such cases is usually a small 
perturbation representing the interaction of the system with the external agency. 
We may then write 


H = H, + Vit) (3) 


where H, may be thought of as the sum of Hamiltonians of two systems in 
isolation and V, their interaction. Instead of attempting a direct solution of 
Eq. (2), we pose the. problem in a slightly different manner. At a particular 
instant, say t = 0, the system may be ~garded as being approximately in an 
eigenstate of Hp, labelled i. We would like to calculate the probability of finding 
the system in another state f, also an eigenstate of Ho at a later time* t. Under 
these circumstances, we shall talk of the system being in quasi-stationary states. 
In most of the physical problems, we only have quasi stationary states. For 
example, an excited state of the hydrogen atom does decay and is not strictly a 
stationary state. At the other extreme, we may regard a state that lasts only 
for 10-295 as quasi stationary; the point is that this lifetime may still be much 


longer than the natural frequencies of the system. 


n the states i and f may be exact eigenstates of H, 


H jon, th: 
*If Vit) acts for a finite duration, the inal times of observation. 


Provided the perturbation is zero at the initial and fi 
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20.2 The Transition Probability 
Let Yn denote the complete set of eigenkets of H, 
Hob. = Eqn = Bol. ~ (4) 


where En(= Боп) represent the corresponding energy eigenvalues. The wave- 
function representing the actual state ¥(/) can be expanded in terms of Yẹ 


та) = = b.(t)s (0) 


where | ba(t) |° can be interpreted as the probability of finding the system in the 
state л at time f. For the sake of convenience we write* 


ba(t) = C, (t) ет 
80 that 
Pa) = E C(t) etn (с) . (5) 
n 


Obviously, | C,(t) |* will also represent the probability of finding the system in 
the state n at time t. Our objective is to develop a perturbation theory for the 
calculation of Cn(t) for a given V(t), Now, from Eqs. (2), (3) and (5) we have 


ih i т V(t) = (Ho + У) (0) 


= (Ho + WS, Colt) ee Ya 
IF 


= Y (En + Y) Cale) фы et @ 
п 


where in the last step we have used Eq. (4). If we use Eq. (5), the left hand side 
of the above equation becomes 


th 2 YQ) = i P С) eteni ф, 


REIR 3 [és — ie, К enient i, 


Thus we have 


r3 [2. = йб, | een dj, = > (En + V) Ct) eot dn (1) 


*The rapidly varying term in b,(t) is the exponential term. Indeed if V = 0, C,({t) is 
independent of time. 
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where the second term on the left hand side cancels the first term on the right 
m side. Multiplying on the left by Çê and remembering the orthonormality 
relation 


SVS Pa dr = (s n) = 8, (8) 
we get ү 
ih 4: = Y сді) Pant) exp (ом) ө) 
where 
Orn = Os — Op = BiU (10) 
Valt) =S EVU inde = (s\n) ` (11) 


The set of equations (corresponding to various values of s) represented by Eq. (9) 
are exact. To solve them, we usually have to resort to perturbation techniques; 
there are, however, situations where one can obtain exact solutions of the time 
dependent equations; see, e.g., Problem 18.10, see also Problem 21.8. 

Let us assume that at time f the amplitudes have not changed very much from 
their values at t = 0; i.e., we replace C,(t) by C«(0) on the right hand side of 
Eq. (9). We can then integrate Eq. (9) to give 


Li 
i CA) — CAO] = Y e [vo exp iod (12) 
} - 2 : 
We can apply this to the case where we know that the system is ina particular 


state i at t = 0. Thus 
C.(0) = ore 


(13) 
=0 for s#i 
, 80 that 
t 
Cit) = +f VAD етй, f 1 (14) 
0 


Equation (14) gives the probability amplitudes at later times of states other than 
the initial one. 

Suppose now that at t = 0 the per 
independent of time*, Thus já 


t і 
* exp( iot) — 1 
ско = de Yn | exp Gora =— Y 77 8 2 
LES 


turbation is switched on and for f > 0,15 


i i j here V(t) will vary sinu- 
bi wut consider harmonic perturbations wi 
In the next chapter, we ots Sm Vi 


soidally with time and will describe the atom 
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Thus the probability for reaching the state f (at time 1) is given by 


sin? (o,1/2) 
(ai2) a 
We rewrite the above equation in terms of E; and Ex: 
v sin (Er = E) i2 F 
PA) = ar [ EE qn 


Figure 20.1 shows the behaviour of P/(t) as a function of Ey. We note the 
following : 
(i) The perturabation theory result, viz. Eq. (17), is valid only when P;(t) < 1, 
(ii) As long as t is small enough such that 


(80 — Е) ур «1 (18) 


Р) = 1640 = | Fa te 


the quantity P/(t) is proportional to 1? for all values of Ey, in fact 


a 
POLITE (19) 


Gi) ы PAD = Yu gs (20) 


Equation (17) represents the probability of transition to one particular state фу» 
In the applications that we would discuss, we would be interested in transitions 
to a group of closely spaced states. Thus the probability of transition to any 
one of the states is given by 


W = f P(t) e,(Es) dE: (21) | 


— p 0 


Et 


5 271A 

e EERE Ei o 6.278 giIt 

Fig. 20.1 The variation of P(t) [= | Vy; |? sin? (E, —Ej) t|2h + {(E,—E,)/2}* as a function 
of Ej. Notice that the function is peaked at E, = E; with a width AE ~ Jf. 
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where c(E;) dE; represents the number of final states in the energy interval dEy. 
The density of states is usually a very smoothly varying function and since Ру(ї) 
is very sharply peaked around E, = E;, we may write 


= e (E) | PAD ав, 2). 
AE 


where AE represents the central peak. We may now replace the limits of inte- 
gration by —eo and + co to obtain 


in (Ey — E) t/2h * 
w= од v | [E RP | an, 
2t 1 зіп? £ 
= ов) vp | Ê aE 
or у yupo(E)t (23) 
The transition probability per unit time will be given by 
r= E | ma e) (24) 


which is usually referred to as Fermi’s Golden Rule. We illustrate the above 
procedure with a specific example. Suppose a system A undergoes a transition 
to two parts A > a + b due toa perturbation, Our question may be framed 
thus : If at time / = 0 we know that the system is in a specific state 4, what 
is the probability that at a subsequent time t > 0, the system has ‘decayed’ 
into parts a and b? According to Eq. (17), there is a finite probability that the 
final state will have an energy Ey Z E, (Ei was the energy at t = 0) where 
E; — Е; % h/t. Thus we must sum the probabilities over a set of states f within 
this interval—in fact, we shall sum over all states whatever the value of Er. 
But, Eq. (17) ensures that the contribution from states for which Ey — Ex > i/t 
is negligible. We are, therefore, inevitably interested in the density of states /, 
i.e., the more states there are satisfying the relation Ey — Ei && h/t the more 


will be the transition probability. 
If we assume that the entire sys 
have to calculate the number of 
particular value Ey, say ¢(E/) dEr 
states and then integrate Over all val 
we do not have to go far from B= 
density of states e(Er = Ej). _ 
We may mention here that in © 
have assumed that t is large enous 
peaked around Ey = E; (so that p; can 


30(45-125/1982) 


tem is in a box of volume V, we shall then 
states of a and b within an interval dE; of a 
compute the total probability for all these 
lues of Бу. Equation (17) will ensure that 
Ei; i.e., we are essentially interested inthe 


arrymg out the integration in Eq. (23) we 
h so- that the function Ру(1) is very sharply 
be taken outside the integral); on the 
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other band, for the validity of perturbation theory, Pz(t) < 1, i.e., t should be 
small enough so that 
Ua we (25) 


We digress here to mention that since Py (t is very sharply peaked around 
Е; = E, it should be possible to express it in the form of a delta function. 
Indeed, since 


Ll Met 8* _ $0) (26) 
£o ng x 
(see Appendix F), we may write 


sin? (Ey — Е) t25 _ м zs( Е; — E; ) 
n KE — E)/2Y* 2 


£ м 8 (E — E) Q7) 


Thus Eq. (17) gives 
Pj = AE IVa P3 (5 Е) an 


а formula which is often used. Equation (28) does appear nonsensical because 
it is zero for all values of Ey 52 E; and co for Ey = E; and we know that P, (t) 
should be very small compared to unity. However, Eq. (28) has meaning only 
when it is multiplied by the smoothly varying function ру (Ey) and integrated 
over all energies to give Eq. (24). 


20.3 Application to the Theory of Scattering 


In Chapter 19 we discussed elastic scattering in which we considered the scat: 
tering of a wave packet by a fixed potential V(r); this was done by obtaining 
a solution of the Schródinger equation in the form of an incident plane wave 
and an outgoing scattered wave. Here we will consider another approach to the 
scattering problem by considering the scattering of a particle as a transition 
from an initial plane wave state to another plane wave state corresponding to 
a different direction of propagation. The two approaches will be shown to be 
equivalent although each approach has its own domain of application. 

We consider a particle in а cube of volume Z? and initially іп a plane wave 
state corresponding to momentum рг. Thus the initial state of the particle is 
described by the wave function 


= exp [i ke r] (29) 


1 
NAZI n 
where 


1 
эш з-й; 0, 
k; i Pi (30) 
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It may be mentioned that by confining the particle inside a large box and by 
imposing the periodic boundary conditions (see Appendix M), the states become 
discrete; in fact the allowed values of kz, ky, and ks are 


2n, 
ka = T k, — m k= (31) 


where 
п», Wy, па = 0, £1, +2, €3,... (32) 
We now assume that the perturbation V(r) is switched on at t= 0. The 
probability of transition to the final state 


y= DB exp(iky • r) (33) 


is given by (see Eq. 17) 


BD = 160 Bm [EET (34) 
where 
Vi = f YF Vide 
d i | v exp (iq de (35) 
апа é 
ioe (36) 


Equation (34) represents the probability of the particle getting scattered to a 
particular state corresponding to ky. If we wish to get the total probability of 
the particle getting scattered into the solid angie dQ. which we will denote by 
wdQ, then we must multiply P(t) by (E; МЕО and integrate over all ener- 
gies; here ¢/(E;) dE; dQ represents the number of states whose final energy lies 
between Ey and E, + dE; and the direction of propagation in the solid angle 
dQ. Thus, using the method used in the previous section, we get 


wdQ = f PK) 208) dEx dQ 
= 22 | Vis oE) 140 (37) 


Thus the transition probability per unit time into the solid angle dQ is given by 


Tad = 2 | Va e (Е040 (38) 


Now. the density of final states is given by [see Eq. (10) of Appendix М] 


p (E) dE dQ = 5 sm} 2 FL dE dQ (39) 
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Further, since there is only one particle in volume L*, the number of particles 
per unit volume will be 1/L*; thus the incident intensity, J, will be 1/15 multi- 
plied by their velocity ik/m 


Ly dk, ША (mE) (40) 


From the definition of the cross-section (see Sec. 19.3) the number of particles 
scattered into the solid angle dQ per unit time = JodQ = TAQ ог 


гас 2x 
ао = a css | Ут? eda ] 4) 
or 
odo = (Zr) arda (42) 


Substituting for Vy; from Eq. (35), we get 


(т ) | [ v ear i (43) 


which is identical to the expression obtained by using the Born approximation 
[see Eq. (41). of Chapter 19]. This is to be expected because both employ first 
order perturbation theory. 


20.4 Adiabatic Approximation 


In this section we will consider the case of a perturbation varying siowly with 
time. For such a case if we can solve the eigenvalue equation 


A(t) чыт) = Enlt) Palt) _ (44) 


then we should expect that if at t = 0 the system is in the (non-degenerate) 
state Um(0) then at a later time the system will be in the state Ym(t). We will 
show this explicity in this section and also calculate the probability of transi- 
tions to other states. 

We assume the potential to be turned on from f = —оо so that the initial 
condition is [cf. Eq. (13)] 


Cí(—99) = 1 for. sm i 
(45) 


il 


0 for szi 
so that (cf. Eq. 14) 


t 


сй = d- | Vali ербол) а, уж (46) 


TIME DEPENDENT PERTURBATION THEORY 469 


Partial integration of Eq. 46 gives 


t t 

~ exp (iwsit : 

с) [п SFr | + | gl 9“ exp Goy) at 
— 0 —o f 


If we assume that V;(t) > 0 as t > — оо, we can write 


t 
C(t) = — Ful) ронд). (=. Wy 
oji if Bon et 


exp (iost) dt (47) 


The state of the system at the time f is given by (see Eq. 5) 
V(t) = СОФ: exp(— iot) + E С,(ї)ф, exp(— iet) 
E 


Assuming that the initial state has not been depleted very much in time f, we 
can put C;(t) = 1. Substituting the values of C,(t) from Eq. (47), we obtain 


Yt) = Е "E 2 i Uy ] g init 


t 
5 > | жо! н exp (— іеі) Yrdt (48) 

fzi-—e 
The terms in the parenthesis in Eq. (48) represents the change in the state due 
to the application of a constant perturbation V (see Eqs. 13, 19 and 20 of 
Chapter 11) and has nothing to do with transitions. It is therefore the second 

term in Eq. (48) that gives transitions. 

The adiabatic approximation is the assumption that the perturbation is turned 
on slowly, i.e., 3 Vr;/ðt is small. Equation (47) suggests the transitions to other 
states are extremely unlikely in this case. Assuming that 7/0 7^ 0 in an inter- 


val t to tą, we may write 


Ta f 
cyt) = gl (ZE) [ ena 
п 


fon \ t 
ox а, pz [ее — ени] (49) 
sis iño? at 


The condition that | C,(t)| < 1 gives 


1+0 (50) 
— — < 1 
Rol дг 
Since t,, = 1/o, is the period of the radiation in the transition, this statement 
fla * 
implies that 


1^ 0p d (51) 
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20.5 The Sudden Approximation 


We next consider the case when the potential is turned on very rapidly, i.e., 


20: 20 (52) 
Әу 
which implies that the time in which the perturbation changes appreciably is 
very small in comparison to the period involved in the transition. As an exam- 
ple; we assume 


Н=Н fo t<0 ^ 
(53) 


= Н, fo т> 0 


where Ну апа Н, are independent of time. Let ф„ and $, represent the ortho- 
normal set of wavefunctions of Ho and H, respectively. For t < 0, let the 
system be in an eigenstate of Ho (say Ym). Since the Schrödinger equation is a 
first order equation in time, the wavefunction should be continuous at all 
times (although its time derivative need not be continuous). Now, at £ = 0 we 
express фт as a linear combination of $n 


bn = A аф (54) 
where : 
аһ = f Qh Ym dt Р (55) 


represents the probability amplitude for transition to the state pn. 
In general, in the sudden approximation we assume that 2V7,/ct is essentially 
` finite (and large) for a very small period of time say from T to T + т. During 
this time the exponent in the integral in Eq. (47) changes very little so that 


1 T4: А 1 
5 dog T Vii ei " 
сй) ho, е ГА et x Bor, eant Va (56) 
Thus 
| C,(t) | = ) [Ил |? (57) 


2 
ho? 


From Eq. (56) we can see that the criterion for validity of sudden approxima- 
tion is 1 
Oy T « 1 (58) 


The change of the perturbation in the sudden approximation looks somewhat 
as in Fig. 20.2. 
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t 


Fig. 20.2 A typical variation of the perturbation in the sudden approximation. 


PROBLEMS 


PROBLEM 20.1 
The interaction of tbe neutron with a lattice can be well represented by the 
Fermi pseudo-potential \ 


H'= EM У^ i-r) (59) 


Where m is the mass of the neutron, a, is known as the bound scattering length 
of the nth nucleus, 8(r) is the 3-dimensional Dirac 3-function, r(m) denotes the 
Position of the nucleus and the summation is over all the nuclei in the lattice. 
Assume all the nuclei to have zero spin and no isotopes so that a, is indepen- 
dent of п. Calculate the elastic scattering cross-section of neutrons by a simple 
с" vic structure of lattice spacing d (neglect lattice vibrations). Show that the 
condition for non-vanishing scattering is that Bragg law be satisfied. 

[Hint: For a simple cubic structure 


қт) = dix + ny + m2) 
where ву, л, and m take integral values.] 


PROBLEM 20.2 А : 
In the elementary theory of beta decay, the form of the interaction operator, 


H', is simply assumed to be a constant, which we denote by G. Thus the matrix 
clement Н} of the interaction is defined as 
Hj = G J Uw VW фа d7 


where jy and лу are the normalized wavefunctions for the parent and daughter 
nucleus; ij and jy are the normalized wavefunctions for the electron (positron) 
› Ye 
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and the antineutrino (neutrino) respectively. Experiments show that С ~ 10-8 
g cm? s~. Assuming the wavelengths of the leptons being considerably longer 
than nuclear dimensions, show from phase space considerations that 
G? | My |? 
P(p) dpe = LIME pê (в, — E) (® — E) — mp? dp, 
where P(pe) dpe is the probability of emission per unit time of an electron with 
momentum between р, and pe + dpe and 


Mp: = f Viu Yin at 
What will be the mean life-time т? [Referentce: Enge (1966), Fermi (1950)]. 


PROBLEM 20,3 
In this problem we will consider the scattering of fast electrons by hydrogen 


atom; we will neglect exchange collisions, The unperturbed Hamiltonian is given 
by 


Dm у Ra IU t 
Ho 2m Vi 2m vi Ta (60) 


where r, and r, represent the co-ordinates of the incident electron and the elec- 
tron bound to the hydrogen dtom respectively. The perturbation which causes 
the scattering will be given by 


Ме LS 
eee (61) 


where the two terms represent the incident electron-atomic electron interaction 
and the incident electron-atomic nucleus interaction respectively. Using the 
theory developed in Sec. 20.3 show that the scattering cross-section correspond- 
ing to the excitation of the hydrogen atom from the Is state to the 2s state is 
given by 


_ kı 128a 
«0) = ^k Tatas + 9/4) (62) 
where ay = Ы?%/те%, 
q? = (Ky — ki)? = kg + КЇ — 2ke kı cos Û (63) 


0 is the scattering angle, ik, and hk, represent the momenta of the electron 
before and after the collision. (We may recall here that in Problem 19.6, we had 
discussed the elastic scattering of electrons by hydrogen atom; the present exer- 
cise is an example of inelastic scattering in which the energy of the scattered 
electron is different from the energy of the incident electron.) 


PROBLEM 20.4 
A proton is travelling with an energy of 1 MeV in hydrogen gas. Estimate 


the minimum impact parameter for which there is appreciable energy transfer. 
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PaonLEM 20.5 

Assuming that a heavy ion (with charge Z;e) of velocity v passes undeflected 
as it suffers a collision with an atom, calculate the probability of transition of 
the atom from the initial state m to the final state п and hence obtain a formula 
for the rate of energy loss of the heavy charged particle. 


PROBLEM 20.6 \ 

The deuteron is a very loosely bound Structure, the mean distance between 
the neutron and the proton being of the order of 4.3 fermi, which is consider- 
ably larger than the range of the nuclear forces which is about 1.4 fermi. 
(1 fermi = 107? cmi.) It is therefore possible for a deuteron to undergo a graze 
ing collision with a nucleus in such a way that the proton is stripped off the 
deuteron and is absorbed by the nucleus while the neutron emerges as a free 
particle. This process is called ‘stripping’. 


(a) Show that for a deuteron energy of 200 MeV, this process is an example 
of a sudden transition. 
(b) Calculate the energy distribution of the neutrons, 


PROBLEM 20.7 «ут 
Show that when the perturbation is small (sudden approximation) the proba- 
bility amplitude given by Eq. (55) reduces to the expression given by Eq. (57). 


PROBLEM 20.8 
The radioactive H? nucleus decays to Не?, 


Н? > Не? + e- + v 
The electron energy is of the order of 10 keV. (It is actually a Continuous spec- 
trum but for most of it the above estimate is reasonable.) When a tritium atom 
decays, the He? is a structure with a single atomic electron which has to readjust 
, j 
its motion since the nuclear charge has changed. Show that the sudden 
approximation holds in this case and calculate the probability that the helium 
ion is in its ground state. 


PROBLEM 20.9 
Calculate the probability of excitation to the 2p state of a hydrogea atom, 
originally in its ground state, due to a homogeneous electric field with times 


dependence 


E=% 


T 
с diues 


Discuss the limits of small and large values of т and their significance. 


E " Ni the state of a system at time f. Let | n} denote one of a 


complete set of eigenkets of an observable 4, considered time-independent. 
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Derive the relation 


9 


ас, ] 
ihm 72е (64) 


where C, (t) is the probability amplitude that the system із in the state | n} at 
the time t and Ha,’ is the matrix element (п | H | п') of the Hamiltonian. 


PROBLEM 20.11 

There are certain problems in which it is a reasonable approximation to 
assume that only a small number of states | a) are needed for the dynamical 
description of a system. This and the next two problems are examples of the 
two-state approximation*. The ammonia molecule has one nitrogen atom and 
three hydrogen atoms forming a pyramid (see Fig, 20.3). We now assume that 
the only two states of the molecule involved are (a) the state with the nitrogen 
atom above the plane of hydrogen atoms and (b) the state with nitrogen atom 


Fig, 20.3 The two states of the ammonia molecule, 


*For a nice discussion on two-state systems and on the working of the ammonia maser the 
reader is referred to Feynman (1965); the notation used in Problems 20,11 and 20.12 is the 
same as used by Feynman (1965). The maser principle is very nicely discussed in the Nobel 
lecture of Townes which has been reprinted in the book by Thyagarajan and Ghatak (81). 
The К meson problem (see Problem 20.13) has been discussed at many places;'see, e.g, Baym 
(1969), Feypmann (1965), Hughes (1972), etc, 
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below this plane, These are eigenstates of H,, the major part of the Hamiltonian. 
` But there is a small perturbation F, which couples the two states so that they 
are no longer eigenstates of the full Hamiltonian* Н = Н, + У, Assume 


Hi = Ay = Ey Hy = Hy = — А. 


(a) Calculate the probabilities | C,(t) |? and | C(2) |° that the molecule is 
in either of the two states at time ғ. 

(b) What are the eigenstates of the Hamiltonian? 

(c) Calculate the energy eigenvalues. [ 


PROBLEM 20.12 

The two states | 1) and | 2) of the ammonia molecule (see Fig. 20.3) have 
equal and opposite dipole moments. Thus in the presence of a static electric 
field we may write Hy, = Ey + te, Hyg = Eo — ve, Ни = Hy, = —A. Obtain 
the energies of the two stationary states. 


PROBLEM 20.13 
The К is a meson produced in strong interactions such as 
n- + p.> Д + К 

the K* state being an eigenstate of the strong interaction Hamiltonian, Similar- 
ly, the anti-particle KP is also an eigenstate of the strong interaction Hamiltonian. 
On the other hand, in the absence of strong interactions (i.e., when the Ко is 
all by itself and has no means of participating in strong interactions), the К° 
can decay via a weak interaction, the Hamiltonian for which may be regarded 
as very much smaller than the strong interaction Hamiltonian, He < Hs. Asa 
result of Н, the K° and К° are not eigenstates of the full Hamiltonian. Am 
Problem 20.11, we choose as the two base states (eigenstates of Hi)| K* ) 
and | X? ). It turns out that the proper eigenstates are : 


[ KP) = gË IK) EP (65) 
and 
IK) = ze (IK) IFN (66) 


і ti s into rt + п or r + z^ with a lifetime т, = 
095 po пат: of | Кё ) which we denote by т, is about 5.6 X 10s. 
Thus we may write “cai 

= [C, | KY) exp(— іЕ,1/5) exp(— 1/2 т, 
ои + ,| K2 ) exp(— iE;t/ B) exp(—1/27:)] (67) 


pare this problem with the double well problem discussed in Sec. 3,6,4. 


"One may com F., there is a coupling between the two wells and 
Ld х 


There we had seen that fora finite value of 
the levels split, 


a 
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Since 7; > тү, assume т, = оо and calculate the probability that starting from 
a K’ particle, we end up with a Kọ particle at time f. 


PROBLEM 20.14 
(a) A quantum mechanical system (say a linear oscillator) is in a state },(r) 
at t = 0 when it is subject to a large impulse F(t) of the form 


F(t) = P(t) (68) 
Show that immediately after the impulse, the wavefunction of the system is 
Ur) = vix) exp U P + r/ñ) 


(b) Obtain an expression for the probability that, following the impulse, the 
system is found in the state n. 


PROBLEM 20.15 
Consider the reaction 


A+a>B+b 
and the inverse reaction 
B+b-+A+a 
Show that, for the same centre of mass energies 
S4ra Bua _ ( Pa у (285 + 1) S, + 1) (69) 
ОВ+о->А+а Po (2S4 + 1) (2% + 1) 


where the momenta p, and p, are measured in the centre of mass system 
(c.m.s). 


PROBLEM 20.16 
Consider the nuclear reactions 

p+pomid (70) 
and 


n++d>p+p (71) 


where p, d and п+ represent the proton, deuteron and z+ meson respectively. If 
055» 7*4 ANd бу+а-ъру represent the cross-sections for the processes described by 
Eqs. (70) and (71) at the same centre of mass energy, then using the results of 
the previous problem prove that 


3 a 
Opera = 97 Ort aon) (2s, + 1) (4) (72) 
D> 


where Sx denotes the spin of the -meson, p, and pz* are the momenta of the 
proton and x* meson respectively. 
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PROBLEM 20.17 

For an incident proton energy of 340 MeV, the cross-section of the reaction 
pp > x*d is found to be 0.18 + 0.06 mb. In another experiment for an incident 
deuterium energy of 29 MeV, the cross-section of the reaction ntd — pp is found 
to be” 3.1 + 0.3 mb. Show that 


(i) both the reactions correspond approximately to the same centre.of mass 
energy, and i 
(ii) that the pion spin is 0. 
(т„+ = 139.6 MeV/c 
m, = 938.3 MeV/c? 
ma = 1875.6 MeV/c’) 


PROBLEM 20.18 
The K* meson has a decay mode 


Kt > nt + nt т” 


Assume that the decay rate can be calculated by the Golden Rule and that the 
matrix element causing the. transition depends on the pion energies as 


I 
4 €,6,6; 


M ~ 


where e? = 4p? + т? is the total energy (including the rest energy) of the first 
т meson, etc. Calculate the energy distribution of the pions (say r7) in the rest 


system of К. 
SOLUTIONS 


SoLuriow 20.1 ; 
The initial and final states of the neutron are given by 


1 F 
qs Pliko» rj 


and 


1 
qs Plik, г] 
Since the scattering is elastic the initial and final states of the crystal are the 


al results are of Cartwright ef al. (Physical 


iment 
ES 1 Review, 83, 646, 1951; 84, 581, 1951). 


* hes (1 ч 
Data quoted from Hughes ( Ып et al. (Physica 


Review, 91, 667, 1953) and of Dur 
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same and | ko | = | К, |. The matrix element of transition is 


T 21а J exp[— ik, - r] x S(r — rn) exp(ik, - r) dr 
n 


= Irta 3 Í exp[ik - r] 3(r — rn) dr 
n 
= а » explik . r,] (73) 
n 
where 
k = k, — k, (4) 


The differéntial cross-section for scattering is therefore given by 


а =з Leona JE vr] [ze] оз 


For elastic scattering | ko | = | k, | and one obtains 
dasse r | 
mu » explik . r,] | (76) 


For a simple cubic lattice, the lattice points are given by 
t, = dix + ny + n] 
where 
Па = 0,1,2,...Ne—1; «—1,2,3... 
i.e., the crystal consists of №, N, and М; atoms along the x, y and z axes, res- 


pectively and N = N,N.N, represents the total number of atoms. The origin is 
chosen at one of the corners of the crystal. Thus 


A= | D exp[ik · r,)] 
n 


№1 N,—-1 M-1 2 
У У ерт, + mky + тд] 


™=0 п,=0 т=0 


= А,А,А, (77) 
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теге 
e А ETA N |а 
js ci 
4, = gidnike| ч | pee 
m=0 
_ sin® (N,ked)2) 
= “sin” (Ked/2) (78) 


For large values of N, (= 10? in a typical crystal) the value of A, will be large 
(=N}) if 
ыа _ 


2848 


I being an integer. 
If k;d|2x differs from an integer by more than a few times 1/N; then A; will 
be negligible. Thus, one obtains maximum scattering when 


kzd ei 

kyd = 2xm (79) 

kid = 2xn 
where J, m and п are integers (these are the Miller indices). Thus 

3 

тю = BT (а mt + ot) (80) 
Further, using Eq. (74) we get J 

k? = kå — 2kyk, cos 20 + Кї = 4kĝ sin? 0 (81) 
where we have used the fact that | kq | = | k, | and 20 represents the scattering 
angle (see Fig. 20.4). Equating Eqs. (80) and (81) we get 

2d sin 0 = [J + m? + m] (82) 


where A = 2r/ka. The above equation represents the Bragg condition for reflec- 
tion from a set of planes of spacing d/(/* + т? + n°)". A more detailed theory 
for elastic (as well as inelastic) scattering of neutrons from a simple Bravais lat» 
tice taking into consideration lattice vibrations has been given by Ghatak and 


Kothari (1972), Chapters 8 and 9. 


Fig.20.4 Bragg scattering of neutrons by a crysta!. 
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SOLUTION 20.2 

Since the wavelength of the leptons are much larger than nuclear dimensions 
(= 107? cm), we can replace the lepton wavefunctions with their value at the 
centre of the nucleus.* Now 


0) = ур den 


and 

Wr) = р eet 
so thatat r = 0 

1 

90) = ф,(0) = p; 
Thus 

LHP = Fl Ma? 
where 


Mn = f Vin Vw dr 
Therefore, the probability of emission per unit time w, is, 
Lo 2* Gi ? dn 


w= = 


hv? ("| Ge 
where 
Ey = Ee + By 


E, and Ey representing the energies of electron and neutrino respectively. We 


first calculate the probability for the electron going into a particular state; then 
E, is fixed and 


Шыр ыы 
dE, dE, 


Now 
Е mici рус? 

where my is the rest mass of the neutrino. Thus 
dn _ dn dp Е, dn 


1 кт —. 


dE. ^ dp, абу pc dp 


*We are neglecting the electrostatic distortion of the electron wavefunction caused by the 
charge on the nucleus; see Enge (1966) p. 315, 
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In Appendix M we have shown that the number of states for which the magni- 
tude of the momentum has between p, and p, + dp» is given by 


V pi dps 


4 

QE) 4n B dp = nth А (83) 
Thus 

dn dno. (25) үр 

dE, dE pd) 2n 

= ара (Fo — E) KE — EY — (p^ 
and 
G? 2 
w= LM (E, — E) IE — Ba? — n ур" (84) 


If P(pe) dps represents the probability (per unit time) of the momentum of the 
emitted electron to lie between Po and pe | dpe, then in order to obtain P(pe) dpe 
we must multiply the above expression for w by the number of electron states 
whose momenta lie between Pe and p, + dpe, this is given by (see Eq. 83) 
Vp? dpe/2n*h*. Thus 


P(pe) dpe = T s i " pi (Eo — Ег) KEo — Ej — (my c? dpo (85) 


The experimental data on the energy distribution of the emitted electrons show 
is very nearly a straight line, 


that the plot of [P(po/p2] ^ as а function of Ee 
which suggests that my is Zero Ог extremely small. A typical plot of [P(pe)/ p? 


as a function of Ee corresponding to the n — p +e + v process is shown in 
Fig. 20.5; such a plot is known as the Kurie plot. The departure from the linea- 
rity is due to experimental errors and due to the finite velocity of the neutrons 
which undergo decay. We may mention here that for the f decay from nuclei of 
large Z values one should also consider the electrostatic distortion of the electron 


wavefunction (see Enge, 1966). 
The expression for the mean 
all values of p: 


life time is obtained by integrating Eq. (85) over 


Prax 
Шека | p? (mde + РЬ С — (rhet + phe гар 
0 


e maximum kinetic energy of the emitted electrons and 


where P nax represents th 
in writing the last equation we have assumed т» = 0. Carrying out the integra- 


tion we obtain 
G^ ME Fen) (86) 
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8 
6 
P(p,) 
| 2 
Pe 
2 
0 
0 200 400 600 800 
(HFA Ee (kev) 


Fig. 20.5 The Kurije plot for the n > P + е- + v process. The disagreement between theory 
and experiment at low energies is due to experimental errors and also due to the 
fact that neutrons form a beam rather than a solid or liquid (adapted from Enge, 
1966; the original data is of I. M. Robson, Phys, Rev. 83, 349, 1951.) 


where 
1 1 
Fe) = а 1 + фаш, (87) 


and 7 = Ртах/т©. Equation (86) tells us that if | My, |? does not change, the 
value of Fr must be a constant for different P-emitters; this is approximately 
borne out from experimental data (see, e.g., Born, 1962; Enge, 1966). 


SOLUTION 20.3* 
The initial and final states of the System, which are eigenfunctions of Ho, are 
given by 


ge ir etn ju (ra) 
and 


Wr = qp зы 
Energy conservation demands that 
hk? me! Bik? _ те“ 
2n ^ 28! ^ 2m уа 


*The solution adapted from Schiff (1955) Sec. 30; used with permission from McGraw-Hill 
Rook Company. 
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or 
3m*e* 
м = ент 


Now, the matrix element for the transition is given by 


нд = f [etm о [2 E em ee oo an an 


-=r | 
Since 
S (т) Фата) dra = 0 


the integral involving е2/т; would vanish. Thus 
1 
Hj, 9 | ыб) ао He) drs (88) 
where 


d iqpcos 0 T 

I(r) = |a dr, = ea [|| -£  — g dp sin 0 404Ф 
[а=] р 

where р = r — r and in carrying out the integration we have assumed the z 

axis to be along q. Carrying out the integrations over 0 and we get 


" 
I(r) = Been | sin qe de 
0 


The above integral does not have a well-defined value. In ordet to evalvate the 
integral we introduce an exponentially decaying factor е^ to carry out the 
integration and take the limit A — 0 to obtain* 


= 
4 
Ile) = 4F jun Lt | sin qp e-^* dp = 26 eis (89) 
q 130 4 


“Such a procedure is justified because when 7, > 7s 
1 1 eat |= tha 
teem PHL te RR саз ааыа 
and therefore, if we first carry out the integration over r, then the result will fall off as 1/r}; 
the integral ‘contains the term l/r, will vanish because of orthogonality of {зоо and agg: 
Thus for large r, the integrand will fall of as sin gr;/r; making the integral convergent. 
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Substituting the above result and the hydrogen atom wavefunctions in Eq. (88) 


we get 
Hy = > [а К) ( = A) enm) 


1 ys aR 
la) c e] 


where œ = h*/me*. Once again we choose the z, axis along q and carry out the 
straightforward integrations to obtain 


1 1642 пазе? 
TY @a + 9/4) 


The differential cross-section can now be obtained by using the formulae given 
in Sec. 20.3; however, wé must remember that in calculating 7 (see Eq. 40) we 
should use kq and in calculating ру (see Eq. 39) we should use k,; consequently 


«0 = (fee) eim (90 
from which one immediately gets Eq. (62). A nice discussion on the total cross- 


section has been given by Schiff (1955), Sec. 30. One can similarly calculate the 
scattering cross-section for the 1 S+2P transition. 


Hu 


SOLUTION 20.4 

Assume that the impact parameter is d (Fig. 20.6); the collision time, the 
time for which the potential energy changes appreciably, is of the order of 2d/v 
where 2 is the velocity of the proton. The change in potential energy is of the 
order e*/d. If Жо is the energy required for excitation to the л = 2 state of the 
atom, Eq. (51) suggests that a transition will occur only if 


w р fio! 
or 


ve? 
an 


proton 


Fig. 20.6 
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гећ 
M S uy 


Putting fio ~ 10 eV, we get the estimate 
42.5 А 


SOLUTION 20.5 
We assume that the heavy ion of charge Z,e, velocity » passes undeflected 
even as it suffers a collision with an atom (Fig. 20.7). If each atom of the 


medium (assumed to be of a single element) has Z, electrons, the potential 
energy is 


d 1 
ы 5, ML 9 
V = Ze Ir — RI (91) 
Assuming | r, | € | Е |, we can write 
~ Ae S Ag.) 
Ve R 2 (1+ R" R (92) 


In this expression, we treat r; as stationary and R(t) alone as a function of 
time. This is in the spirit of the sudden approximation; it can be shown that 
if the collision is adiabatic there is no loss of energy. We assume that at t = 0, 
the ion passes closest to the centre of the atom, the impact parameter being p. 
We take the co-ordinates of R to be (07, p, 0), of r; to be (x1, yi, zi) so that 


Ze 1 
y- - > [i tu et e» | (93) 
We have to calculate matrix elements {п | V | m) where m, n are the initial and 
y 
(20 
ze x 
TEARI 


Center of the atom 
Fig. 20.7 Collision of a beavy ion with an atom 
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final states of the atom. It is clear that the first term in (93) contributes nothing. 
We obtain 


Z, 


Van = Zi (iue + (yos е] (94) 


The transition probability is | Cam |? where 


Gas = + | Vom €xp (ennt) dt (95) 


For Onmt « 1, we can replace the exponential by unity. The first term in (94) 
being odd in /, vanishes and 


Tow iz, Р(®у‹)һт 
Com = – 12 E dt (96) 


The integral is easily evaluated by setting vt = p tan 0. We get 
i 1 
Cum = — к 2675 2у,т 
where yam = (Хун) ы is the y component of the dipoie matrix element. The 


transition rate is 


4 
| Cam |? = 25 ES Jin 


The average energy loss by the ion in such excitations of the atom is (assuming 
that m is always the ground state) 


= 2 
E= J - Ba) | Cnt = Ee Dîn (Es = En) 0n 
It is shown in Problem 22.9 that the term 
oak 
2% (En — Е.) = 2m 2 


a relation which is called the Thomas-Reiche-Kuhn sum rule; Z, is the charge 
of the target atom. Hence 

2Z?Z,e* 

mi (98) 


We now use this formula for calculating the average energy loss — dE as the ion 
traverses a length dx of the medium. The number of collisions with atoms such 
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that the impact parameter lies between p and e + dp is 
2nn ede dx 


where п is the number of atoms per unit volume. The energy loss in dx is 


ae 
Zet 
—dE = ogg 2nnp dp dx 
*min 
or 
_ dE _ 4nZiZ.e'n Pmax 
iva aA n [d ER (99) 


In order to decide on the limits Pax and P nin We use the following arguments. 
Referring to Eqs. (95) and (96), we can write 
exp (i@nmt) 
Comm [д йук t 


so that if p/v  1/„т, we can, in fact, take out the denominator from the inte- 
gral and Cam — 0 since we shall be averaging over several periods even for small 
t. This, in fact, is the adiabatic limit. We therefore set p at this limit. 


Pmax Onm 


It can be shown that when relativistic effects are included we should correct 
this to 
0 v 
mar VT Be (100) 
we note that the heavy ion ‘sees’ electrons moving towards it with 


he de Broglie wavelength is ~ Б/то. This must be the mini- 
n the relativistic expression for momen- 


For min 
momenta ~ mv, T. 
mum value of the impact parameter; whe 


tum is introduced, 


1-8 
Pmin = mu unn 


Inserting Eqs. (100) and (101) into Eq. (99) we get 


dE _ 4nZiZ,en me 
2 = wa n ue P ER 


where ha is an average of the factors fon». Formula (102) is a simplified ver- 
sion of Bohr's treatment of the loss of energy of heavy ions in matter; it has 
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important applications in nuclear physics where it is often necessary to know 
how much energy is deposited by particles as they go through matter.* 


SOLUTION 20.6 

[Reference: R. Serber, Phys. Rev. 72, 1008 (1947)]. We neglect the effect of 
Coulomb interactions and assume that the collision time т = ro/» where rois the 
range of the nuclear forces and v the deuteron velocity. The transition here is 
from the bound deuteron to the continuum, the relevant period being about 
© ~ &a/fiwhere Ezis the binding energy of the deuteron. Now E; = {$ (2M) 1? 
so that 


The deuteron binding energy can be expressed in terms of its ‘radius’ r4 = 
a/v Mea so that 


өт = i < 1 (for E, ~ 200 MeV and є; ~ 2.2 MeV) 
a 4 


which suggests that the collision may be regarded as sudden. 


Tn the centre of mass system of the deuteron, the state of the neutron changes 
from 


er 


h= + z to dye A expp-r/h) 1103) 


where « = 4 Me,/h, M is the mass of the neutron. ф‹ is the wavefunction of 
the deuteron outside the range of the nuclear force. But, as mentioned in the 
problem, since the deuteron size is much larger than the range, we can treat qj, 


as valid for the entire space. ф, is the wavefunction for the free neutron, A а 
constant of normalization. 


The probability for the transition is 


43 2 
Po) = || opip <del dp 


ys œ 2r х 
e | | exp(—ipr cos 0/5) exp(—ar)rdr 2x sin 0 40) dp 
00 
Arad T er or Li 
mI 4rh | dr sin a dp (104) 


*A more complete treatment was given by H.A. Bethe in Annals Phys, 5, 325 (1930), 
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Now 
; E Li E 1o Iui k 
Е kre асаа 4 ]-1 = Bp 
Thus 
- dp 
РО) d» = В (уу êj € 


We now wish to transform the expression to the lab system in which the centre 
of mass of the deuteron moves along the z-direction with a velocity v where 


+ QM) o" = E, 
If we write 
р? = pe + pi (106) 


then, to the z-component we have to add the momentum of the centre of mass, 
Po = Mv = “МЕ; 
(we neglect relativistic effects), The distribution in ps is (from Eq. 105) 


B'dps 


[оф T 
Рр) doe = Вар, | ора те ов 7 Gee up 000 
0 


We can relate p, to the neutron and deuteron energies in the lab system. If ps 
is the neutron momentum in the lab system, we have y 


Pn =p +P, where р< (108) 


(The momenta p are the Fourier components of the deuteron wavefunction: 

Since the deuteron is a very loosely bound structure, these momenta are very 

much smaller than the kinetic energy of the deuteron.) From Eq. (108) we get 
ph = pî + р} + 2paP, = Р + 2р0, 

In terms of the neutron energy E = p3/2M deuteron energy E, = рё] M this 

gives, 


E [E (109) 
Е= EI + М P: : 


"Thus Eq. (107) gives 


dE 
P(E) dE « Raa + (МЈЕ,) (E — Е{2)* 
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Writing ita? = Mei, we obtain 


dE 
P(E) dE = СЕСҮЕЖ E EX CE (110) 


This is a distribution which is peaked around E — + E, with a width of AE = 
2 EE - Moreover, it goes to a very small value for E = 0 so that we can 
normalize it by integrating Eq. (110) from E = — оо to + oo. This gives 


ї=С — 
4. EEs 
so that the normalized distribution is 


N EaEa dE 


A nez 


The experimental distribution for E, = 200 MeV agrees very closely with this 
expression with the peak at 95 MeV and a width of about 45 MeV. The above 
theory predicts a width of 24 Z;E; z 42 MeV (see Fig. 20.8). 


SOLUTION 20.7 
The probability amplitude is 


($, LE, Еф.) $1 Bh — Ho |.) 
= ES GONE HIT Hl Ye) 
IE omm xv et Bak 


If V = H, — H, is small, we may replace (4, | by ($, | so that 


LG d) вас Leo 


Tita? Я 


P (arbitrary units) 


0 50 100 150 200 
E (MeV) 
Fig.20.8 The variation of P(E) with E 
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SoLUTION 20.8 


That the sudden approximation holds may be seen on comparing the beta 
energy with the atomic binding energies. The change of the nuclear charge and 
hence the potential, occurs in approximately the time tbat the beta particle 
leaves the atom. This time is of the order of 1078/4 C ~ 10-18 s; w ~ 10! s 
so that от ~ 0.1. The initial wavefunction is 


1 1 y 


The final wavefunction is 


01 (2, 
Yoo Ry (Z = 2) = (2) 2e" lao 


The probability is 
P = | f YS Rio (Z = 2) Yo Ri (Z = 1) dr |? 
The integral is 


24 254 2 
a |e үэ 3 7; 
or 
P = (4) & 0.703 
SoLurIoN 20.9 
The perturbation is 
V = —eE, (assuming E is along z) 
ie. ; 
V—-—eE,.cos0 . (111) 


The transition probability is 


d s 
1 fei 112 
| Cro = | (ilo a (112) 
—e 
it i i hat there are no 
where | 0) is the ground state; from Eq. (111) it is obvious t 
"inia, to the ke m= + 1 of 2P. The matrix element (210 | r cos 0 | 100) 
is easily evaluated as (274/2 2/35). This gives 
f E a 
| a+0 di 


15 La 
LOB uis ea 8 


i i lane on which poles 
Th evaluated by going to the complex 1 р 1 
E Er ChE the contour as the real axis (Fig. 20.9) closed by 
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Imt 


Ret 
Fig.20.9 The contour of integration 


the upper half semicircle, it is easy to check that the contribution over the 
semicircle vanishes. Thus 


е“ e AL (t — іт) e Pak aes 
| гс а Кыш e 
Thus the probability is 
15 
ICP = зе ёре 


The limit т > oo corresponds to a turning on the perturbation slowly, i.e., 
от > 1, when the transition probability vanishes. The other limit wt > 0 cor- 
responds to the application of an impulsive perturbation, with 


т 
о MEA 00 


SOLUTION 20.10 x 
Since | п) form a complete set, we may write 


| wn) = E C.) |n) 
If we substitute the above expression in the Schrödinger equation 
in 2.170) = НІ) 


and operate by (m |, we would get Eq. (64). 


TIME DEPENDENT PERTURBATION THEORY 493 


SoLuTION 20.11 
Using Eq. (64) we have the relations 
in 22 — Ep, – 46, 
1 
в 20 = — 4C, + EC, 


These equations are easily solved by forming the linear combinations C, + С, 
so that 


C+ C= сею[—-+ (& - Ay] (113) 
C, — С, = C'exp [^4 (Eo + A] (114) 


where C, C' are constants. If itis known that at = 0 the system is in the state 
| 1), we can solve these equations to give 


t 
C(t) = ep(- t Est ) cos 47 


c(t) =iap( -5 E, )sin £ 


Thus the time averages | C,(t) |# and | C,(t) |? are the same. The energy eigen- 
values can also be determined by diagonalizing the Hamiltonian matrix 


( E —A ) (115) 
—A E 
This gives 

(Ea — А) — 4° = 0 
ог 

А= Ёғ 4 (116) 
This, of course, agrees with Eqs. (113) and (114). The eigenstates аге 


1 3 
vponsi2- 12 


аз can be checked by calculating the energies 


(Ya Hl pa) = Eo F 4 
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SOLUTION 20.12 
Instead of Eq. (116), the Hamiltonian matrix is 


Etue —A 
( —4 LO 


which gives 
à = E, + [4 + растри (117) 


For pe < A (which is indeed the case for laboratory electric fields) the energy 
values of the two states are approximately given by 


] 


where I and II refer to the upper and lower energy states. Now, if a collimated 
beam of ammonia molecules is passed through an inhomogeneous electric field 
whose gradient is in a direction perpendicular to the beam then the force acting 
on the molecules in the lower state will be opposite in direction to the force 
acting on the molecules which are in the upper state. Thus the two molecular 
states can be separated by passing through an inhomogenous electric field. The 
molecules in the upper state are then passed through a resonant cavity whose 
resonance frequency wẹ equals 24/h, then for particular lengths of the cavity 
all the ammonia molecules (as they pass through the cavity) will make transi- 
tion to the lower state and thereby emitting electromagnetic waves at the reso- 
nant frequency. It should be mentioned that if the two states were not separated 
then the molecules in the lower state would have taken the energy from the 
cavity and made transition to the upper state. This is nothing but the condition 
for ‘population inversion’ which is necessary for the operation of laser or 
maser. For more details about the working of the maser, the reader is referred 
to Feynman (1965) and also to the Nobel lecture of Townes* [reprinted in the 
book by Thyagarajan and Ghatak (1981)]. 


pies 
24 


Ayn = E, + [4 + 


SOLUTION 20.13 
Since | V(0)) = | K°), С, = С, = 1/42; thus 


1 1 = 
| ¥@)) = P [5 | K*) + | K°)) exp(—iE, t/f) ехр(—1/2х) 
1 E 
+ Je (1K) — LE exp(—iE, ив] (118) 
Thus the probability that starting from a K" particle at / — 0 we end up with 


*C.H. Townes (along with Basov and Prochorov) was awarded the 1964 Nobel prize for 
Physics for his fundamental work relating to the maser-laser principle. 
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Ke particle at time t is given by 
|с =| (FTI (DY P = 31 + etm — 2678 cos (E, — ББ] (119) 


If the particles are at rest, then E, — E, = C? Am where Am is the mass differ- 
ence of K? and K$. In Eq. (119) if we substitute 


E,— E, zz C! Am (120) 


then the mass difference can be determined from the variation of | C |? with 
time (see Fig. 20.10). 

The behaviour of the neutral K is analogous to that of polarized light. To 
see this, we first summarize the results of this problem. First, at production 
the neutral K, produced in strong interactions, is in the state К°. As time passes 
by, the K? which, according to Eqs. (65) and (66), is an equal mixture of Kf and 
K} decays; but it is only the KÌ part that decays—the Kj has а long lifetime. 
The residue, which is practically pure К? is, according to Eqs. (65) and (66), 
again a mixture of K* and K*, We can detect either component by setting up 
an appropriate detector. In this case, the difference in the behaviour of К° and 
K'isin their strong interactions, and we therefore study a strong reaction 
induced by the neutral K. : 2 

One can construct an analogy identifying the К° and К° with the two plane 
polarized beams of light, one of which is selected by a polarizer. The K9 and 
K$ then correspond to right and left circularly polarized light, with an absorber 
which selectively absorbs only the right circularly polarized light. 

Returning to Eq. (119), if we substitute experimental values we find 


Е-Е, 1 
PLE 
Thus 
{с B zs Hl + eti — 2617 cos (1/271)] (121) 
The time dependence of | C |* is shown in Fig. 20.10 which is in agreement with 
0.6 
0.3 
Ici? 
0.2 
0.1 
zd 2 n 6 8 10 12 [n 16 


t/t 
Fig. 20.10 The dependence of | C |° with time 
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experimental data. Experimentally, since K* and К° are both uncharged parti- 
cles they leave no tracks; they are distinguished from the fact that K* does not 
interact with matter (except elastically) whereas K? can interact with proton to 
produce A° and nt 

KR pA + x (122) 
Now in a hydrogen bubble chamber, К° is produced through the following re- 
action 

т +p ¬+ A° + К° (123) 
The trajectory of Д can be inferred from its subsequent decay to r7 + p 
because both тт and proton leave tracks. When K?is produced in the bubble 
chamber (see Eq. 123) both K?and Кў аге created [see Eqs. (65) and (66)]; how- 
ever, K decays very quiekly (either to n+ + r” or те + n^). К? has a large K* 
component and the К° interacts with hydrogen through the reaction given by 
Eq. (122). Indeed analysis of the experiment allows one to determine the mass 


difference. We conclude this problem by noting that conversion of K? to K® 
is a beautiful demonstration of quantum interferepce effects. 


SOLUTION 20.14 
(a) The кереш equation for the particle is 


ik 2 =(T+V+U)¥ (124) 


where Т, V are the kinetic and potential energy operators without the impulse 
and U represents the energy operator due to the impulse; 


—NU = F(t) 
Integrating, we-obtain 
= —F -r = —P- r(t) 


where we have chosen U = 0 at r = 0. During the impulse, we can neglect 
T, Vin comparison to U in Eq. (124) so that we have 


av 
ih TEES U(r, t) Y 
or 
ih 2 {in Y] = — P- 50) 
Integrating, 


: S „МК 
in (FL) = Р.Г 
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Yr(r) = Vr) exp [ж Р. r] (125) 


(b) The final state given by Eq. (125) is not one of the eigenstates of the 
system. 
We can expand Fr in terms of these eigenstates Yr) 


y, = Yrexp [ж Р. ]- y evo 
n 


Since ¥1, Y'n are eigenstates, we can use orthonormality to obtain the coeffi- 
cients 


С„ = [ X? (r) ¥i(r) exp [+ P-rldr 


| C, |? is the probability that the system is in the eigenstate n after the impulse. 
The above results have a ready application for the so called ‘Mossbauer effect’. 
Here, the nucleus of an atom in a crystal lattice emits a y-ray, thus delivering 
an impulse to the crystal. If the crystal is originally in the ground state of its 
vibrational modes, we can calculate, as above, the probability that it remains 
in the ground state after the y-emission. In this situation, it is not the atom, 
which emits the y, which will vibrate (since this will leave the crystal in a diffe- 
rent state) but the crystal as a whole will recoil without changing its internal 


state. The probability 
y = ict = [vteo[ pa]em (126) 


for such an emission is called the Debye-Waller factor. If the system we are 
considering is, for example, a linear harmonic oscillator, the ground state is 


тух) = 1 e (- E ) 
(7 qua A 2а 
where a is the classical amplitude. For this one dimensional case we have, in 
place of Eq. (126) 

W = exp (—k’a’) (127) 


where fik = P. The recoil energy is 
зр. RE 

Er = 4 2M 
where M is the mass of the entire recoiling system. For a crystal, M is very large 
and the energy Er is negligible. Thus the y-ray emitted by the excited nucleus 
appears with the full energy, i.¢., the energy difference between the excited and 
ground states of the nucleus. For a fuller account of Mossbauer effect, the 
reader is referred to Lamb (1960). 
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SOLUTION 20.14 
We have the two reactions 


At+a>B+b (128) 
and 

B+tb>A+a (129) 
We assume that the matrix element for the processes 

(ра, Pa, S4, Sa) — (PB, Po» SB; So) 
and 

(—рв, —рь, —5в, —9) > (—P4, —Pa, —84, — 8a) 
are the same (this is referred to as the invariance under time reversal). We fur- 
ther assume that the initial beams are unpolarized so that in calculating the 
cross-section we must sum over the final spin states and average over the initial 
spin states. Thus, for the reaction given by Eq. (128), instead of | V |? in 
Eq. (24) we must have 


1 
as +1) QS, + 1) Der 


where the summation is over all the spin states. Similarly, for the reaction given 
by Eq. (129) we must have 


1 
93; 005,33 LIVE 


We next calculate the density of states. The number of states with magnitude of 
momentum lying between p and p + dp is given by (see Eq. 8 of Appendix P) 


4np* dpV 
dn — ` (=)? ei (130) 
or 
Eel m 
dp  2mh 


For the reaction given by Eq. (128) p =| р»| = | p,| and if Ев and E; | 
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represent the total particle energies then* 
dE _ dEs n dE, iis 
dp d dp 7n 


where ору is the relative velocity in the final state. Thus the density of states is 
given by 


dn yp. 
ЧЕ = Timm (131) 


Substituting in the expression for the cross-section [Eq. (43)] and using Eq. (131) 
we get 


pe PV 
M Laco DUET asa D gs r2," (132) 


Similarly 


2E 


1р Suir dough s 1 
vs Yaa (25в + 1) 05 + 52.15 (133) 


ОВ+у->4+а © 
(we are assuming the same centre of mass energies). Thus 


haza _ Lpa (25в-+ 1) (25, + D. 134 
ameoa (pa? (254 + 1) 250 + 1) (134) 


where | ра | ( = | pa |) refers to the reaction given by Eq. (129). 


SOLUTION 20.15 
Using the results of the previous problem we get (at any scattering angle 0) 


3 De 
"NM ОО! (4) (135) 


where we have used the facts that Sa — 1 and S, = }. If we integrate over 


е E? = сір? + т?сі 


Therefore 
E E = с?р 
ог 
dE _ ер _ time) y 
4р Е (mc*^r) 
where 
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all angles, we must multiply by a factor of two to take into account the indis- 
tinguishability of protons in the final state of the ntd > pp reaction. Then 


careers = ortos, y Ore (0E (136) 
9 


SOLUTION 20.16 

In the experiment of Cartwright et al., the incident proton energy of 340 MeV 
corresponds to a meson energy of 22.3 MeV in the c.m.s. (see Sec. 19.8). On 
the other hand, in the experiment of Durbin et al., the incident meson energy of 
29 MeV corresponds to meson energy of 25 MeV in the c.m.s. Thus both the 
experiments correspond approximately to the'same centre of mass energies. 
Further, since the energies involved are small compared to the rest mass ener- 
gies, we may use the non-relativistic expressions giving 

Pa 2mx Ex 


Р, = N 2m; E, = 0.20 


Substituting in Eq. (136) we get 


(0.18 + 0.06) = (3.1 + 0.3) х 1.5 х 0.04 x (2s« +1) 
giving 
25 +11 


or the spin of the z meson is zero. For further details оп the spin and parity 
of elementary particles see Hughes (1972). 


SOLUTION 20.17 

This problem is really an exercise in the calculation of the density of states. 
Let E be the rest energy of the K*. We then have the constraints : 

Е= є +e + €, 

(137) 
0= р, +P. + Ps 
Let us assume that p, is held fixed. We now calculate the number of final 
states with this constraint. (Throughout these calculations we shall use the 
simple rule that the number of states is 1/(2xh)! x phase volume.) 

We are interested in the number of states dN such that the energies of two 
of the pions аге fixed, within infinitesimal intervals, and the remaining para- 
meter varied. If we fix p, and p, , it is clear that energy conservation will 
automatically fix the magnitude of p; (see Fig. 20.11). Looking at the diagram, 
we see that this also fixes 0,. Now the number dN is 

рї dp, dQ, Di dp, dO, 
dN= [253 [3:32 y? 


(138) 


~a volume of the box in which. the event takes place and dQ, and 
angle intervals within which p, and Pa lie. Once we consider pi, 
4erely have to count dN as the number of states within the energy 
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Fig. 20.11 


interval dE, a variation which is related directly to the interval (dQ3). To get 
this relation we use momentum conservation 


рї + рї + 2p, Pa cos 0, = P$ (139) 


Since р? + m$ = ef (we have used c = ) 
we can write Eq. (139) as 


p? + pğ + 2р, pacos O, = Ф — mê 
or 

p? + pf + 2p, pa cos 9, = (E — € — €! — т (140) 
Since we keep pi, Рг, €», 6 fixed, we get 

2p; pa d (cos 6) = 2(E — €, — €) dE = 2€, dE 


or 
E (141) 
d (cos 0,) = E 
( » Pi Ps 
The orientation $, in dQ, is irrelevant so we can integrate over it. Moreover, 
we can now also integrate over dQ, , since no further constraint 1s involved. 
This gives 


MR Cu pi dpi Pa dpa € dE V° (142) 


Since p; dp, = €i dei, We have finally (inserting the factor c which we had 


dropped) 


ам _ SRV? 
AS am - Ge one dede (143) 
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The transition probability is, therefore, 
= ZE | Mp de de = dh dh (144) 


where f, and f, are kinetic energies of any two pions. The energy distribution of 
the т^ is obtained by integrating over the energy of the other. But Eq. (144) 
tells us that there must be an equal number of 77 emitted per unit energy for the 
entire energy range allowed by energy momentum constraint. 

It can be shown that if the pions are emitted in the / = 0 state (low energy) 
and the interaction of the pions in the final state can te neglected (which means 
that they can be represented by plane waves), then the matrix element will have 
the simple dependence M ~ 1 1(є1є,є,):/ as assumed. This means that any 
deviation from the prediction (144), which can be called the *phase space spec- 
trum’, may be attributed to some interaction of the pions in the final state. In 
the extreme case where two of the pions really are the products of the decay of 
a particle which emerged from the original reaction, there would be a very strong 
deviation from the phase space spectrum. As an example, we may have 


zt + аео +p +p 
> (xt + n> + 7°) 


In a bubble chamber, only the three pions are seen but from their energy spec- 
trum one can infer the existence and properties of o. A very shortlived particle 
such as the o is sometimes referred to as a resonance. 


CHAPTER TWENTY-ONE 
The Semiclassical Theory of Radiation and 
the Einstein Coefficients 


21.1 Introducfion 


In the previous chapter we developed time-dependent perturbation theory which 
we will now use to study the interaction of an atom with electromagnetic field. 
The theory presentéd in this chapter is a curious mixture of classical and quan- 
tum pictures. Matter, i.e. atoms, are assumed to exist in discrete (quasi-station- 
ary) states. But the electromagnetic radiation with which it interacts, is describ- 
ed classically. This semiclassical theory of atom-field interaction will be discuss- 
ed in Sec. 21.3 which will enable us to calculate probabilities of absorption and 
induced emission. It may be mentioned that the semiclassical theory is inguffi- 
cient to describe the spontaneous ‘emission of radiation because the electro- 
magnetic field is described classically; the fully quantum theory, which we will 
discuss in the next chapter, describes the spontaneous emission automatically. 

An ingenious idea of Einstein enabled him to obtain a relation which would 
determine the rate at which spontaneous emissions take place. The ideà was 
based on consideration of matter in equilibrium with radiation assuming that the 
resultant radiation must obey Planck's law. Einstein introduced coefficients, 
which are now known as Einstein coefficients, which described induced emission, 
absorption and spontaneous emission. In бес, 21.2 we will give the original 
argument of Einstein (1917) which gave rise to the relation between different 
coefficients. In Sec. 21.3 we will discuss the atom-field interaction using the 
semiclassical. theory and will derive expressions for stimulated emission rate and 
stimulated absorption rate. In Sec. 21.4 we will use the Einstein dary it to 
calculate the spontaneous emission rate and hence the life time of atomic states. 
In Sec. 21.5, we will discuss the selection rules governing the transitions. 


21.2 The Einstein Coefficients 


Figure 21.1 represents two of the energy levels of an atomic system correspond- 
ing to energies Ey and Е,. Let Ni and N, represent the number of atoms (per 
unit volume) in levels 1 and 2 respectively. An atom in the lower energy level 
can absorb radiation and get excited to the level Es. This excitation process can 


2 Е; 
hos Е-Е, 
1 Е; 


Fig.21.1 The two states of an atomic system. The transition frequency is 


on = (Е, EI B- 
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occur only in the presence of radiation. Such a process is known as stimulated 
absorption or simply absorption. The rate of absorption would depend on the 
energy density, и(о), associated with the radiation field corresponding to the 
frequency 

Wi, Bu (1) 
The energy density u(w) is defined such that u(w) dw represents the radiation 
energy per unit volume within the frequency interval o and w + do. The rate 
of absorption would be proportional to N, and also to u(w). Thus, the number 
of absorptions per unit time per unit volume can be written as 


N, Ba ulo) (2) 


where B, is the coefficient of proportionality and is a characteristic of the 
energy levels. 

On the other hand, when the atom is in an excited state, itcan make a transi- 
tion to a lower energy state through the emission of electromagnetic radiation; 
however, in contrast to the absorption process, the emission process can occur 
in two different ways: 

The first is referred to as spontaneous emission in which an atom in the 
excited state emits radiation even in the absence of any incident radiation. It is 
thus not stimulated by any incident signal but occurs spontaneously. Further, 
the rate of spontaneous emissions is proportional to the number of atoms in the 
excited state; thus if we represent the coefficient of proportionality by А then 


Nady (3) 
would represent the number of spontaneous emissions per unit volume per unit 
time to the lower energy level. 

The second is referred to as stimulated emission in which an incident 
signal of appropriate frequency triggers an atom in an excited atate to emit 
radiation. The rate of transition to the lower energy level is directly propor- 


tional to the energy density of the radiation at the frequency o. Thus the num- 
ber of stimulated emissions per unit time per unit volume would be given by 


NB и(о) (4) 


The quantities Azı, Bj, and B, are known as Einstein coefficients and are deter- 
mined by the atomic system. 


At thermal equilibrium, the number of upward transitions must be equal to 
the number of downward transitions. Thus, we may write 


МВ) и(о) = Nada, + М.В, u(o) 


An 
or LO) REI RE (5) 


From Boltzmann’s law, we have the following expression for the ratio of the 
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populations of two levels at temperature Т: 

x= 26) D] 

ie exp ET = exp Т (6) 
where kg represents the Boltzmann constant. Thus, we may write 


4 
uo) = Bo exp (Бот) — By o 


Now, according to Planck's law the energy density of radiation (at thermal 
equilibrium) is given by (see, e.g., Thyagarajan and Ghatak, 1981): 


fio? MM 
uo) = uo exp (Ho/keT)— 1 ¢) 
Comparing Eqs. (7) and (8) we obtain* 
By, = By, = B (say) (9) 
and 
A fio? 
Ja = жа ao 


Thus, the probabilities of stimulated absorption and stimulated emission are the 
same and the ratio of the A and B coefficients is given by Eq. (10). It is of inter- 
est to mention that at thermal equilibrium corresponding to ordinary temperas 
tures (T ~ 1000°K) the spontaneous emission rate for optical sources far exceeds 
the stimulated emission rate (sce Problem 21.1). 


21.3 The Atom-Field Interaction 


In order to calculate the Einstein coefficients we consider an atom in the pre« 
sence of an oscillating electric field given by** 


El) = ê бу cos ot (11) 


which is switched on at f = 0; 2 represents the unit vector along the direction of 
the electric field and the oscillation frequency o is assumed to be close to the 
resonant frequency os [= (E, — Ё)/&] corresponding to the transition from 
state 2 to state 1 (see Fig. 21.1). Now, the interaction energy of the electron 


*If the levels 1 and 2 are я, and ga-fold degenerate, then NN, = (gılga) exp (Ho/ksT), 
Bıs = Bgy(8s/81) and Anl Bn = Bot ric’. Чуу T" 
**The lectis field associated with an electromagnetic wave will be of the form e cos 
(ot — К. г); however, for radiation in the visible region, the wavelength associated (~5 X 
10-5 cm) is much larger than atomic dimensions (~ 1078 ст) and we can use the value of 
Ê atr = 0, This is immediately obvious from Eq. (17) where the atomic wavefunctions are 
almost zero for r > 10-5 cm and since k œ~ 105 cm~, the quantity К.г < lin the domain of 
integration. 
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with the electric field is given by 
H' (r, 1) = q E ° r = 4606 · r) cos ot (12) 


where q(> 0) represents the magnitude of the electronic charge*. Let He repre- 
sent the Hamiltonian corresponding to the atomic system and let Yn denote the 
eigenfunctions of Но belonging to the energy En (=ћо,); 


Hy. = Е.ф, = Bon Yn (13) 
Our objective is to solve the equation 
9 p = HY = [H + H' (т, t)] VG, 0) (14) 


Following the approach developed in Sec. 20.2, we write 


Ye, t) = > Ca(t) е” фт) (15) 
n 

and obtain [see Eq. (9) of the previous chapter] 

i Et = Y сона) eor (16) 
where 

Hot) = J Vir) H', t) 0) dr = (s | H' | nY 

= taeoe: (s |r | r) [et + en] (17) 
Substituting for H’(r, t) from Eq. (12), we get 
4с, : 

ih A. == E є, Zon C,(t) [eet 4 ette, 9t] (18) 
where 

Din = 6 Pon (19) 
and 

Pon = q f Vile) Phat) de = q (s |r | n) (20) 


is known as the dipole matrix element. We assume that at f = 0 the atom is in 


*'We are considering here a single electron atom with r re; i i 
f presenting th i 
the electron with respect to the nucleus, Thus the electric dipole pac of ор d 
by pe — qr because the direction of the dipole moment is from the negative ch; Eos 
positive charge. The interaction energy of a dipole placed in an electric field is dd Eu 
is precisely Eq. (12). It may be mentioned that the interaction term described by Ед. (12) is 
consistent with the Schrödinger ti i i жиы 
aoe nger equation for the electron in the dipole approximation (see 
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the state фі, i.€., 


C(t = 9-1 
Ct = 0) = 0 for Î (21) 


Equation (18) represents ап infinite set of coupled equations and as а first ap» 
proximation we replace C,(t) by C,(0) on the right hand side of Eq. (18) giving 


ih A = E En Фа [etat + ehm] 


Integrating, we obtain 
ilagt — 1 eiat — 1 
& o] e" Litas als 


i — کک‎ 
CA) -CO =— з 9"| iua ka) "^ Kum —9 
or, fors Æ k 
i£ irem. sin "art 
Cit) = — Е De L^ ante ele enm Te 
Mrs sin (ок — 9)t/2 
„ези ia EU . 2 ] (22) 


It can be easily seen that for large values of t, the function 
sin (ws — ©) 1/2 (23) 
(ou — ©)/2 
о & o, and negligible everywhere else (see Fig. 


is very sharply peaked around 
h os is significantly different from o, C(t) would 


21.2). Thus for states for whic 


sin (Qs - 9) i 
узине MU LA 


(Фк) 


4T 
be wt o 
the function given by Ea. (23) is a very sharply peaked 
function of о about e = gb 


Fig. 21.2 For large values of f, 
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be negligible, and transitions between such states will not be stimulated by the 
incident field. The implies that in the summation appearing on the right hand 
side of Eq. (18) we need only consider those states which correspond closely to 
the resonance frequency. . 

In an emission process, E, > Е, and hence osx [ = (E, — Ез)/Ћ] is negative; 
thus it is the first term on the right hand side of Eq. (22) which contributes. On 
the other hand, in an absorption process, Ек < Е, and hence wsx is positive and 
consequently it will be the second term on the right hand side of Eq. (22) which 
contributes. 

Let us consider the emission of radiation and assume that at ¢ = 0 the atom 
is in state 2 (see Fig. 21.1). We also assume о to be close to оз [= (E, — Z,)/ Ё]. 
The probability for the transition to state 1 is given by 


| 2, I! ef Г sin (— on + о) 1/2 Ẹ 
16001 = —u | an ау? 


(24) 


Equation (24) represents the probability for stimulated emission of radiation. In 
deriving this equation, we have assumed that | C,(t).|* < 1; thus the result will be 
valid when either 


A more accurate result for a two state system will be discussed in Problem 21.8. 
Now, the intensity of an electromagnetic wave is related to «2 through. the 
relation (see, for example, Ghatak, 1977, Sec. 19.5) 


T=}tac б} (26) 
Thus 
Jin _1 f sin(o — on) t2 F 
е0 = m Гов а, Го ошно Р, от) 


We apply this formula to the case where there is a continuous spectrum of 
frequency” and there is no correlation between the polarization vectors of differ- 
ent components (as in the case of black body radiation). If и(о) dw represents 
the radiation energy per unit volume in the frequency interval o and o + do 
then I should be replaced** by cu(o) dw and the expression integrated over ай 
frequencies to obtain the following expression for the transition probability 
| 945 | uo) Be 27 do 


Г, = 
(о = o4)/2 


1 
2« hi (28) 


*One could alsc have an interaction of a near monochromatic wave (as in a laser) with 
an atom having a broad frequency spectrum. This is discussed in Problem 21.10. 
**The energy density associated with a monochromatic field is IJe. 
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where the bar denotes the averaging over different orientations: 


| 2al  —g[(1]rl2) 68 = д | (1|r| 2) I cost 8 
= 9101612) P= LI Pat 


because 


P 


re 


poe | cos sind d do = + (29) 
0 


4n 


— я 


Assuming that u(o) varies much slowly in comparison to the quantity 


sin (о — wo) 1/2 
Le apa (30) 


we replace ulw) by its value at о = о, and take it out of the integral (in 
Eq. 28) to obtain 


1 


Гы Googe | Pa (aa) G (31) 
where 
G „Гревот do = 2t ps d& = 2rt 
Thus 
| ET D. | 52 Ё ulos) t = Bt (вау) (32) 


The above expression shows that the probability of transition is proportional to 
time with B [= (x/3€5h2) | Ру, |? u(o,,)] representing the proportionality cons- 
tant. This immediately implies the radioactive decay law, because if there are 
N,(t) atoms (per unit volume) in state 2 at time ¢ and if —dN, represents the 
number of transitions (per unit volume) in time dt then according to Eq. (32)* 
ам — (33) 
ES B dt 
the negative sign implying that N, will decrease with time, Equation (33) imme- 
diately leads to 


N,(t) = N,(0) e’ (34) 
which is the radioactive decay law with 1/8 representing the mean lifetime of 
the state. 


*It should be noted that we are not taking into account the increase in the number of 
atoms jn state 2 because of stimulated absorptions. The analysis however remains valid. 
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It may be noted that Eq. (32) predicts an indefinite increase in the transition 
probability with time; however, the first order perturbation theory itself breaks 
down when Г, is not appreciably less than unity. Thus, Eq. (32) is valid for 
times for which 


Br I i (35) 
If the lifetime of the state is ~10 sec, then B ~ 10° sec"! and we must have 
їч 107° sec (36) 


However, the large time behaviour is given by Eq. (34)*. f 
It should also be noted that in our analysis we have assumed the quantity 

given by Eq. (30) to be very sharply peaked around o cz з, for this to happen 
t should be large enough so that** 

Ifo, € 1 
or 

f$» 1/o., (37) 
Now in the optical region 

Фу ~ 1015 sect 
then ve must bave 

t > 10715 sec 


Thus t in Eq. (32) should satisfy Eq. (37). 
Returning to Eq. (22), we get the following expression for the transition pro- 
bability per unit time (which we denote by wa) 


Wy = 3,5? Pas [ uon) (38) 


If there are N, atoms per unit volume in state 2 then the number of stimulated 
emissions per unit time per unit volume would be given by 


Wa = N, wa = № gE | Pu P ulon) (39) 
Comparing the above equation with Eq. (4), we obtain 
х р? 4r (.g : 2 я 
By = зе sx 35) |a] (in MKS units) 


BEL 


3g2 | (11212) I* (in CGS units) (40) 


*Equation (32) may therefore be interpreted as : If the state has not made a transition 
upto time # then the probability that it will make a transition in dt will be В dt from which 
Eq. (34) follows. 


*^This follows from the fact that the maximum of E 


$. (30) occurs at ш = оз; and the first 
gero at (o = on + л). 
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where e represents the magnitude of the electronic charge in CGS units. 

The corresponding expression for stimulated absorption is obtained by start- 
ing with the first term on the right hand side of Eg. (22) and proceeding in a 
similar manner. The final expression is identical to Eq. (40) except for an inter- 
change of indices 1 and 2 and since 

|} r pa de |° = | fir ds dr | (41) 
we get 
By, = By 


consistent with Eq. (9). 


21.4 Spontaneous Emission Rate 


Using Eqs. (9), (10) and (40), we get the following expression for the 4 co- 
efficient 


4= а [Sie] (42) 
where 
e 1 
= = 37 (43) 


is known as the fine structure constant. For the 2P — 1S transition in the 
hydrogen atom, i.e., for the transition from any one of the (п = 2,/= 1, 
m = +1, 0, —1) states to the (и = 1, 1 = 0, m = 0) state, we get (see Problem 
21.3) 


| | Vist dan dt pE 25 (GY аў (44) 


independent of the initial value of m. Here a [= (B8/me*) = 0.5 x 10710 m] is 
the Bohr radius, Further, for 2P — 1S transition 


or 
3c (45) 


On substitution in Eq. (42), we get 


4- ($3) =6 X 108 sect 
9 pe 


The coefficient А gives the probability per unit time for spontaneous emission 
from state 2 to state 1. Thus if there are N, atoms per unit volume in state 2 
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and if —dN, represents the number of atoms undergoing spontaneous transi- 
tions in time dt then 


aN, = —ANs dt (46) 
giving once again the radioactive decay law 

М.) = N,(0) e4 
Thus the mean lifetime of the state is given by 


т= Û < 16 x 10sec (47) 
In Eq. (46), dt should be small enough so that A dí < 1. Equation (47) tells us 
that the mean lifetime ofthe hydrogen atom in the upper level corresponding to 
the 2P + 15 transition is about 1.6 x 10-9 sec. Transitions having such small 
lifetimes are referred to as strongly allowed transitions*. One can similarly cal- 
culate lifetimes for other atomic states. 
The spontaneous emission rate will give rise to finite widths of the spectral 
lines which can be estimated from the uncertainty principle 


ii 
ДЕЈ T (48) 


In practice, the observed widths are much larger because of other factors such 
аз Doppler broadening, collision broadening, etc. 

We should also mention here that the А coefficient for the 25 — 15 transi- 
tion is zero. Such transitions are said to be forbidden transitions. 


21.5 The Selection Rules 
Whenever the quantity 
eS rd de 


(also written азе. (f | r | iD) vanishes, the transition probability is zero (see 
Eq. 24) and the corresponding transition is said to be forbidden (in the dipole 
approximation)**; the subscripts i and f refer to initial and final states respect- 
ively. If we assume that the electron moves in a central field, then the angular 


*In contrast, the levels used in the laser transition are such that the upper level has a very 
long lifetime (~ 10-3 to 10-5 sec). Such levels are referred to as metastable levels, The 


Strength of an atomic transition is usually expressed in terms of the f-value defined by the 
equation 


f= FS" |дар 


For strongly allowed transitions f ~ 1 and for transitions from metastable levels 
f ~10-3— 10-8, 
**See Problem 22.1 for higher order transitions, 
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part of the wavefunction will be of the form Fn (8, ¢); thus the initial and final 
states will be given by 


{н = Rag Yum (0, Ф) 
and | (49) 


by = Rap, Yun, (0, 9) 
Now, it can be shown that (see Problem 21.2) 


е2 de = lit m + D (i — m+ уз 
| ГИ zii ат = с[ Sites ( Gh + 1) (2l; + 3) ) 


(h; + т) (;—m) y^ 
СЕЕ 


and 
where 
= [^ Rap fr) Roa) dr (52) 
0 


where Rn: represents the radial part of the wavefunctions. Equations (50) and 
(51) tell us that for a transition to occur, we must have 


eie pen me 6» 
and 
Al-L—h = #1 } (54) 
Am = m,— im, = +1 
which are known as the selection rules. Since spin angular momenta are not 
involved, we have 
Aj= +1 (55) 
as well, 
Now, for the Am = 0 transition, the vector 
P = q f rbd: (56) 


is along the z-direction (because Pz = P, = 0, see Eq. 5i} Since the transition 
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? 


Fig. 21.3 The vector k represents the direction of propagation of the emitted radiation. 
The plane of the paper is defined by the vectors k and z. For the Am — 0 transi- 
tion, the polarization vector of the emitted radiation e will lie in the k — z plane 
with the intensity of radiation maximum for 6 = n/2 and zero for 0 = 0. 


rate is proportional to* 

|P-ep (57) 
the electric field associated with the emitted radiation will have no component 
perpendicular to the z-axis, Thus, the emitted radiation will be linearly polariz- 
ed with its electric vector oscillating in the plane defined by z and the direction 


of the emitted radiation k (see Fig. 21.3). Further, the intensity of the radiation 
will vary as sin? 0 (= [е 2 [8). 


For the 

т,=т +1 (58) 
transition 

Р, = 0 and P,— — ip, (59) 


(see Eqs. 50 and 51). Thus the electric field assoc 
will have no component along the z-axis. 
the emitted radiation is plane polarized alo 
and if k is along 2, the radiation is left cir 


transition (as in the case of the 
Pin, we consider only singlet states. 
€ z-direction, the levels will split 

n effect). Using the selection rules, 
we have 


ту = m; (i.e., Am = 0) transitions plane polar- 
viewed | to B ized || to B (p components) 
lie, k along х (say)] | "t = m; + 1 (i.e., Am — + 1) transitions plane 

polarized | to B (s components): 


“© represents the polarization of the emitted radiation, 


even for spontaneous emissions. 
Thisi s explicitly shown in the next chapter, 
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Fig. 21.4 (a) The Zeeman pattern for the 1D, -> !P, transition. (b) If viewed L to B, 
three lines are seen; if light polarized || to B is allowed to reach the film then only 
the p components are seen and if light polarized L to B is allowed to reach the 
film then only the s components are seen. 


viewed | to B. ( m, = m; (i.e., Am = 0) transitions not seen (p com- 
ponents) 


i.e., kalong È = 1 (i.e., Am = + 1) transitions circularly 
à поа rico polarized (s components). 


This is known as the normal Zeeman effect and the lines are known as the 
Lorentz triplet. 1 

In the presence of spin-orbit interaetion of the form &(r) L » s, ine atomic 
states are characterized by the quantum numbers 1,5, j and m, (see Problem 18.2). 
The corresponding selection rules are ; 


Aj —0,X1 
Al = A 
Ат, = 0, + 1 5 t (61) 
. However, | 
(mj = 0 > (mj; = 0 transition forbidden if Aj = 0 J 


It may be noted that the transition Aj = 0 is allowed but ji = j;— 0 transition 
is not allowed. The Zeeman pattern for the “Р, из > 2513 transition (аз їп 
the case for D lines of Sodium) is shown in Fig. 21.5 (see also Problem 21.7). 
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Fine Structure 42 
Splitting Zeeman Splitting 
Fig. 215 The Zeeman pattern for the 2Pgıs1ıs > 253,3 doublet in sodium. Notice that the 
Zeeman splitting is different for different levels [the splitting is proportional to 
gmj, see Eq. (66) of Chapter 18]. The lower part of the figure shows that in the 
transition there are two p components and four s components. 


$ PROBLEMS 
LJ 


PROBLEM 21.1 

Show that for optical frequencies, at thermal equilibrium (corresponding to 
Т ~ 1000°K), the number of spontaneous emissions far exceeds the number of 
stimulated emissions, 


PROBLEM 21.2 
Derive Eqs. (50) and (51) and hence the selection rules. 


PROBLEM 21.3 . 
For the 2P — 15 transition in hydrogen atom, prove that 


2 10 
„(я 


independent of the initial value of m. Using the above result calculate the corres- 
ponding !efetime for spontaneous emissions. 


ICSiei22yi- || Ys r Yap de 
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PROBLEM 21.4 


Calculate the relative intensities of the two lines corresponding to the transi- 
tions 3P — 1S and 2P ¬ 15 in the hydrogen atom spectrum assuming that equal 
number of atoms are excited to the 3P and 2P states. 


PROBLEM 21.5 
The first line of the Balmer series in hydrogen atom corresponds to the # = 3 
to n = 2 transition, this line is known as the He line. What would be the 


selection rules for the m = 3 ton = 2 transitions and the corresponding life- 
times ? 


PROBLEM 21.6 4 


Obtain the angular distribution of the radiation emitted by the zP > n'S 
transition. . 


PROBLEM 21.7 
For L — S coupling the selection rules are 


АЈ = 0, + 1 (J =0 > J = 0 transition forbidden) 


AL = +1 
AS =0 
AM = 0, + 1 (M = 0 > M = 0 transition forbidden for A J = 0) 


(62) 
Using the above selection rules, show that in the Zeeman splitting of the tran- 
sitions given in the first column of Table 21.1 the number of p and s compo- 
nents would be as given in the second and third columns. 


TABLE 21.1 
Transition Number of p-components Number of s-components 
Dga + Pg 4 8 
Gs > Fg 6 12 
Pa ا‎ 3 6 
3P, >S, 2 4 
аР, > 25; 1 2 


0 aL rae 


PROBLEM 21.8 3 1 
Assuming that the atom can exist in two possible states characterized by the 


wavefunctions Y,(r) and Ф (т) and considering the atom-field interaction to be 
of the form given by Eq. (12), obtain a solution of the Schrédinger equation in 
the rotating wave approximation (і.с., neglect terms whose time dependences 
are of the form exp [+ i(@ + wn)t)). 
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ProBLEM 21.9 
Using Eqs. (100) and (101) of Chapter 9 for Y(t, 1, $, j, т) derive the selec- 
tion rules given by Eq. (61). 


PROBLEM 21.10 

In Sec. 21.3 we had considered interaction of an atom with a radiation field 
having continuous spectrum of frequency. Carry out as imilar analysis for a 
near monochromatic wave interacting with an atom having a broad frequency 
response. 


SOLUTIONS 


SoLUTION 21.1 
At thermal equilibrium, the ratio of the number of spontaneous to stimulated 
emissions is given by 


A = e» (-®) i 
Bis) P VET) 
Now 


kaT _ 1.38 X 10- (J/°K) х 10° (°K) б. 
t ^77 1054 х 10- J sec) = 1:3 Х 10 sec 


For the optical region A ~ 6000 A and hence o~ 3 x 105 sec”. Thus 
A/Bu(w) > 1 and the transition is predominantly due to spontaneous transi- 
tions. 


SOLUTION 21.2 


The selection rule Am = 0, + 1 can be derived easily from the fact that the 
9-dependence of Yim is of the form exp (im 9) and that 


z-—rcos0, x + іу = rsin Û ett? 
Since 

2r 

| girm)? do = 0 for тзт 

0 


the 9 integration in [фў 2 ф, йт leads to the selection rule m, 
integration in f YF (x + iy) Y; dr leads to m, — m, 3 1. 
In order to obtain Eqs. (50) and (51), we note that 


1 
2 = гсоѕ 0 = (Fy Yo ] 


» + iy = r sin вен o e r (FE) x, 


= m, and the 9 


and (63) 
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Further, if we use the following recurrence relations 


1з 1/2 
ds Yin Yom- = ссн: 


3 OI DOT) | b 
dE © 


Sane _fl=mi+1—m ^ 
( 3 ) Fı Tani =| r+ D CIF 3) | Hm 


(+m (U4 1+ m) р ; 
as + DOD |] f (66) 


and also the orthonormality condition of spherical harmonics, we immediately 
get Eqs. (50) and (51) from which the selection rules (Eqs. 53 and 54) follow. 


SOLUTION 21.3 

Wo may directly use Eqs. (50) and (51); however, in this case, it is possible to 
calculate the matrix elements without using the recurrence relations (Eqs. 64 to 
66). The eigenfunctions for the 2P and 15 states are 


y = фар = Ra(r) Yin (9, 9) (67) 
and 


by = tas = Rul) Yo 0, % = уу; Ra (68) 


Substituting for Ror) and Ry(r) (see Sec. 5.3) in Eq. (52) and carrying out the 
integration we get ] 


e- 445 (4) » 
Thus 
m= [eme ded төзе = 2 (F) «t». 
(69) 
Since 


Yi-m = (= Tw Yi» (8, 9) 
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we have 


(x is iy = m zx JE Yis) Yim dQ 


+8 (f) азын | (10) 
Thus 
xy = 40 а, lms- — Èm] (71) 
and 
эң = — 4i ($) а, [m-i + ёт] (72) 
It can be easily verified that 
| r, | = Lx + Lys + | zs P = 25 )§( a$ (13) 


for т = +1, 0 and — 1 which gives the result as given by Eq. (44). The life- 
time calculation is given in Sec. 21.4. 


SOLUTION 21.4 
Since the intensity of the emitted line is proportional to the energy emitted 
per second, the required ratio is given by 


oA, 
pe ve (74) 
where 
fe; = E — Es = [— { + 1] Ex = Ẹ Ен 
fio, = Езр — Ёз = [~ + + 1] Ер = $ Eg 
4 = A(QP> DESTE | жь» 
ánd 


dy c4GP S) = aE | Мег» | 


Using the expressions for R,,(r), Rz,(r) and Reo(r) (given in Appendix J) in Eq. 
(52) and carrying out the integrations we get 


1 /3\ 
es x a к 


The angular integrals will be the same for both the transitions and the values 
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will be the same as calculated in the previous solution. Thus 


ro (HE) (Bee) = 256 ہے‎ 3.16 


$ Ён 81 x 81 81 


SOLUTION 21.5 

For the n = 3 tom = 2 transition ойе could have the following possible 
transitions : 3$ — 2P, ЗР — 28, 3D + 2P. In order to determine the total 
transition probability for a given initial state, one must sum over the possible 
final states. Thus, for the | 3,0,0) state, the final state could be either of the 
following three states: | 2, 1, 1), 12, 1, 0) and |2, 1, —1) and the tótal 
transition probability (per unit time) would be given by 


3 з t 

AGS 2?) = фа 55 > le. 1,m | 13, 0,0) | (75) 
m=1,0,—1 

where 


o= Bh 


Thus using Eqs. (50) and (51) 


3 
45 -2Р) = $e [1G 11x15? 


+ | (21.11 ¥13,0,0) P 
+ | (21,0121 3,0, 0) ? 
+ 1\(2,1,— 11 |30, 0) P 


+1(,—11›1%%0)Р] а 


ily. For the 3P > 28 transi- 


Each of the matrix elements could be calculated eas 
say | 3, 1, 0) and calculate 


tion one should consider a particular initial state, 
the transition probability, which would be 
3 


AC13, 140) 12.005) = e al (20,0181 3, 10) P 
Le 001713 1, 0) |? [because 
mí = m; see Eqs. (50) and (51)] 


= 5.6160 (qm 


where we have used the relation 
Ў 1 
[| rio cose redo = 8 


etc. 
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SOLUTION 21.6 

Let the direction of propagation of-the emitteá radiation be denoted by k 
which makes the polar angles @, ® with respect to the z-axis. Let L6, represent 
an unit vector in the k — z plane and perpendicular to k and let é be the unit 


vector normal to the k — А plane. Thus the Cartesion components of & and е 
are 


ibt: —cos @ cos Ф —cos @ sin Ф sin @ 
A= 56 sin Ф —cos Ф 


The angular distribution of the emitted radiation is proportional to 
|J YF 6x rh de P sin @ d@ dO 
Let us first consider А = 1 for which. 


б.т = r [eza sin 0 cos ¢ + &, sin 6 sin p + е4, cos 6) 
Sx y | 
ЭЦ ) 3 C Yin Yin) (— соз Ө cos Ф) 
Sx V | 
t 5 n 21 (— Yin — Yi-1) (— cos Ө sin 9) 
is ( = уз Yi sin @ ] 
Thus for the nP — n'S transition 


[м & +, de = б [fri (y^ (Y, — Ү,,-1) cos & cos © 


— Yin + Ya) cos Ө sin © 
+ ¥2 Yp sin @] Yi,» віп 049 de 
where G is given by Eq. (52). Simple integrations give 


| cos @ et for m = 1 
Je rds = $ ne form = 0 (18) 
G 
E Je cos @ e-* form e —1 
Similarly for ^ = 2 
i 
icis for m = 1 
j 78 rf; dr = 1 1 form = 0 (19) 
ye" for m = —1 
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If we write the intensity distribution as 
ас) = hf, ©) sin dedo (80) 
the values of fa are given in the table 


Notice that À — 2 case is isotropic. 


SOLUTION 21.8 
Assuming that the atom can exist in only two possible states described by 
the wavefunctions Y,(r) and ф(х) we get from Eq. (18) 


i LC. — perou [etm + eem] (81) 
and 

i a = { e ms CO leet + tnc ~ (82)_ 
where 


o = (B — E)ffi = On = —on 
and use has been made of the fact that 
j Vf rı de = f YS rgd = 0 (83) 


and therefore Фуу = Фи = 0. In the rotating wave approximation*, we neglect 
the terms exp [+: о’ + @)!] because of their very rapid oscillations to obtain 


Sro- gg mG) d (84) 
and 
“с cubi 3 esc emo c (85) 


(sec Fig. 21.6). 


Avy 
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We assume a solution. of the type 
C(t) = ett (86) 
then from Eq. (84) 


am 280 2-e) (87) 

C(t) = EI et › 
Substituting (86) and (87) in (85) we get 

Q? + (0 —e)O0 — 10$ = 0 (88) 
where 

j =: (89) 
and 

2 = 2, = Dy (90) 
Equation (88) gives 

Ош = (0 ө) + (o' — o)" + 08] (91) 
Thus the general solutions of Eqs. (84) and (85) will be 

Cy(t) = A, e} А, ебам (92) 
and 

C(t) = — a gio! 14.0, ef + 40s eost] (93) 

0 


A, and A, can be determined from initial conditions. For example, if the atom 
is in the ground state, then ` 


€,(0) = 1, €,(0) = 0 (94) 
Which gives 1 
lan e = [R] (-Qu 65) 
where 
Q'— № — ay + Ор" (96) 


Equation (95) gives the transition probability for absorption which has been 
shown in Fig. 21.6. Also shown in the figure are the results of the exact numeri- 
cal calculations without resorting to the Totating wave approximation, 

Now, at resonance, w = w and 


- 


| C,(t) |3 = sin? Qot/2 , (97) 
which shows that the system flip-flops between states 1 and 2, 


THE SEMICLASSICAL THEORY OF RADIATION 525 


TRANSITION PROBABILITY 


tw 


Fig. 21.6 Variation of the transition probability for a two level system for different fre- 
quencies of the electromagnetic field œ as a function of time. The curves correse 
pond to 24 = 0.10. The solid line corresponds to Eq. (95) and the dotted 
curve corresponds to an exact numerical computation. Notice the presence of a 
weak high frequency oscillation present in the exact calculation which is due to 
the presence of the exp [+ (о + «’)f] terms in Eqs. (81) and (82). The curve for 
@ == «x has been cut at fo, = 36 and shifted to the origin. (After Salzman; 1971). 


It may be pointed out that the solutions obtained here are exact when o — 0 
provided Ф is replaced by 294s. 


SoLuTION: 21.10 

We consider a nearly monochromatic field (which is indeed true for a laser) 
interacting with atoms characterized by the line shape function g(#). Thus 
N,g()do and N;g(«)do represent the number of atoms per vnit volume in levels 
land 2 Vua es which are capable of interacting with radiation of frequency 
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between о and о + do. Obviously*, 
f g(v)do = 1 (98) 


Now, for a near monochromatic field, the energy (per unit volume) associated 
with the field (at frequency w) is given by 


uo = Ye E$ (99) 


Thus, for such a case the probability for stimulated emission is given by 


2 Be 
Га = | Dl а | g(a’) гета = a? Ї do' 


e RT db elu) 2n = SE rout (100) 


Д 
where in the last step we have replaced | D, |? by its average value. Since 


XA. TCs nC? 
ET = xar 4 7 л mn 


(where т is the spontaneous emission life time), we obtain the following expres» 
sion for the number of stimulated emissions per unit time per unit volume 


СР. 
№ For Чаво) (102) 


*Different types of line shape functions have been discussed b; 


f 
y Thyaghrajan and Ghatak 
(1981)—see also Problem 22,3, | 


CHAPTER TWENTY-TWO 


The Quantum Theory of Radiation and its 
Interaction with Matter 


22.1 Introduction 


In the previous chapter we developed the semiclassical theory of interaction of 
radiation with matter in which matter, i.e., atoms, were assumed to exist in dis- 
crete (quasi-stationary states) but the electromagnetic field with which it inter- 
acts was described classically. In this chapter we will develop the fully quantum 
theory of radiation and discuss its interaction with matter. 

We will first consider the Hamiltonian of an atomic system in a radiation 
field (Sec. 22.2). We will next show that the electromagnetic field in a closed 
cavity can be considered as an infinite set of oscillators, each corresponding to 
a particular value of the wave-vector and a particular direction of polarization. 
By imposing the commutation relations between the canonical variables, it will 
be shown that the energy of each oscillator can increase or decrease by integral 
multiples of a certain quantum of energy; this quantum of energy is known as 
the photon. In Sec. 22.4 we will use the quantum mechanical description of the 
radiation field to study its interaction with an atom and thereby obtain explicit 
expressions for the Einstein 4 and B coefficients which will be shown to bc 
identical to the results obtained in the previous chapter. It may be mentioned 
that the theory developed in Sec. 22.4 automatically leads to spontaneous emis- 
sions which in the semiciassical theory had to be introduced in an ad һос manner 
through the Einstein coefficients (see Sec. 21.4). In Sec. 22.5 we will discuss the 
properties of the eigenstates of the Hamiltonian of the radiation field and vill 
show that the state which corresponds to a given number of photons for a parti- 
cular mode does ло! correspond to the classical plane wave. Indeed, in Sec. 22.6, 
we wili show that the eigenstates of the annihilation operator (which are known 
as the coherent states) resemble the classical plane wave for large intensities. 
In fact when a laser is operated much beyond the threshold, it generates a co- 
herent state excitation of a cavity mode. Finally, in Sec. 22.7, we will show that 
it is difficult to give a quantum mechanical description of the phase of the electro- 
magnetic wave. 


22.2 The Hamiltonian 
The Hamiltonian of an atomic system in a radiation field can be written as 
H = Н + Н 
= Ha + Н+ Н (1) 


where Ha represents the Hamiltonian of the atom, Н, the Hamiltonian 


528 QUANTUM MECHANICS 


Corresponding to the pure radiation field, which is given by* 


H, = 45 (o: @ + uo S H) d: Q) 
and H' represents the interaction between the atom, and the radiation field. For 
example, for a non-relativistic electron (of charge —q) in a radiation field, we 
have 


1 3 
H= 5 (p + gA) + V+ Hs (3) 


since the recipe is to replace the electron momentum operator p by p + gA (see 
Sec. 18.2), where A is the vector potential and V is the potential energy of the 
electron, We can rewrite Eq. (3) as 


H = Н+ Н 
where 
Ho = Ha + Н, 
Ha = x “+ V(r) (4) 
E ae a ENE 
H = + a р+р A АЗ (5) 


and Hr is given by Eq. (2). In Sec. 22.4 we will treat H’ аза perturbation and 
study the transitions between eigenstates of Но. The term (g*/2m)4* appearing 
in the expression for H' usually represents a very small perturbation and hence 
will be neglected. Thus. the interaction term is given by 


H = + (a-p+p-A) (6) 


Now 
p: AY = —jhy - (AY) 
= —ihl(y-A)Y + А.у] 
=A-p¥ 
where we have chosen the Coulomb gauge in which y - A = 0 (see Sec. 18.3). 
Thus 
„УА E L 
Н = = А.р ЖР А (7) 


There are now two ways of proceeding further, The first is to treat the electro- 
magnetic field classically; this has indeed been done in the previous chapter. 


*In Eq. (2) €, and y, represent the dielectric permittivity and magnetic permeability of 
free space, € and .9 represent the electric and magnetic fields associated with the radiation 
field. 
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The second and more powerful method is to quantize the radiation field and 
calculate rates of transition between states of matter and quanta; this will be 
done in Secs. 22.3 and 22.4. However, before we do so, we will first show (in 
Sec. 22.2.1) that the interaction term given by Eq. 12 of the previous chapter is 
consistent with Eq. (7) under certain approximation which is known as the 
dipole approximation. 


22.2.1 Тнв INTERACTION TERM IN THE SEMICLASSICAL THEORY 
OF RADIATION 


For a plane electromagnetic wave, the vector potential can be written in the 
form 


А = eA, cos (К-т ot) (8) 


where è represents the unit vector along А (denoting the polarization of the 
wave), and 


ка E (9) 
[4 


where k represents the unit vector along the direction of propagation. The 
condition y - А = 0 gives 


€-k —0 (10) 


implying that ê is at right angles to the direction of propagation, i.e,, the wave 
is transverse. The electric field is given by 


E = — Bc sin (k pot (11) 
where 
Eo = ®% (12) 
Now М 
e у 
H = e A-p 
= C. S(exp [i(k r — on] + exp [i(k « r — op + p 


2mo 
The matrix element of transition is given by (cf. Eq. 17 of Chapter 21) 


Ho (sl H' | n) = Lo e [Gp ek" p | n) et 
+ (5 | gir Р| nett] (13) 


where the kets | п) and | s) are eigenstates of the atomic Hamiltonian He 
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and represent the initial and final states. Now 
etik.r тьж ns. 
Since atomic dimensions are ~1078 cm and for optical wavelength 


k (- x] ~ 105 cm 


we obtain (in the region of integration) kr < 1. Thus, negligible error will be 
involved if the exponential is replaced by unity* and the transition is said to be 
an electric dipole transition—a very important case. In this approximation 


(з: [е Tp | n) = (sl pln) (14) 
Now the kets | п) and | з) are eigenkets** of the atomic Hamiltonian Ha 
Ha | n} = Е, | n) = fios | n) (15) 
Ha |з) = E, | s) = ho, | з) (16) 
Further 
2 
Ham + Y 
Thus 
2 2 2 
Is н]=[ x, 2010 + ус) 
1 
= TE (x, Ра] ра + рах, pz 
ed 
"mmy Dy (17) 
or, 
m 
» =-® Ir, Ha] (18) 
Непсе 


(з1р1л) =e (si rH, — Hor | n) 
=-к ER Е) (srl) 


== (s rm) (19) 


*However, if the replacement of e*'** by unity leads to a vanishing matrix element, onc 
must use higher order terms like (+/k- r), etc.; {дее are said to correspond to higher order 
transitions (see Problem 22.1) 

**We may warn the reader of some confusion of notation, The initial and final states of 


the ges Hamiltonian are also sometimes denoted by | i) and 17У г and sometimes by | а) 
and] b 
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where we have used Eq. (15) and conjugate of Eq. (16) and 
Bans = En — E, 
On substitution in Eq. (13), we get 


(s | H' | п) 4 Яб, $ KE | r | r) [e'** — ete] (20) 


The above equation is of a form similar (although not identical) to that of Eq. 
(17) of the previous chapter, However, for o z | ons | after one carries out the 
integration which leads to Eq. (22) of the previous chapter, one obtains identi- 
cal expressions for probabilities of absorption and of emission (see Eq. 24 of 
the previous chapter). 


22.3 Quantization of the Radiation Field 


We now develop the second method mentioned in Sec. 22.1. In this method, 
the electromagnetic field is described in terms of numbers of photons in various 
states. 

We consider first a pure radiation field. In Coulomb gauge, such a field can 
be derived from the vector potential А only, with Ф = 0 and 


у.А=0 (21) 
In this gauge, the magnetic and electric fields are given by (see Sec. 182) 
B=wH=VKA (22) 
and } 
ич, (23) 
ot 


where we have assumed ф = 0, since we are considering free space. Substitut- 
ing for f and 2 in the Maxwell equation 


o9 _, 06 24 
VX H=— = O (24) 


we get 
EN 
V X (V X 4) = о а (25) 
If we now use the identity* 
vx(VxA)&v(y:A) — УЗА = — vA (26) 


*и may be worthwhile to point out that the operator y? is defined by the following equa- 
tion 
УА = y (v: А) y x (v x A) 
However, 


(WA) = у. (V А) 1 
i.e., a Cartesian component of YA is div grad of the Cartesian component but 


(vA), # v : (y 4p 
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(because y · А = 0), we finally obtain 


s 1 OA 

TA on Q7) 
where 

c = (eu) 1? (28) 


represents the speed of light in free space. Equation (27) represents the 3-di- 
mensional wave equation. In order to solve the wave equation, we use the 
method of separation of variables 


Att, f) = A@ a(t) (29) 
Thus 
a) v* AG) = A() 4 4. (30) 


We next consider a Cartesian component (say the x-component) of A(r) which 
we denote by A, (r); thus 


e 
Ap) V 440 = 45 p = — «? (say) (31) 
Thus 
q(t) сә ete (32) 
and 
V Adr) + k? А4) = 0 (33) 
where k? 


Ж o/c, The solutions of Eq. (33) are plane waves; and similarly if 
We consider the y and z components we obtain 


Al) = е7 (34) 
where k К = К, @ is the unit vector along A. The condition y · A = 0 gives 
us k - € = 0, implying the transverse character of the wave [see Eq. (10)]. 

The allowed values of k (and hence of o) are determined from the boundary 
conditions. If we assume the radiation to be confined in a cubical cavity of 
volume V (2?) and use the periodic boundary condition then 


A(x = 0, y, z) = A(x = L, y, z) etc. (35) 
giving 


(36) 


eel = | = ойу æ ge 
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Lx TM ] 


Wc — cU (37) 


L 
= M j 


k: = 


The complete solution of Eg. (27) is therefore given by 


A(r, t) = Y. l0 А + RO ASI Q8) 
A 
where p 
Аи) = TS, 39) 
ext) = |g, Le It (40) 


and the subscript ^ signifies the various modes of the field (see Eq. 37) including 
the two states of polarization. Thus, a particular value of А corresponds to a 
particular set of values of vs, vy, vs and a particular direction of ê. In Eq. (38) 
the second term on the RHS is complex conjugate of the first term making A 
necessarily real. Because of the allowed values of k; (see Eq. 37), we readily 
obtain 


ШЕСЕ PELLUS (41) 
Lis V 


where the integration is over the entire volume of the cavity. Using Eq. (38), we 
obtain the following expressions for the electric and magnetic fields: 


aA — 
دع‎ = > E (42) 
H=L уха = dá (43) 
a 
where 
E, = ie, [da(1) Ax — YO ARO] (44) 
and 
Hy, = = ky x [541 — А) (45) 
0 


The total energy of the radiation field is given by 
H, = 4 f(g €: € + mH: 0 ds (46) 
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Now 


afl Eds- [XX or o а oa Ande 
[4 Vx 
— a, az f ^: AR de — | At Ay de 

+ a a} [АГА a] 


m +4 y b» 94 Op [£A م4‎ Asp 
à g 
— 434 San — q de Baw + 9 qi 3] 
= ده روا زه < ہے‎ didi: d) ЧТ?) 
X 
Similarly one can evaluate f H - Sf dr. The final result is 
f 1 
т |а = Lav oua, +29, 041 45 
D 
where use has to be made of the vector identity 
(a X b) - (c x d) = (а.с) (b- d) —(b- c) (a- d) (49) 


and the relation 


a 
PIECE (50) 


K= 
Thus 
Hr = 26 V 5 «5 qalt) ау) (51) 
X 


We next introduce the dimensionless variables 0 a and P, defined through the 
equations 


О,(0) = (6 V)'? [4300 + a0) (52) 
and 

Pall) = F (в V ode lg, (0 — 2(0] 63) 
Thus 

aalt) = (4% Vat)? [uy Dalt) + iPx(f)] (54) 


qi) = (46 Var ® [о дуз) – iP (t)] (55) 
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and 

н, 2 H, (56) 
where? 

m= (+ oto c (57) 


The Hamiltonian given by Eq. (57) is identical to that of the linear harmonic 
oscillator (see Eq. 48 of Chapter 8 with m — 1) which suggests that the electro- 
magnetic field can be regarded as an infinite set of harmonic oscillators, one 
corresponding to each value of К, and to a particular direction of polarization. 

In order jo quantize the electromagnetic field we use the same approach as 
in Sec. 8.9. We consider O, and P, to be real operators satisfying the commu» 
tation relations (see Sec. 2.3) 


12,0), Р,(01 = Qilt) P40) — P. 000) = if (58) 
[0(2), POJ = 0 (59) 
[0,00), 0.00] = 0 = IPAC), PA] (60) 


where all the operators аге in the Heisenberg representation (see Sec. 8.12). We 
next introduce the dimensionless variables : 


1 


at) = yl ®@ + ibl (61) 
alt) = Tee fox Qt) — IPON (62) 


Since [oy Q(t) + iPy(t)] is proportional to q(t) (sec Eq. 54) which has a time 
dependence of the form ef, we may write (cf. Eq. 112 of Chapter 8) 


at) = a, e (63) 
Similarly, 
alt) = a ett (64) 
*Notice that 
ic = of = a8 (o V) у + d) 1% Vos (G, — a) = — Py 
A 
Simllariy 
ан, d 
зр th 


which are nothing but Hamilton's equations of motion [‹ее, €.g., Goldstein (1950)]. Thus Оу 
and Р, are the canonical co-ordinates. 
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where. 
4= 4(0)  andg = a(0) (65) 
Solving Eqs. (61) and (62) for Q,(t) and P,(t) we obtain 
0,0 = "i x [a (0 + a (01 (66) 
fo, V, 
ro =: (D) tm - 4001 (6) 


Substituting the above expressions for Q,(t) and P, (t) in Eq. (57), we obtain 


ET - 2 
H, = bx H,- У F Fela) 40 + a(0 2001 


= > E ho, (à а, + a, à) (68) 
x 
If we now carry-out an analysis similar to that followed in Sec. 8.9, we obtain 
(i, + 4) Bo; m =0,1,2,.... (69) 
as the cigenvalues of H, and 
1 
*( m + +) fo, (70) 
x 


as the eigenvalues of the total Hamiltonian H, (—XH,) Thus, quantum 
mechanically, we can visualize the radiation field as consisting of an infinite 
number of simple harmonic oscillators; the energy of each oscillator can increase 
or decrease by integral multiples of hos. If we consider fiw, as the energy of a 
photon, each oscillator can have energy corresponding to m, photons. 

The eigenkets of the total Hamiltonian would be 


Um) [ited [85 °° Im) s: = [mmn mese) (71) 


where n, represents the number of photons in the mode characterized by А. 
Thus E 


вњ) (Уат) fn) Iams. оњу) 


Further (see Eqs. 67 and 68 of Chapter 8): 


& | o Py) m t VMs ly (73) 
а | Thy Ma о.) mE I [my mt, «<. +1,....) (74) 
(nij. tg, АШ, 4. | e IR) = Sooni Sagan e ee Bay iL. (15) 


Finally, the state of the radiation field need not be an eigenstate of Hr, it could 
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be a superposition of the eigenstates like that given by the following equation 
еу УЫ eee т...) (76) 
т... 


Physically | С»... mrt 12 would represent the probability of finding ж. 
photons in the first mode, п; in the second mode; etc. 


22.4 Spontaneous and Stimulated Emissions: 


We next express the vector potential A (and hence the interaction term 4’) in 
terms of the operators a, and a. Now using Eqs. (54) and (61), we get 


^h 1% 
=f 77 
a =(э ро) ®® (7) 
which is now to be considered as an operator. Using Eq. (38) we get 


^ fi 1/2 к: 
х= X va.) Гао) АМЕ) + ао) ARO) 


-» (эж). la (1) e" + a(t) e] (78) 
= E Voy - 


where all the operators are in the Heisenberg representation (sce Sec. 8. 12). In 
the Schródinger representation, we will have 


“ th +в iky-r ike { 19 
A (ж) [a fT + a, eR, (9) 
which will be independent of time. The interaction energy is given by 
"шж E ۰ 80, 
H'=—-A+p (80) 
or, : 
x h ys ГА утул, 81 
п (arm o, eT + a, ета, «p (81) 


Now, the eigenvalue equations for Н, and Н, аге 
Ha | y) = Es | 44) (82) 


and 
нњ) = [X (m +a) ®=® I tts ome (83) 
a 


where | (4) and E; represent respectively the eigenkets and energy eigenvalues 
of the isolated atom and | m, Mas ..- .) represent the cigenket of the pure 


/] 
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radiation field with x (m + 3) fio representing the corresponding eigenvalue 
(see Eq. 72). Thus the eigenvalue equation for Н, will be 
Hy | un) = Wa | un) (84) 
where ү 
Wn = E, + E (иу + 3) fies (85) 
and f 
Тау = 14) | Roa EE DL |i; thy ty <O <.) 7 (89 


represents the ket corresponding to the atom being in state | /) and the radia- 
tion being in the state | т, Mas. «Th, . ++ 

Now the Schródinger equation for the system consisting of the atom and the 
radiation field is 


it RB = (m, + BY) (87) 


As in Sec. 202, the solution of the above equation can be written as a linear 
combination of the eigenkets of Н, (cf. Eq. 15 of Chapter 21) 


| Y) = Y сыф esiti | u,) (88) 
Substituting in Eq. (87), we obtain 


dG. nin 
a Jm FE |е | un) = У См) Wa exp(—iWat/B) | un) 


IH 5 См) exp(—iWat/5) | us) 
E 
cod x used Eq. (84). Premultiplying by (и, | we get (cf. Eq. 16 of 
m 46. 1 (u | E | un) etri быу (89) 
Now using Eq. (81) 
(u | H' | ue) = £X. * Qu | (a ейт 


+ چ‎ ет) риу (90) 
Because of the appearance of a, and 2, in the expression for H’, the various 


terms in (us | H’ | ua) will be non-zero only if the number of photons in | us} 


differs by unity from the number of photons in| u,). If we write out 
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completely the right hand side of Eq. (39) it will lead to a coupled set of an 
infinite number of equations which would be impossible to solve. We employ the 
perturbation theory and consider the absorption of one photon (of energy fio) 
from the ith mode. Further, if we assume the frequency o, to be very close to 
the resonant frequency corresponding to the transition from the atomic state 

а) to | b), then Eq. (89) reduces to the following two coupled equations (see 
also Solution 22.3) 


ih Б = Hy exp ((W, — W,) 19) C,(t) (91) 

in ФС = Ha елр{— К, — Wa) t8) СО) (92) 
where 

11) = aim my... my... es) (93) 
and 

12) =] bm т, es А, у. (94) 


represent the initial and final states of the system. Obviously, because of rela- 
tions like Eq. (115), Hj, = 0 = Н. Further, 


Wı = Eat Y (m + ү) во + (т +5 ) to 
a 


and yc (95) 
WM = B+ > (m+ з) te, + (m= 1+ 5) e 
5 
E 
Thus, 
Wı — Wa = (E, — E) + Бо (96) 
Now 


1 h її 
на = Ha = Y Ly.) € * (a; My as... Hy. | 
X 


(a, A + a е тур|; д, т„...т—1,...) 


h im -— M 
(ыы) Vn & (ajep ] b} 


m 
Hho 
ы) Vm, · (al p15) (97) 


where in the last step we have used the dipole approximation in which we have 
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replaced е" by unity (see Eq. 14). If we now use Eq. (19) we get 
(al pl) = J (E, — Be) (alr | 5) 
= —im oa (a.| r | b) 


Thus 
Ro t= (55 x ү” ә Уш Des (98) 
0 
where ) 
on = qê, (ale |b) =- 6 (а1р10) (99) 


(see Eq. 20 of Chapter 21). We next try to solve Eqs. (91) and (92) by using a 
method similar to that employed in Problem 21.8. We assume that at г = 0 the 
system is in the state represented by | 1), i.e. 


C,(0) = 1, C40 = 0 (100) 
On working out the solution we obtain 
Qo 3[ sin Q*t/2 101 
ian = (32) [595 (101) 
where 
_ Г All о, r^ 102 
sinl lec x aliad (102) 
and 
Q' = [foss — о)? + QP? (103) 


For Q,f/5 < 1, we obtain 


по | Das [ sin (os — w)t/2 7% 
| Cy(t) |? ex Te? ae А (104) 


where we have dropped the subscript i and have taken into account the fact 
that | Cy(r) |? is negligible except when o z oy and have thus replaced cya by 
w. Equation (104) ig the вате as Eq. (24) of the previous chapter provided we 
replace“ £j by 2nfiw/V. Using Eq. (104) and proceeding as in Sec. 21.4, we 
would get an expression for the Einstein В coefficient identical to Eq. (40) of 
Chapter 21. 

In a similar manner, if we consider the emission process, we would obtain 


TATE E 7 | 9 г] Sn — o. (105) 


*This is justified because the energy density asscciated With an electromagnetic field is 
je, €; and the energy density is also equal to nio] V. 
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where the initial and final states | 1) and | 2) are now given by* 


| initial) = | 1) = | b; n, a, <... <...) 
beet ^ rl (106) 


Notice the presence of the term** (n + 1) in Eq. (105), This implies that even 
if the number of photons were zero originally, the emission probability in finite. 
The term proportional to п in Eq. (105) gives the probability for induced or 
stimulated emission since the rate at which it occurs is proportional to the 
intensity of the applied radiation. On the other hand, the second term which is 
independent of n gives the spontaneous emission rate into the mode (see also 
Problem 22.3). It may be noted that the spontaneous emission probability into 
a particular mode is exactly the same as the stimulated emission probability 
caused by a single photon into the same mode. 

We next calculate the probability per unit time for spontaneous emission of 
radiation. If we consider the emission to be in the solid angle dQ then the 
number of modes for which the photon frequency lies between o and o + do is 


(see Appendix M) 


3 
мо) dodo = "а= do (107) 


Thus, the total probability of emission in the solid angle dQ would be given by 


п | Del | 78 ü nA o! do dQ 


7 ља — «)[2 
| Ф |? silosa — ®)/2 FF 
= age aee 10 Uh | [esa] 4 (108) 


uantity inside the square brackets 


where use has been made of the fact that the q e 
Using the relation 


is a sharply peaked function around o = Qa. 


Mi sin? x 
[| eoe 


—o 
s 


we obtain 


1 p (alr|b)- et dot 
rex ein e Ir15) 
*We would have 

. mie = H; expl—i (W, — Wat Сүй) = Hs, ехр[- (ова — о) 7 
However, it may be mentioned that the 
discussed in Solution 22.3. 


e relation | (п + 1121") p= 


and integration of which would lead to Eq. (105). 
equation for C(f) would be a sum over states as 

**The appearance of the term (a + 1) is because of th 
Мт (п +111) +0). 
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Thus the transition rate is given by 


1 a o ^ 

Wsp = FE ma 1 (al pl’) -erdo (109) 
2 A 

[etus] Itii sra (110 


In order to calculate the total probability per unit time for the spontaneous 
emission to occur (the inverse of which will give the spontaneous lifetime of 
the state), we must sum over the independent states of polarization and integrate 
over the solid angle. Assuming the direction of k to be along the z-axis, we 
may choose € to be along the x or y axes. Thus, if we sum 


11ка) 
over the two independent states of polarization, we obtain 
| (birla): x | (е [ау ур 
= Р} + P? = Р? зіп? ө 


where P = (b | r | a) and 0 is the angle that P makes with the z-axis, Thus in 
order to obtain the Einstein 4 coefficient (which represents the total probability 
per unit time for the spontaneous emission to occur), in’ Eq. (110), we replace 


I(5|r]a)- ep by | (b |r| a) | sin? 0 and integrate over the solid angle 
dQ to obtain 


medi [ gi ] СЧ 2 ч deus 
meg a Г [е [ау MES 8 sin 6 d0 do 
4 g [d 
ын ОШ. 41D 
which is identical to Eq. (42) of the previous chapter. 


22.5 Properties of the Eigenstates of the Hamiltonian of the 
Radiation Field 


If we şubstitute for 9,(t) from Eq. (77) in Eq. (44) we would obtain 
ёз 2 ё, (112) 


where 


Tio, yia и Y ^ j 
€ =i ( x) [а eit — a, eto ê, (113) 


and all operators are in the Schródinger representation. We consider the state 
of the radiation field for which there are 7, photons in the state A, Т! 


, ESSI he expecta- 
tion value of $, in this state would be given by 


Cts Mar shes CL e n T NOR Ta, 


(n 16 | m )...=0 (114) 
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because : 
(512, 1m у -0— (m là Im > (115) 


Similarly 
Ст, May oo <<. ALL Y = (m | D(a | a) <i 
SEO IDEM 


ay) (m | (а, е" — дет) (a, е — е0") | y 


"CS pere me 


where use has been made of relations like (sec Sec. 8.9) 
(mI aa | m) = vm + 1m |а | т 1) = (®+1) (117) 


(mıl ha |) = ут (m | à | m — 1) e m. (118) 
(m. | à | m.) = 0 (119) 
(n | Ha | m)> = 0 (120) 


The uncertainty in С, AC, can be defined through the relation 


(46) = (65 — (&)? 


to, 1 
-(85) (5+2) aan 
Equation (114) tells us that the expectation value of the electric field in the 
state | n) (= | m, m,...«m..+ )) is zero. Since the average of sine waves 
with random phases is zero, we may loosely say that the state | nY does not 
specify the phase*. Some authors tend to explain this by resorting to the un- 
certainty principle 
АЕМ р Һ (122) 
where AE is the uncertainty іп the energy of the radiation field and Af is related 
to the uncertainty in the phase angle through the relation 


Аф == wAt (123) 
Since E = (n + })ħo, АЕ = fioAn and we obtain 
Ап Аф B 1 (124) 


If the number of photons is exactly known, then Ан = 0 and consequently 
there is no knowledge of the phase. However, such arguments are not rigorously 
correct because it is not possible to give a precise definition of Аф (see Sec. 
22.7). Nevertheless, we can say that the states described by | п) do not corres- 
pond to the classical electromagnetic wave with a certain phase. 


*We say it loosely because it is not possible to define a phase operator which is real (see 
Sec, 227). ` 
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Returning to Eq. (116), we notice that the states | л) have a definite ampli- 
tude (25o;/e,V)!* (m + 3)! for the mode A which is directly related to the 
number of photons. 


22.6 The Coherent States 


We next consider the radiation field to be in one of the coherent state$ which 
are, the eigenkets of the operator a, (see Sec. 8.9.3). We will show that when 
the radiation field is in a coherent state, the field has properties very similar to 
that of a classical electromagnetic wave with a certain phase and amplitude. 
However, before we do so, we would like to discuss some of the properties of 
the coherent states. . 

The coherent states satisfy the equation 


а, | a) = a | a) (125) 


where «у, which represents the eigenvalues of 4), can be an arbitrary complex 
number. In Sec. 8.9.3 we had shown that 


ia ^ 
ا‎ 


For convenience, we drop the subscript A and write the above equation as 
N a" 
Гау = exp [- x] 2 Vr | nY (126) 


where N(— | « |?) represents the expectation value of the number operator № 
(see Problem 22.4). Since | m) аге eigenkets of Н, if the field is in the coherent 
state at t = 0, then at a later time f, the state will be given by (sec Eq. 11 of 
Chapter 3) © 


I) =exp[ -4 а 


190) = ewı у Ro exp [—i(n + Dart] | n) (127) 


It is easy to see that 
1% (0) =|) 


Further* 
(#0) 1 al YO) = e » » Mu em 423 T (min 1) 
= elt oN > ат = at etu (128) 


*In the Heisenberg representation, the exnectation value of д would have been 


(900) | alt) | Y(0) = («|a ef*! | a) — at ett 
which is the same as expressed by Eq. (128). 
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Similarly, or taking the complex conjugate of Eq. (128) 
(Y(0 | a | (0) = ае" (129) 


We now consider the radiation field to be in the coherent state and calculate 
the expectation value of € and С? 


(v 161v) e (Ê, ) KYO lal v) e" 


= (O | à| Y(0)) en d 


2 ? 
me ( e y [ng ern _ aeg - (e r— ot) g 


fe y? y 5 
= -2 (5) | a | sin (k -r — ot +) е 
(130) 


where 
a= |a ее (131) 
Thus the coherent state can be interpreted to represent a harmonic wave with 
phase ọ. In a similar manner, we can calculate tke expectation value ёз. The 
result is 
(YOLE: етед) = (A5 is lak stk rote) + 11 amm 
0 
Finally, the uncertainty in @ would be given by (cf. Eq. 121):: 
(£j = (Y) | € | YO) — CVO €1 Yo» 
o 
“ (133 
( 2«V ) ) 
Notice that the uncertainty AC is independent of the amplitude | « |; thus, 
greater the intensity of the beam greater will be the proximity of the radiation 


field (corresponding to the coherent state) to the classical plane wave. Indeed 
when a laser is operated much beyond the threshold, it generates a coherent 


state excitation of a cavity mode. 


22.7 The Phase Operator 
In classical mechanics the displacement and momentum of a linear harmonic 
oscillator are given by 

x = Ае‘ + Aes, ф = ot (134) 
and 

р = mx = im oA[e'$ — e] (135) 
where А has been assumed to be real. In quantum mechanics, we have (sec 
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Eqs. 71 and 72 of Chapter 8): 
xi e 2h х уи [а + a] (136) 


p= то ( 25)" [a—a] (137) 


The above four equations suggest the phase operator ф to be defined through 
the following equations 


aS Np (138) 
and a= eR (139) 


where R and ¢ are assumed to be Hermitian operators (see, е.в, Dirac, 1958; 
Heitler, 1954). However, such a definition will lead to inconsistent results as 
discussed below. Now, the number operator is given by 


М» = да = Reí$e$RLR 


ог 
В = №, (140) 


where the square root of an operator is defined through the relation 
Nap = Ni, N 5 
Since 


[a, a] = aa - aa = 1 
80, 


€ 5 RRe'? — Кеф e-i$ R 1 
or, premultiplying by еќў, we get 


Nop eff — eff N,, = e't 


(141) 
The above equation is satisfied if Ф and No» satisfy the commutation relation* 
[Ns 4] = Nop $ — Nop = —i (142) 

Thus (m| N.s ¢ — ¢ No | r) = —1(m | a) = — ibus 
or, (m — n) (m | Q | n) = — Brn (143) 


“This follows from the repeated application of Eq. (142) which gives 
Noy $^ — $™ Nop = — im n 
Now 


= 1 
[№ е tom Al ыз. tuer 
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which is certainly an impossibility! Thus the definition of a Hermitian ¢ 
through Eq. (138) leads to inconsistent results. 


PROBLEMS 


PROBLEM 22.1 

Consider the matrix element (s | ek" ê . p | n) (see Eq. 13). Since in 
many cases of interest KR < 1 (where R represents the dimension of the 
system), we may write 


. rpg 
аА ИЕ КЕШ (14 


It can be shown that the term (k • r)" gives the electric 2"?! pole and the mag- 
netic 2" pole transitions. Verify this statement for the case m = 1, 


PROBLEM 22.2 
Obtain the selection rules for allowed transitions of a linear harmonic oscil- 


lator. Calculate the lifetime of an oscillator in the first excited state. 


PROBLEM 22.3 ie 
Show that the frequency distribution of the emitted radiation from an isolat- 


ed atom is given by the natural line shape function 


K do 
flo) do = To = ot + ATE i 


where A represents the Einstein coefficient. 


PROBLEM 22.4 À : 
Prove that the average number of photons in a coherent state is | « |?, і.е. 


N= («|Ns 1x) = | «® (146) 


PROBLEM 22.5 ( 
Show that the probability of finding п photons in a coherent state is a 


Poisson distribution* about the mean | « |? ) 
№" e-N (147) 


ГО arom 
where N (=| « |?) is defined in the previous problem. 


of considerable importance in determining statistical 


*The photon counting experiment is 4 ] 
properties of the light source. In a typical experiment, the light beam is allowed to fall on a 
phototube for a specific time interval T by having a shutter open in front of the detector for 


time T and one registers the number of photoelectrons so liberated. Then the shutter is again 
opened for an equal time interval T after a certain time delay and the experiment is repeated 
a large number of times. From the experiment one obtains the probability distribution of 
counting n photons in time T. From this one can derive the statistical properties of the source 


(see, e.g. Arecchi, 1970). 
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PROBLEM 22.6 
Prove that the uncertainty in the number of photons in a coherent state is 
N, i.e., r 
АМ = [(« | №2, 12) — ((« | Nop | «))3 = № (148) 


Thus the fractional uncertainty in the average of photons AN/N(= 1/ 4 N) goes 
to zero with increase in intensity. It may be worthwhile pointing out that even 
in nuclear counting, the uncertainty in the actual count is N?/? (see, e.g., Bleu- 
ler and Goldsmith, 1952). 


PROBLEM 22.7 
Show that for | V(t)) given by Eq. (127) 


(E(t) | No, | Y()) = N (independent of time). 


PROBLEM 22.8 

Obtain an expression for the photodisintegration of the deuteron in the elec- 
tric dipole approximation. Assume that the wavefunction of the deuteron may 
be approximated by 


ve JE Kt (149) 


r 


where HK = (2uB)!/8, u = 3 М is the reduced mass of the system, B = 2.2 
MeV is the binding energy. Neglect the interaction between neutron and proton 
in the final state [Hint: Use the Golden rule]. 


PROBLEM 22.9 
(a) Derive the Thomas-Reiche-Kuhn sum rule 


D (E-E) | {slx ln) t= 2. (150) 


(b) Using the above sum rule show that for dipole transitions 
Јо dE = 27è а itm (151) 


PROBLEM 22.10 

If the quantum energy ћо of light falling on an atom is greater than the 
ionization energy, J, of the atom, the electron is raised into a state of conti- 
nuous spectrum. In this case light of all frequencies can be absorbed, and the 
absorption spectrum is continuous. The kinetic energy T of the electron after 
leaving the atom is determined by Einstein's equation 


Т = ho—I (152) 


Show that for the incideat radiation polarized with its electric 


: vector along € 
the photoslectric absorption cross-section of an atom, on 


for the ejection of an 
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electron from the K-shell, is given by 
& (32k NA LA ZT Z \ А 
i5 7 enel mz) е о 


where k is the wave vector of the ejected electron, q is the momentum transfer- 
red to the atom in units of h 


^ 


q-k— 2-8 (154) 


û is the unit vector along the direction of propagation. Assume fio » 7. [Use 
the Golden rule.] 
SOLUTIONS 


SOLUTION 22.1 
The selevant term in the matrix element is 


M ={s|Gk+1)@-p) 1а) _ 4155) 


Let us assume that the photon moves along the x-direction, and the polariza- 
tion € is along the z-direction. Thus 


M = Qs | хр, | n) = ik Çs | x p: | n} 
We write xp: as 

хр, = } [xps + 2pe] + 4 15р, — 2р0) 
Now, according to Eq. (17) 


m — 
= dg [zH, — Haz] 


Thus 

хр, = T [xzH, — xHaz] 
Similarly 

ара = pat = A [xHa — Hox] z 
So that 

m 

1 + zZps) = ih [xzHa — Hoxz] (156) 
and 

} (xp: — 2ра) = = #14 (157) 
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where L, i$ the y-component of the angular momentum. Thus 


M= —ik (з | ук (Haxz— xz He) + } Ly | m) 
= — PE (E, — En) Qs | xz | n) — }ik(s | Ly | n) (158) 


The first term is the electric quadrupole term while the second is the magnetic 
dipole term (the magnetic moment is related to the angular momentum), 


SOLUTION 22.2 
The relevant matrix element for allowed transition is 
M = (m|x|n) 


The only non-vanishing matrix elements correspond to m = n + 1 (see Eqs. 67 
and 68 of Chapter 8) and the values are given by 


Б О ны 
atilsio RN 421 | 


and У (159) 


| 7 قر < ۱۸٭ا 


Thus the selection rule is An = +1. The transition rate is given by (see 


Eq. 109) 


1 " 

| CLE | | рет | (01211) Pdo (160) 
Now 

(0111) = то (161) 


(sec Eq. 191 of Chapter 8). Thus the integrated rate over the whole solid angle 
is 


1 
T E me (162) 
which gives the mean life т; here « (= 1/137) is the fine structure constant. 


SOLUTION 22.3 

A spontaneous transition from a state b to a lower energy state a does not 
give radiation at a single frequency opa. A finite lifetime « of the excited state 
gives it an energy width of the order ћ/т so that the emitted radiation has a 
frequency distribution. This argument may be made more precise by consider- 
ing the simple case of an atom with only 2 states a and b (E, > Ea) undergoing 
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spontaneous transition from b to a. We will calculate here the frequency distri- 
bution of the emitted radiation from such a spontaneous transition; the analysis 
is based on the treatment given by Heitler (1954), Chapter 18, and is known as 
Weisskopf-Wigner theory of the natural line width. 

It is assumed that at f = 0, the atom is in the excited state b and the radia- 
tion field has no photons. We denote this state by 


[1) = I 5;0,0,0,...) 


(see Eq. 93). The atom makes a transition to the state a emitting a photon of 
frequency cy in the mode characterized by A (see Eq. 71). We denote this state 
by 


ау —1|6G0,0,..., 55 0...) 
If we denote the corresponding probability amplitudes by 
Сш) and Cay (t) then 


TM | (163) 
Ca (0) = 0 
Further (see Eqs. 89-92) 
в @& у Quar | ah) expli, — ane] Co, 
E 
a > (1 | H' | a^) expli(oo — er] Co(t) (164) 
A 
and 1 
ас, 
i <р” = (а | Н' | 1) exp[-itos = oA С) (169. 
where 
Be, = E,— Es (166) 
and 
Wı > Wo, zz Ei = (Ea + toj) = (oo 34 63) (167) 
We try to solve Eqs. (164) and (165) by assuming* 
C(t) = e^ (168) 


i i i ith the treatment given 
*It should be mentioned that the present treatment is consistent wit 
in Sec. 22.4, Indeed, there we have shown that А (as given by Eq. 111) represents the prob- 
ability for unit time for the spontaneous emission to occur from which the decay given by 
Eq. (108) follows with y = 4; this is explicitly shown later (see Eqs. 178 and 179). 
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which satisfies the condition C,(0) = 1. It may be noted that since | C(t) |? 
represents the probability of finding the atom in the upper state, the quantity 
t/y represents the mean lifetime of the state. If we substitute for C,(t) in 
Eq. (165) and carry out the integration we get 


Gav | H' 11) _exp{—[i(@p — o) + y/2]t} — 1 
5 (as = ол) = 002) Че) 


We substitute Eqs. (168) and (169) іп (164) to obtain 


-int s by LG) P. 1 — explios — 93) + 102] (ү 
Ly 


Ca, (t) li 


h (оо — өл) — i(y/2) 


where (H') = (aA | H’ | 1). The summaticn on the right hand side of the 
above equation is over a number of states A with very nearly the same frequency. 
Under these circumstances, the summation can be replaced by an integral 


» P ff Мо) do dQ (171) 
rn 


where N(w) represents the density of states (see Eq. 107). Equation (170) then 
becomes 


r= ZL Eff (FI Ne) 20) do ao | (172) 


where 


1 — exp[i(og — o)t] e3 
(оо — e) — i(y/2) 
We will assume that y < o; i.e., the inverse of the lifetime (ж; 10° sec) is 
much smaller than the characteristic frequencies (71015 sec”), this will indeed 


follow from the final result. Under this assumption ү can be neglected in 
Eq. (173) to obtain 


te 1 — expli(os — «)1] 


@ س وه 


1%) = (173) 


1 — cos [(@ — e] _ ; sin[(o — o)r] 


~~ (m — 9) се) (174) 


The first term has very rapid variation around о = o, and gives negligible 
contribution to any integral over © except around o = o, where the function 


itself vanishes. Thus this term will lead to a small imaginary value of Y. We aré 


in any case interested in the real part of (which would give the life-time, etc. ) 
which will be givén by , etc. 


ve [увоз aa IE. 4] as 
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We have made two approximations here. First, we have pulled out factors 
which are essentially constant in the neighbourhood of о = оо. Secondly, the 
limits of the integral have been taken from — co to +00 since in any case the 
contribution vanishes except around o. Thus 


Y= =e zl | Qr ) P Nlo) do ] 


27 1 Vo i 8 
A а pe) нэ rao (176) 


Now 
H =a] HF 11) 
" Bo, М 
= (59,0... 15,0...1(7 i Y, (сә) 
a 


x [m ект ае ®'"]е,.т|Ь;0,0,...0,...) 


Ћ ^ 
= (ie) x) qaje x" r |b) ‘ex 


to, i м ^ 
i . 177 
ey) (alr |0۰3, am) 
where in the last step we have used the dipole approximation (see the discussion 
after Eq. 97). On substitution in Eq. (176), we get 


3 ^ 
TP 9% | 1$ - «al rib t do (178) 
LJ 


(cf. Eq. 110). On carrying out the integration and summing over the two states 
of polarization we get (see Eq. 111), 


y=A 
i.e., Y is simply the Einstein A coefficient corresponding to spontaneous emis- 
sions as it indeed should be! 
Now the probability of a photon being emitted in the mode A is given by 
(see Eq. 169) 


are 


1 
себ = so) = S42 La ай (180) 


If we multiply the above equation by N(o) do dQ which gives the number of 
modes in the frequency o to + do and in the solid angle dC) and carry out 
the integration over dQ and sum over the two states of polarization, we would 
get 


к Fe qm HE asn 
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where we have used Eq. (178). The above equation indeed gives us the prob- 
ability that the spontaneously emitted photon has its frequency between о and 
€ + do, which is nothing but the Lorenzian line shape. Notice that the above 
expression is normalized, which implies that the probability that the atom makes 
a spontaneous transition from the upper state to the lower state is unity (ав 
1 — co) as it indeed should be. 


SOLUTION 22.6 
atm 


(e Na) = ee Y т (mS a) 


(because Noy [лу = n | лу; see Problem 8.9) 


ES | a [m ya 
д i аа еч > Tey (182) 
n N=) 


Similarly 
Nr n? N"(n—1-41 
(a | №, | a) E E nl = Nen NF 
= №4 N (183) 


from which Eq. (148) follows. 


SOLUTION 22.8 
The differential cross-section do is given by (see Sec, 20.3): 


endo = WdQ (184) 


where WdQ) represents the probability (per unit time) of scattering into the solid 
angle dC) and п is the number of photons per unit volume corresponding to 
one photon in a box of volume, V, ie., 


1 
n= ў (185) 


Further, WdQ is given by the Golden rule (see Eq. 38 of Chapter 20): 
2л 
WdQ = = ME) dQ |(у|н'|гур (186) 


where N(E) represents the density of states and for the neutron-proton system 
in a final state of relative momentum p, it is given by (sce Appendix M). 


NE. 
N(E) dQ = "Оту pdQ, (137) 
This N(E) dQ represents the number of states (per unit energy interval) such 


that the direction of p lies within a solid angle dQ and p = M/2 is the reduc- 
ed mass of the n — р system. The kets | i) and | 7) represent the initial and 
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final states and since the initial state contains one photon and the final state 
none, we have (cf. Eq. 97) 


Ë 8^ 
(fale (в) е. (al|lp]b) (188) 
where M is the proton mass, Thus 
Ve ^ 
do = eg P le: (al pl 5) ad (189) 
where 
ГЫ 1 


* = спеве 137 


is the fine structure constant and we have used the fact that p = M/2. Integra- 
tion over all directions gives a factor 47/3. Thus 


m [| 
Ehe C du | (al pl)! (190) 
The two states are given by 


DEN E E ete 
2N 


Гау = m expli p - 1/%] (192) 


(191) 


The final state corresponds to a free neutron proton system. We must rememe 
ber that in Eq. (190), p is the operator —ihy. The integration, however, poses 
no problem because* 


| (alpI5) = | (P| pla) ° 
=p | (Dla dP 


zt Li 
=н IE р · 1%] r* dr sin 0 49 de | 


| Jer explipr cos 0/5) rdr sin 0 af 
00 


(27) 


= Ay 


where we have chosen the polar axis along p. Carrying out the integrations we 
get 


8r а pK 
в == 7 OE QUE + KF (193) 


*Notice that the final state is an eigenstate of p, i.e., 
p exp (ip: т/б) = — iB V exp (ip- r/ Î) = p explip- r/ Î] 
where on the right hand side, p is simply a number. 
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If B is the binding energy of the deuteron, then 
heo — B= p*/M (194) 


(This relation is slightly incorrect since the incident quantum carries a momen- 
tum Бо/с which will give the centre of mass some energy as well). Also it can be 
shown that the binding energy is related to the parameter K though the equa- 
tion BK = (MB). We have finally 

8n һа BUS (iw — By 


=з ГМ (fia) (195) 


The above equation gives the cross-section for photodisintegration of deuteron 
corresponding to the electric dipole moment interaction and is in good agree- 
ment with the expérimental data at high y-ray energies (see, e.g., Bethe and 
Morrison, 1956 for a good discussion on comparison with experimental data), 
SorvTioN 22.9 


(a) > & -Е,) GIxIn P= > E-E) (nixis) (sl x |) 
=} (n1. — Ha x | s) {з | x | пу (see Eqs. 15 and 16) 
= 2 XU Уз Cs | x | п) (using Eq. 17) 


i 
= e (n| pe x | n) (because J ls) (512 1) (196) 
з 
We could also write 


È (E — E» | (sl xn) в Y Qui xls) Cs | Hox хн |n) 


in 
= — Fy lapel n) (197) 
Thus E T P 
СА : : 
à (E-E) Qs x19) = Ë (nlsi etn) 
a 
= ћ/2т 
This.can be generalized to more than one electron in which case we get 
з 
УУ GB) (saln п 28 2 098) 
d us ius 


where Z is the atomic number. Equation (198) is referred as the dipole sum 
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rule or sometimes also as the Thomas-Reiche-Kuhn sum role, The factors 
22 (Ee — En) | Çs | x En) P= fm (199) 


are called oscillator strengths, The reason for this terminology is that classice 
ally, fn gives the number of electrons moving with oscillator frequency en. 
The quantum mechanical result, Eq. (199), shows that they need not be 
integers. 

(b) Westart with the formula for the cross-section in the dipole approximation 
(sce Eqs. 184-186) 


m E - 
A Ime (200) 


= Ara (Es — En) | ê - (s | r | n) |? МЕ) (Using Eq. 28) (201) 


If we integrate this over dE, the right hand side of Eq. (201) may be regarded 
as sum over final states to give 


| ode = аа У (&— EDU GIO n m (202) 


We consider a beam of photons with a fixed linear polarization, say e ‘along 
the x-direction. We then have 


| ode = m Y (E, — E) | (sl x 1 2) p 


okt (203)‏ 2 ے 
m‏ 


SOLUTION 22.10 2S (li 
For the electron initially in the K shell (ejection from which is comparitively 
probable), the initíal wavefunction is given by 


-L3 ye 204 
= (=) Є" \ (204) 
where 
аы 2:32 (476 Ма RS 
اده‎ = =( so )z LI (205) 


For the evaluation of the matrix element the assumption will be made that ћо 
is much larger than the ionization potential of the atom so that to a good 
approximation, the final state can be represented by 


gh r (206) 


= 
# 
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where К, represents the electron wave vector; we have put a subscript to k so 
that there is no confusion with the wave vector associated with the electromag- 


netic wave (see Eq. 208). Now the perturbing potential may be taken as (sce 
Eq. 7) 


H A А.р (207) 
where 

А = ê Ay expli(k + r — о/)] + ce (208) 
or 

A= 28| 4, | cos(k - r— ot + 4) (209) 


In Eq. (208) ‘cc’ denotes the complex conjugate of the first term so that A is 
necessarily real. Now, according to first order perturbation theory, the ampli- 
tude of the final state at time 1 is given by (see Eq. 14 of Chapter 20) 


~ 


Cin) = E [ Н) exp[ioyt] dt 


0 
„М, ехр[(®н — w)t) — 1 Mi expli(on + о) — 1 
TEE (од = o) ih (ох + ©) 
(210) 
where 
M, = — 440 4, | Ue py, ae 
and 


+ ^ 
M, = – 114 е. | Vf eT p y, dr 


Ав discussed in S 
in an absorption 
Since we are int 
Chapter 20] 


ec. 20.3, the first term on the RHS of Eq. (210) contributes 
process and the second term contributes in an emission process. 


crested in an absorption of a photon, we have [cf. Eq. (16) of 


1 | sin [(®в — «)t/2] F 

P(t) = 2? = aad 

yt) = | Cr | 1м, PU VO Gears ©)/2 (211) 
Following a procedure similar to t 


] a hat discussed in Sec, 19.2, we get the follow- 
ing expression for the transition р 


robability to solid angle dQ 
2 

Wd = “= | M; È N(E) dO (212) 

where 


ME) dQ = PY асу 


Sn Be (213) 
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represents the density of final states (see Appendix M). Thus 


27 тау 
жай = A ege: 1 Mil do 


559 


(214) 


Now, the electric field associated with the electromagnetic wave is given by 


E= — ЧА =-20| A Je sin (k -r — ot + 9) 


9A 
df, 


The time averaged energy density is given by (see Eq. 46) 


Eo 402 | Aol? F 
Thus 
Incident Intensity = 2650? c | 4, | 
and 
Incident Flux = IdentIntensty _ 28402 | 4, p 
Hence 
у ао 
de = Yscident Flux 
or 
da in mk,V А 
dO — S$€h'eoc| AT PA 
Now 
M, = – a Аут ©. | er тект рф 
But 
CL E Әф 
f papas = —їв | 855 ds = il [ ус 
= — bps dd: 
Тһиз 


[рф ат = — fp ¢ de = + iB foy Ф ат 


(215) 


Q16) 


(217) 


This also follows from the Hermitian property of p (see Problem 8.14), Using 
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Eq. (217) we get 
My = Tas gê: | Wv exp ite, - 9d 
“муы 
[к.а (218) 


Where we have used the transverse character of light waves (i.e., e-k= 0) and 
K=k,—k (219) 


is the momentum transfer in units of ñ. In carrying out the integration, we 
choose the polar axis along K to obtain an expression for | M, |? which on 
substitution in Eq. (216) gives 


з 5 E] -5 
an (RE) m] вв 
where « is the fine structure constant. The above expression is in agreement 


with the experimental data. For a more thorough treatment of the photoelec- 
tric effect, see Heitler (1954) Sec. 21. 


CHAPTER TWENTY-THREE 
Relativistic Theory — 


23.1 Introduction 


The quantum theory developed so far is non-relativistic. That it is not invariant 
under Lorentz transformations is obvious if one notes that the time-dependent 
Schrédinger equation contains the first derivative in time and second deriva- 
tives in space coordinates. A simple procedure for building a relativistic theory 
is to follow an approach analogous to the one followed for the non-relativistic 
theory which is to start with the Hamiltonian formulation, with a relativistically 
correct Hamiltonian, and to replace the classical observables by operators. This 
is essentially the procedure we adopt in thischapter. But it must be pointed out 
that the success of the procedure is limited because it soon turns out that such 
a theory is logically deficient. For one thing, it turns out that one cannot, even 
in principle, imagine a system in which there is only one particle since the law 
of conservation of particles is itself not necessarily true. Nevertheless, the ideas 
presented here are the basic framework for building up satisfactory relativistic 
theories. 

From the point of view of specific predictions, the non-relativistic theory fails 
in some major features. It fails to explain the spin of an elementary system, 
such as the electron, and the consequences thereof. Moreover, the theory can- 
not give a satizfactory account of high energy phenomena such as pair produc- 


tion, bremmstrahlung, etc. 
23.2 The Klein-Gordon Equation 
We start with the relativistic Hamiltonian for a free particle 
H = Хар + nme (0) 


where р is the momentum, т the rest mass. 
Introducing the operators E — ih clt t 


porci v and writing HY = Еф 
we obtain 
у та, 
v эф = Lti 
[— ch? 3 + т?сі)" ф ih at 


an equation beyond which theory can proceed only if we have a consistent 
scheme for interpreting the square root of the above operator. This сап be done 
but leads to difficulties.* We avoid them by squaring the relation (1) and 


*See Baym (1969) 
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replacing by the operators to obtain 


( etya mie ф = — je D 
Dividing by c*h* and rearranging the terms, we obtain the Klein-Gordon 
equation 
3 
(n- ж) фео 0) 


where we have introduced the d'Alembertian operator 


gui um 
elc as 

The Klein-Gordon equation, it turns out, is the correct one for spinless parti- 
cies and not for electrons. Although this equation is an important one for fur- 
ther developments of relativistic field theories, we shall not discuss it further 
here. The reason is that the equation is valid for certain classes of particles such 
as the т- and K-mesons which are strongly interacting. The approximation 
methods of elementary quantum mechanics, such as the perturbation theory, are 
usually inadequate for these anyway. 


23.3. The Dirac Equation 


The original argument of Dirac, in search of a relativistic equation was that it 
must be a first-order differential equation in time because knowledge of the wave- 
function alone at an initial time t, should suffice to predict its value at a later 
time. Since, in relativity, time and space coordinates are treated symmetrically, 
the equation (he argued) must be a first-order differential equation in space 
Coordinates as well. Dirac started with a Hamiltonian of the form 


Н = с (wpa + ар, + зр.) + Bme (3) 


where the coefficients «у, «a, a, and B are not mere numbers but (square) matrices. 
For brevity, we shall often write (3) as H = ca. p + Bmc* it must be clear that 


а is not to be thought of as a vector. The wave equation corrésponding to this 
Hamiltonian is 


iB yoy) + рта @ 
Since « and f are allowed to be matrices of numbers, it follows that the wave- 
function ф must have more than one component; i.e., at each point the state of 
the particle will be described by more than one wavefunction. It follows that 
Eq. (4) will be capable of describing a particle with additional intrinsic degrees 
of freedom. 
The Hamiltonian (3) must still satisfy the energy-momentum relation 


E = Н? = cp! + met (5 
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We introduce the notation p, == ps, p, = py, p, = Pa Pa = iEle; x, = 
Xa = у, Xs = Zand x, = + ict. Equation (3) becomes 


3 


Н= с D ору + Bmc* 
jal 


and 


3 
js b v (ajuk + oras) рурь + У "pj 


3 
+ me? $ (В + Pa) p + ud (6) 
j=l 


Eqs. (5) and (6) are consistent if 


Guy + «оу = 0 
«jp + Pay = 0 
1 


08: Lem 
05 = 1,а}= 


(forj Æ К) 
| о 


Since Eqs. (7) are to be matrix relations, the symbols 0 and 1 on the right ought 
to be regarded as the null matrix and the unit matrix respectively. 

We first show that these matrices must be of even dimension. We have, for 
example, 


«B = —Ba, 


Multiplying by «, on the left, setting a? = 1 and taking the trace, we obtain 


Trace В = — Trace («,82,) = — Trace (218) 


1 


— Trace ё 


We have used the result Trace (4BC) — Trace (CAB). We therefore have Trace 
B = 0, a result which applies to each of the х matrices as well. Eqs. (7) also 
tell us that the eigenvalues of the matrices must be +1. Since the trace is just 
the sum of all the eigenvalues, it follows that the + Í апа —1 eigenvalues must 
occur the same number of times. Hence each of the matrices must be of even 
dimension N. Now N cannot be 2, since we can only have three 2 X 2 indepen- 
dent non-commuting matrices.. We shall see that 4 X 4 matrices satisfy all the 
conditions. 

There is seldom any need for a specific representation of these matrices 
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Nevertheless, for fixing our ideas, we shall choose the following representation. 


050 0.3 0 0 0—i 
0010 B00 07 A 
ko к УЕ, боео 0 
1000 i000 
001 0 1000 
0 0 0-1 УЛУ ОЛ Е 
“Кн ey ando Pei oou mE (8) 
DET OD @ 070—1 


We note that all these matrices are Hermitian, i.e., 
at =a, бї=в 


We can shorten these by introducing the Pauli matrices. 


TERN 
catia Weise] RAOS 0 


(Кол m j 
В ( Tes ) (2) 
Each element in (9) is itself a 2 x 2 matrix.* 


Eq. (4) can be written as 


* 
ay 1 me 
Вр 


апі 


Multiplying by 8 on the left side, we have 


iba vie В meg 


We define the following four y matrices, 


Y = — ifa (i.e, ү; = — 182) 
у= В ` 


Note that these ү matrices аге also 
tion now takes the form 


4 
(Ende 
=1 ü 


Hermitian, i.e., Yaf = Yu. The Dirac equa- 


"Eqs. (9) are not just a mnemonic. One can use them in algebra; 


O “os 1 (E 
b в o) (о -17 Na 0 


It is easily checked that the result of starting with 4 x 4 matrices is identical. 


for example 
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where є = mc[h. It is usual to drop the summation over the repeated index [i 
and write simply 


(т; & +«)¢=0 (19) 


(A convention we shall adopt is to use Greek indices А, u, v, etc., when their 
values range from 1 to 4 and Roman ones i, j, К, etc., for values ranging from 
1 to 3), In terms of the momentum operator, we can write 


(YePe — imc) 9 = 0 ap 
Finally, introducing the Feynman notation 
үһаһ = ч y etc., we can also write the Dirac equation in the forms 
or ( е –ітоф= 0 (12) 


(ч + х) ф=0 


Eqs. (10), (11) апа (12) ате the covariant forms of Dirac equation; they do not 
appear to single out the space and time parts. However, writing them in those 
forms does not automatically guarantee that the equation is covariant under 
Lorentz transformations.* 


23.4. Probability and Current Densities 


We introduce the Hermitian conjugate (adjoint) matrix Vt = (01 p3 Ys Ya 
which is а 1-row 4-column matrix. Multiplying Eq. (4) on the left by yf, we 
have f 


ipt 20 — E ш. gy metal оз 
Similarly, starting with the adjoint of Eq. (4), 


-in 2H --# yyt -a meta 


elt is clear that these equations are meaningful only if we interpret ў asa 4 row, 1 column 


matrix (ie. a spinor with 4 components). Eq. (10) is a shorthand for the four equations 
Q = 1, 2,3, 4) 


4 4 


u=l o=! 


А i d 84. the Aath component of the 
is the aoth component of the matrix ү, and 5, ‹ 
эне Содан over y runs over 4 terms because there are 4 space-time compo- 

ES O the other hand, à and с take values 1 to 4 because the Dirac matrices happen to 
E 2E a causes some confusion in algebraic work. It is 


-di ional. This, if one is not alert, caus: 
heri Ti write the equation in this elaborate form, but if ever in doubt the 


reader is advised to write it out in full. 
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(recall that «, B are Hermitian) and after multiplying by Ф, we obtain 

-in (HE )y = — 5 vet d + тай (14) 
Subtracting (14) from (13), we can obtain the following, 

ZW) + er (Hte) = 0 09) 
This equation is the continuity equation 

æ 4 v.j=0 


provided we make the identification 


4 
e- Wi = > wh 
^=1 
апі 
4 
j = ес Y M Ohol (16) 
Xo-l 


In Eq. (16) our notation of writing j as a vector anticipates a result, namely, that 
Va transforms as a vector. One can express the quantities p and j in compact 
form, writing 


ф=фїү, and ot = Uy, 
so that 


ep = Or 

and 

j = суар = evang = ier 
Thus, if we write 

Је= j, ete. and Jj, = icp 
we have 

RES К 
The continuity equation is 


je 9 


дхь (18) 
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23.5. Covariance of Dirac Equation 


Let us first see what covariance demands. Assume that there are two observers 
in Lorehtz frames E and Z'. We require that scalar quantities remain the same 
in the two systems while four vectors must transform like the space-time coordi- 
nates, Finally, although the wavefunctions for the two observers need not be 
the same, the recipe for writing down Dirac equation must be the same for 
both observers. The equation in Z and £’ are to be 


(+) о о 


( Ê + «JY о i (19) 


Notice that the y, are the same in both frames; they define the recipe and ought 
not to be changed.* The coordinates x and x' are related through 


Xy = avp Xp (202) 


and the inverse transformations 


Kp = vp XV (20b) 
with the restrictions / 
Ayp apy = dv (20c) 
We have 
ар _ ay Ox дф 


= = Ap = 
0x» Oxy OX» Oxy 


Writing 
p (xj) = S 969) 
and the inverse relation 
Yon) = SHY’ (х) : Q1) 


we can rewrite the first of Eqs. (19) as 
2 VE ne 
(n Ета * «) Scy (хь) = 0 
Multiplying on the left by S, we have 


Q CP 
(am Ste 5 t )ü eo =0 (2) 


elt turns out that a different set үр related to yy by а unitary transformation can be de- 
fined giving entirely equivalent results, We prefer to start with the same y in order to empha- 


size the physical principle of covariance, 
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This is identical with the second of Bas. (19) provided we can find an S which 
satisfies 

avp SYp 87% = үу 
Multiplying by а, summing over v and using relation (200), we obtain 

Sy S = ауузу ses 23) 


For the complete proof of convariance one has to show that such an S exists. 
Here we merely assert that this is true and refer the interested reader to other 
works* for explicit construction of S for every type of Lorentz transformation. 
Eq. (23) suggests that a set of matrices Yi = Фү will obey all the commuta- 
tion properties of үу and would serve just as well. One could, therefore, have 
written down the equation in E' frame as 


(X р+к) о =0 \ (24) 


and y; and v, are related exactly as four vectors are in the two frames, Never- 
theless, one must remember that the four y, are matrices and cannot be regarded 
аз a physical vector. 


However, the current j, = ic ф y can indeed be shown to transform like a 
four vector. 


` 


23.6. Plane Wave Solutions \ 


We shall find it convenient to start with the free particle equation in terms of 
« and B. 


(cx p + ате) V (тут) = E (s 0) (25) 
where we have explicitly indicated that р and Ё аге operators.. We try plane 
wave solutions " 

be, ) = x exp ( ғ E0) (26) 
where p and E are now numbers, not operators and the X are spinors. Clearly 
Eq. (25) is satisfied if x obeys the equation 

(cx + р + Bme) x = EX 4 (27) 


Again in (27), р and E are now numbers. 
Since « and 8 can be conveniently represented in terms of 2 x 2 matrices, we 
start by writing 


D 


*Bjorken and Drell (1964), Also Eisele (1969). 
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where и, v are themselves 2-component spinors. Using the relations (9), we 


(«Ce eux) o om 


We can recover the four equations, if we want, by writing 


after solving for u and v. Eq. (28) gives 
с - ро = (E — mc") u (29a) 
co · pu = (E + mc!) v (29b) 
We can decouple и, v by solving (say) for v from (29b) and substituting in (29a). 
This gives 


co. p 


"TE me" 
and 
1 (с: A i 
BIBT e pE 9 y= (E— met) u 
Since 
a» po: p = рї (а number), 
we have 


cipiu = (EF — m') u 
Apart from the trivial solution u = 0 (and hence v = 0) we have tho result 

E = + Чар + тс = E. (30) 
We note that for small momenta [see Eqs. (29)] 


y 
MES 3 E a z|"! (for E = E4) 


and 
lulo اا‎ (for E = E-) 


where V is the velocity of the particle. Thus, for positive energies, и are large 
components and for negative energies the v are large. For E = E+, we express 
v in terms of u 


i ONE E 31а) 
y Ey + то 3 ( 
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Similarly for E = E., we express и in terms of v 


ce» p З 
XE (31b) 


u= 


We can now obtain 4 linearly independent solutions from Eqs. (31) as follows. 


Writing 
1 0 
u—(o) 8 "—7(,4 


and substituting in (31a), in turn, we obtain two solutions. For example, u = (1) 


(0) =) 


=, 
ту (aea) ni 


This solution is therefore, 


1 


E шүү 0 
xj -м(; ) 7 Na. + те) 
cp+|(E+ + me!) 
The other solution for E = E; can be constructed in the same way. 
0 
1 
©р-/(Е + тс?) 
=p: (E + те) 


>< 

c 
1 

z 


Similarly, for E = E., we choose v = (}), (9) in turn and substitute in (31b) to 
obtain . 


ep, (E- — me!) ср (Е — me) 
= "T me) |. j =N ERN — mc) (32) 
0 1 


In these equations we have used the symbols 
Ps = Pa ips 
and the normalization N is chosen to satisfy 
рх = 1 
for each of the solutions. It is easily shown that 


z сїрї i 
аА 9» 
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and the different solutions (32) are orthogonal, 
XoXo = 0 
The compiete plane wave solutions take the form 


Yre (r, t) = Xse exp [ж (p:r— к) | (4) 


The suffix p is to tell us that we are dealing with plane waves of momentum p 
and the suffix c is to identify one of the 4 solutions [(32)]. 


23.7. Coulomb Scattering: Relativistic Formula 


As an example of the use of spinors, we calculate the relativistic correction for 
the cross-section for Coulomb scattering of an electron by a heavy scatterer. It 
may be recalled that the non-relativistic scattering amplitude in the Born 
approximation, is given by 


7@,е) = — x A | ект V(r) YH) dr (35) 


where 
Y*(r) = elk: r^ 

refera to the initial plane wave state and 
we a eke 

the final state. 


We shall now replace these by the relativistic spinor wavefunctions given in 


Eq. (32). One must remember that for both jnitial and final states, we are con- 


cerned only with the positive energy states, xi and хў. Accordingly, we have 


for the initial states (putting ps = P, ps = py = 0) 


/ 1 1 


a “|, 5 an] ** = Pange) |t 
0 0 
and 
0 
Xin = N i eik- r = uy elk‘ (36) 


— Ву + 1) 
where we have written 


= my, E, = mey 
with 8 = v/c and y = 1/4 1 — 83 for convenience. For the final states, we set 
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P: = pcos 0, ра = p sin 6, p, = 0 


assuming, without loss of generality, that the scattering is in the x — z plane. 
This gives 


1 
0 

By cos O/(y + 1) 

бү sin O/(y + 1) 


= 0, eik- r 


eik’-r 


x, = N 


and 
0 


+ 1 A 
SN py sin oy ку |е" 


— By cos 8/(y + 1) 
= u, elk’-r (37) 
Note that the magnitude p will be the same for both initial and final states for 


elastic scattering by a heavy scatterer. We shall now have to evaluate quantities 
such as 


( v eis ar 


As far as the integral over dr i$ concerned, Eq. (35) is unaltered and we obtain 
(writing V = — Ze*[r) 
fe т2е* | ест 
2nfi* r 
where iq = f (k' — k) is the momentum transfer (to the scatterer). This integ- 
ral is not really well defined but it can be evaluated by inserting an integrating 


factor e-** in the integrand and, after carrying out the integration, letting « go 
to zero. Thus, wc have 


т7г [ eT gr 
f= r J r Е 


an integral which has been carried out in Section 19,4.1. The answer is 
2m Ze 
fa ETE 
Putting « = 0, we obtain 
2m Ze (39) 


m 


CAE G8). 
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We now have to multiply f by the spinor terms рї и in order to obtain the scat- 
tering amplitudes. There are 4 of these, фи, DN olu, and vius. We have to 
average over the initial unpolarized states, и, and u, and sum over the final 
states. 


d 2mZe* ? 1 
=| |a Aba e La + 1а +1 hae} 
The terms in the curly brackets give 


ane (p. Stem Синае 


[E (1 + Y* 
2 + 2(1 + YJ" BYP cos 0 + Birt} 
TT О + 4)“ 20 + Y)’ BY® cos 


It can be shown that 


(1 Fy) + BYyt = 2(1 + ү) Hy 
Also, writing cos 0 = 1 — 2 sin* 0/2, we obtain 


aN’ А а амы Е 
Т ү) {1 + ¥ + Bayt (1 — 2 віп? 0/2)} = UFF (1 — BY sin? 0/2) 
This gives 


ds — От Ze? 4N“ 
da Py (0T 
Before inserting the value of N, we must note that we should normalize the 
spinor functions in such a way that the probability J Vids is invariant. Since 
the volume element dr contracts by y, this means that we must take* 


an cp a Н 
x4] “А 2 


(1 — Ё# sin? 0/2) 


Thus 
Now 

fitg? = HM (k'—k)y-—4Be sin“ 6/2 = 4p? sin? 6/2 
This gives 

de mze 1 — B? sin? 0/2) 
apr NE TU LEM 
ze 2 (1 — B* sint 9/2) (40) 
= { Zp sin 0/2 


See Solution 23,9. 
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a formula which evidently goes over to the Rutherford formula in the non- 
relativistic limit.* 


23.8. The Election in an Electromagnetic Field 
We modify the Dirac equation simply by replacing the operators 


eA 
PY PS 

and 
Eby E — еф 


where А and ¢ are the vector and scalar potentials. Both these replacements 
сап be concisely expressed in four-dimensional form 


eA 
yet pp c i 


with 
Pa = dÓE[c and А, = іф (41) 


The solutions will no longer be of the plane wave form [(34)]. We, therefore, 
cannot separate out the solutions, as we did in Sec. 23.6, into a part x indepen- 
dent of space-time coordinates. However, we still write 


qr, 1) = (* { A i (42) 


and remember that the spinors u and v now incorporate the space-time depen- 
dence. We now have the equations [similar to Eqs. (29)] 


(р A) o = (E— eb neu (43) 
and 
er (p— Ê) u ео mos (44) 


the major difference being that we have mot carried out the operations with p 
and E. d 
We are interested in positive energy solutions . 


Е = me + e (45) 
We obtain from (44) 


co. (»- £ ) u= ne + e — ede (46) 


*Compare this result with Eq. (116) of Chapter 19. 
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For small e and ¢ we may write 


1 o-( (ھ ۔‎ 
2me P eU" 


Substituting this into Eq. (43), we obtain 


v £e 


ab (0 2) (47) 
Using the relation 

(с · B) (co. C) = B. C + іс · (Bx C) (48) 
we have 1 


CO Yee t) 07) ө 


Since p is an operator, the vector product in the last term does not vanish. In- 
deed, we have 


х (6 0) xp +P x)‏ )= م( 


ex cibi‏ اا 
с с‏ 


where Н = y X А is the magnetic field. Thus Eq. (47) gives 


1 ENE SER (50) 
to EET en 


This is the Pauli equation discussed in Chapter 18. it is very similar to the non- 
relativistic Schrödinger equation with one important extra term. This term 
suggests that the electron, in a magnetic field, acquires an extra energy ы · H = 
— (е&/2тс) с - Н so that it behaves as if it has a magnetic moment p associated 
with its spin, namely 


(51) 


EOS S me 

ПИШЕТ: 

Our convention is that e is the actual charge; for the electron we must put 
= — 4.8 x 10719 (esu) us is the Bohr magneton. | i j 
Thus, the Dirac equation predicts that for а spin i particle, the magnetic 

moment is always given by the relation (51). While this prediction is in very 

good agreement with experiment it fails badly for the protoni and the neutron. 

It is possible to modify the equation keeping it relativistically invariant by intro- 

ducing, ad hoc, an extra term that accounts for the anomalous magnetic moment 


of these particles.* 


*For details, see Davydov (1965). 
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Another new feature that may be expected is the interaction between the spin 
and orbital motions. We examine the higher order corrections to the Pauli equa- 
tion inan electrostatic field.* Writing А = 0 we obtain from Eqs. (43) and (44) 


с (а р) о = (є — еф)и (52) 
2 (с: р) и = (Qm? + = — еф) > (53) 
The charge density is 


p = di = utu + vto 
From (53), we have 


um 


1 
2me mee (54) 


so that 
oto mut E 
This gives p = ut (1 + p*/4m?c*) u (to order »*/c*) which suggests that to this 


order we cannot regard u as the wavefunction in the non-relativistic approxi- 
mation. Instead, if we take 


and 


-(1- 55)“ (55) 


then p = (u')tu' to order v*/c* so that it is и that we want for the wavefunc- 
tion. Our aim is to solve for v, for which we substitute in Eq. (52) and use Eqs. 
(55) to change to w', taking care to retain terms up to order l/c*. From Eq. 
(53b), we have 


co ри = (2met) o + (e — eg) SP u 


where in the term multiplying (e — еф), which is small, we have used the lower 
approximation (54) for v. Thus 


1 s — еф 
e zl- та (pu 


*We follow the treatment of Berestetskii, Lifshitz and Pitaavskii (1971). 
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Substituting this into Eq. (52), we obtain 


«coris er е» 


2mcà 
[инъ ۰4۰9 | 
Rearranging terms, this gives 
(оа) [0 er зерне] 


We multiply this on the left by 1 — p*/8m*c*, retain terms up to 1/с? and use 
Eq. (55) 


“= (1- s) + 25 2 + SCELTE »J(1- - ga)" 
(56) 


n 


Eq. (56) gives us the required eigenvalue relation 
eu’ = Ни ў 
Retaining terms up to the order 1/c*, we have 


oaa (Pb + 4) + Go 


Now 
(c+ p) Ф (2: p) = $ (0 + p) (c-p + (c: р?) (o > P) 
= фр + iñ (o ° E) (с + р) 
= фр +i [E p+ ic +E Xp) (57) 
where 
Е = — ууф is the electric field. 
We also have 
(phó — Фр) u = — Ye 10° (фи) — óv^v] 
= t [y (wye) + Фу — Фу] 
=—Bpys-v + (029) 
Writing this in terms of E and p, we obtain 
pp Ф = 2i E‘ p+ Br E (58) 
Substituting (43) and (44) into the expression for H, we obtain 
3 р! eh 


pu) mi ; sel А à 
Hed ta pM dme o P Р. ат. v: E (59) 
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The first two terms are the usual non-relativistic terms. The third term is the 
kinetic energy correction up to order 1/с° as may be seen by expanding 
те? (1-- p?[m*c?)? — me. The fourth term is the spin-orbit interaction energy. 
The nomenclature may be understood if we take the example of the field to a 
point charge when E ~ r/r*. This gives a term proportional toc «1e s.l 
where s is the spin and J, the orbital angular momentum. The last term is a 
correction to the potential energy e4, called the Darwin term.* 


23.9 Central Potential 


Let us now consider the solution of the Dirac equation for a particle їп а cen- 
tral potential V(r). The Hamiltonian is 


Н = cx p + Вто + V(r) = Н, + V(r) 


It can be shown that the free particle Hamiltonian H, does not commute with 
the orbital angular momentum L (See Problem 23.2). However, it does commute 
with J — L 4- s. Here 
1 1 с 0 
m-l5£-a() 3) (60) 


For the central potential the Hamiltonian still commutes with J and J* so 
that eigenfunctions can be conveniently chosen so that they belong to definite 
states of 7° and 7.. We label these states by j and m, the eigenvalue of J? is 
J (J + 1) ^ and of J: is mä for the particular state. A particular value of ў can 
arise from the combinations / — $ or / + ‡ of the orbital and spin parts, the 
two states having opposite parities. 

We shall proceed by separating the variables in spherical polar coordinates, 
the appropriate coordinates in view of the spherical symmetry of V(r). To do 
this, it is convenient to introduce the radial ‘momentum’ and velocity operators, 


1 ^ BR a 1 
р (ee p— it) = (2 ré t1)ande, = 10-0 (61) 
Note that 
a2 = 1 


Using the relation (Problem 23.4) 


(2: B) (۰C) = B- C - iE«(B x C) (62) 
and putting B = к, C = p, we obtain 
(a - r) (х. p) = гр, + i + iZ - (г x p) 
= тр. + if (E ‘LL +1) (63) 
*The spin-orbit term.is the form — 1 p- E x v/c; in the rest (тате of the particle this 
would appear to give the strange result— $ p - H which is “off” by a factor 4; however expres- 


sion (59) is the correct one and is due to the so called Thomas precession. For an explanation 
of this effect and the Darwin term, see Baym (1969). 


RELATIVISTIC THEORY 579 


using the definition L = Ñi (r x p). Thus 
ror р = тр. + ifi(Z-L + 1) 
Multiplying by «,/r on the left, we obiain 


«зр = ap +i (X. Lo 1) (64) 


It is convenient to introduce the operator 
K=6(2-L+1) (65) 


It is easily shown that this commutes with the Hamiltonian. (This is the reason 
for the B in the definition of K) 


K? = [8 (ZL +1) = (BL + 1/7 
(since commutes with Z) 
= (5.10) +22-L4+1 
Now 
(5.1) = 12 -У.1 
using Eq. (62) and 
Ix I= 
Thus 
Ke=L?+2-L+1 
SNS LDL 1 
= = = o 66 
=(L+Z) *-7*3 69 
since the eigenvalue of Z* is 2. The eigenvalues of K* are, therefore, 


jJ + DHE} = 07+ +) 
Since K commutes with the Hamiltonian, we can set up à representation in 
which K and Н are diagonal. Now 


н = сыр, = TBE аак + теё + YO) (67) 


We can now choose (matrix) representations of a and B. which satisfy the con- 
ditions 
a2 = "م‎ = 1 and [x 8] = 0 (68) 


10 Qus i a" Yo 
A simple one is ё = (0 ES and ar = (; ч Writing Y = ( i ) the 
relation Нф = Еф gives the two coupled equations 


(E me — Y) Ye + (ter, + 3K) =0 (69) 
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and 
(E + meê) p- (е Ex) 4, = 0 (70) 


The angle and spin dependent parts are included in K. If we choose фа, Yo to 
be eigenfunctions of K (with cigenvalue denoted by the same symbol K), then 
in Eqs. (69) and (70), we need only concern ourselves with the radial parts of Ya 
and ds. We set 


F G 
фа = h= тр (71) 
Noting that 
E (oe уулу аваг 
(£) = r (72 +1)(4) МЕДА ЖЕ 
we obtain 
G— mê WF + (+ KS) o (72) 
and 
(E+ me a + te (Ê — ЖЕ) 0 (73) 
r r 
23.10 Energy Levels of the Hydrogen Atom 
For the hydrogenlike atom, we set V(r) = — Ze'[r. Before trying a series solu- 


tion of Eqs. (72) and (73) let us look at the asymptotic behaviour of F and G. 
We may write (as г > со), 


ас 
(E — me) F + ће — =0 


dF 
(E me) G = ће = =0 


whence 
ФЕ m*ct— Е? 
Р: Дан Tg — Е= 0 (74) 


Since we expect, for the bound State, F — 0 as r — co, we must have mc* > 
| E |." (For positive energies, this merely states that we expect the total energy 
of the atom to be somewhat less than the rest energy of the electron; one must 
not forget that we have not included the rest energy of the proton in the Hamil- 
tonian in the first place). Thus, the asymptotic behaviour is 


F,G ~et (75) 


*Otherwise, the solution to Eq. (74) will be oscillatory. 
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where 
“тїгї — E 
E "refor EBENEN (16) 
is an obviously convenient dimensionless variable. Eqs. (72) and (73) become 
) « dG KG 
= ЭЕ ада 
( 22) im ek 07 
1 a dF KG 
(«+ еру e 
where we have put 
тс — E e 
J mate ha rae (79) 
The asymptotic forms (75) suggest a solution of the following form 
Fle) = f (P) e-*, Ge) = g(e) є" (80) 
so that we have 
Za d K ) 
— < ——-+-———1)е=0 81 
(-»+)s+ (444 g (81) 
CREE PEU d odi ) “% 82 
( y + P )r ( do e t f 7 
Substituting 
(e) =e > aye’, (e) = e 2 74 (83) 
j=0 j= 


and comparing the coefficients of p**7, we shall get the following indicial 
equations. 


— уа + Zaa; + (j + s) by + Kb, — bj; = 0 (84) 
L sy Zub —(J + 9) aj + Ka, + ai, = 0 (85) 
У 
From the coefficients of the lowest term p**, we obtain 
Zaa, + (s + K) b, = 0 and Zeby —(s — K) a, = 0 (86) 
Since a, and b, are not zero, we must have 
s = К? d Zus 
or з= УК – 2 (87) 


where the positive root is chosen to keep the functions F and G regular at the 
origin. 
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Multiplying Eq. (85) by v and adding it to Eq. (84) we obtain 
a Kj + s— K) — Ze] = Ь,[(}+ s + K) + Za] (88) 


It can be shown, as was done for the Schrödinger equation solution of the 
hydrogen atom, that if we let the series (83) go to an infinite number of terms, 
the functions f(p) and g(r) will behave like e? so that the solutions F(p) and С(р) 
will diverge. We must, therefore, assume that = и', where п' isa fixed integer, 
the series terminates and 254, = 0 [and hence дъ, = 0, according to Eq. (88)]. 
Setting j = n' + 1 in Eqs. (84) and (85), we obtain 


—* dy — by’ = 0 or by = — van’ (89) 
using Eq. (88), with j = л, we obtain 
(n + s— К) — Zam — v [(n' + s + K) + Za] (90) 


or 
2v (n' + s) = Za (1 — v?) 


= Za 2E 
тё + E 


remembering that v? = (тс? — E)/(mc* + E). Squaring, we have (m*c* — Е?) 
(n' + s? = 22022, This gives 


Zu -1/2 
Е = mc Sa 2 
mc [1 + ТУЕ + | (91) 
« here, it may be recalled, is the fine structure constant, 
ica p RU DN 
hc^ 137 


Now, the eigenvalues of К? ‘are (j + 3)* so that s= ¥ (j + 1*— 2202 To 
appreciate the change from the non-relativistic theory, let us introduce the 
small number . 


e = (j + 4) – NF DF -Za 


so that s = j+ à — e. We also introduce the principal quantum number 


п = 1,2,3,... | 
nee ) 
j-LhÓh...,n—i 


Thus n' + s = n — &, so that 


Zub ua 
E = mel 1+ ¢ | 


n — t)? 


(92) 


Remembering that e, is also a function of 202, one can expand E as a power 
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series in 2202 to obtain (See Problem 23.10) 


Enj = тс? [ = T "i ze (> i)] (93) 


Apart from the constant mass term, the second term in Eq. (93) is identical to 
the non-relativistic expression while the third gives the relativistic corrections. 
Labelling the energy levels as х 


25,1 (for n = 2,j = 1/2 and 1 — 0) 
2Ру»(п = 2,j = 12,1 = 1) 
2P,s (1= 2,j = 3/2,1= 1) 


We note that, while non-relativistic theory predicts that these three states are 
all degenerate, Eq. (93) predicts that only 25у» and 2P,/; are deger.erate while 
2P, lies lower by about 10-* eV. 

In 1947, a crucial experiment by Lamb and Rutherford established that 251/2 
lies about 1058MHz below 2Pys (the frequency v corresponds to the energy 
difference hv ~ 4.4 x 10-%eV). Although this might appear a very small dis- 
crepancy this experiment initiated very important developments which led to a 
consistent theory of quantum electrodynamics.* 


23.11 The Hole Theory and Positrons 


We have seen that the Dirac equation admits both positive and negative energy 
solutions. In the presence of a field one would expect the electron to make 
radiative transitions to à negative energy state in fact, to E = — co. There are 
other difficulties with negative energies. An electron at rest in a negative energy 
state has a negative rest mass. Clearly, such electrons would move opposite to 
an applied force. The theory presented, so far, is thus an incomplete physical 
theory. 

Dirac made a remarkable suggestion to avoid these difficulties. He assumed 
that all the negative energy states are normally occupied by electrons; ie., 
vacuum is the state of fully occupied negative energy states and empty positive 
ones. An electron with positive energy now introduced into this system is pre- 
vented from making a transition to a negative energy state because of the 
exclusion principle. In vacuum, one therefore has this negative energy 'sea' of 
electrons giving an infinite charge density. Dirac, therefore, made a further 
assumption, namely, that electrons filling up negative energy states do not contri- 
bute to the external field, the total energy and momentum of the system. Only 
departures from the distribution in a vacuum will contribute to observable 
quantities. 

To see how this works, suppose a negative energy electron with an energy— 
| E: | and momentum р is removed from the negative energy sea, under the 
action of an external field, to a positive energy state (see Fig. 23.1). 


* For a simple picture of the origin of the Lamb Shift see Bjorken and Drell (1964) Ch. 4. 
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(Electron Transition 
th to Positive Energy) 
E «mc? 
Forbidden 
E :-mc? 
Fig. 23.1 


The system (the sea) is now deficient in energy — | E, | and momentum p. 
This means that the residual sea behaves as though it has a hole with energy 
| E, | and momentum —p. (Notice that the hole has positive energy | Е; |.) Aiso, 
with the removal of charge — e, the net effect of the hole is that of a positive 
charge +e. This hole, therefore, behaves like a particle with the electronic 
mass m and charge e and is interpreted as a Positron.*} 

If the external field removes an electron of momentum p; from a negative 
energy state — | E; | to a state of momentum py and positive energy + | Е; |, 
then the hole will have an energy + | E; | and momentum — pi. In other 
words, the final system now consists of an electron of energy | Ey | andmomen- 
tum py and a positron of energy | E; | and momentum — pi. Clearly, the total 
energy | Ei | + | E; | and the total momentum ру — pi of the two particles in 
the final states must have been supplied by the external field. Moreover, siuce 


| E] + LE | > 2те? 


this is the minimum required energy-for this process, called pair production. 
Thus, the hole theory provides a simple explanation forthe positron and pheno- 
mena such as the creation or annihilation of pairs, 

However what has been gained in interprefation has made the theory far 
more complicated. Electron-electron scattering, for example, is no longer to be 
thought of a simple two body process. The vacuum**, with its infinite number 
of particles can participate in the phenomenon making the theory a many-body 
one. While it is true that for low energies generally the situation is not as drastic, 
nevertheless one should expect new phenomena to manifest themselves, For 


*AII observed states are states of positive energy. When making calculations for physical 
quantities it is necessary to select out final states of positive energy. 

+The hole theory treats the positron on a different footing (at least in the physical inter- 
pretation) from the electron. Modern theories of quantum electrodynamics have avoided 
this distinction. 

**Dirac's original idea of the particle аз an excitation of the strange ‘vacuum’ has been 
very fruitful and the idea is exploited in the theory of condensed states. (See Kaempffer, 
Concepis in Quantum Mechanics, Academic Press, New York, 1965). 
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example, the electromagnetic field can polaríse the vacuum (somewhat like the 
polarization of a dielectric). Vacuum polarization produces observable effects; 
for example, in the hydrogen atom it reduces the Lamb shift (2555 — 2P,/5) 
by about 27 MHz in agreement with experiment. 


PROBLEMS 
PROBLEM 23.1 
Show that the four spinors described by (32) are orthonormal, i.e., 
xt Xv = Bap 
в 


where xi X» are any two of them. 


PROBLEM 23.2 

Show that L — r x p does not commute with the free particle Dirac Hamil- 
tonian, while J = L + s does and hence J is a constant of the motion. Here 
s = {У where 


с 0 
:-(6 o) 
PROBLEM 23.3 
Show that the complex conjugate of Dirac equation can be written as 
h e a T 
zx AT E Ay) Tyr + то 


i Xp 


PROBLEM 23.4 
Prove Eq. (62): 


(a. B) (æ ` C) = (В. C) + i? - (B x O 


PROBLEM 23.5 і н У 
Verify that the rate of change of position operator (in the Heisenberg picture) 


is given by 


Discuss this result. 


PROBLEM 23.6 À 
(a) Show that the Dirac equation for an electron in a field 


[ te (2 — ee) ime |¥ =0 (94) 
is invariant under the gauge transformations 


a 
dp = Ae 
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and 
y = ф' exp [ief/ hie] (95) 


Here /(хь) satisfies the relation 2° f/oxà = 0. 

(6) Show that the addition of a term of the form ay, Yv Ёру Y in (94) will 
still leave the equation gauge invariant. 

Here 


94v _ Od» 


Еу = 
5 Xp Oxy 


PROBLEM 23.7 

Assume that the frame X’ introduced in Sec. 23.5.is obtained by a simple 
rotation of X about the z-axis by an angle p. Show that the following matrix 
S satisfies the relation (23). 


S = exp Ез on | 


вз = 1/2 [Yn Ya] = iss 


where 


PROBLEM 23.8 
‘Suppose 3’ moves along the x-axis with respect to X with a velocity Bc. Show 
that the matrix S is 8 by 
S= exp[ 2 2 в | » 14 = 4 
writing 
9 = ið, show that tanh 0 = B. 


PROBLEM 23.9 
Starting from spinors for a particle at rest 
1 0 0 0 
0 1 0 0 
Е КДА LO 
0 0 0 1 


apply the transformation S of Problem 23.8 to find the solutions for а particle 
travelling in the x-direction with velocity fc. 


PROBLEM 23.10 
Obtain the expression (93) by expanding (92) up to order а“. 


PROBLEM 23.11 
Discuss the problem of pair annihilation from the point of view of hole 
theory. Is this process possible in vacuum? 
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SOLUTIONS 


SOLUTION 23.2 
We consider first [L,, Н], This is 


ex - [(yps — zp) p — p (yp: — zpy)] 
= саз (уру — руу) Pe + Cts (— 2р, + р„®)р, 
= ich (азр, — ®ру) (96) 


To calculate [Z;, H], we note that 
_ (o 0 2 Oc 
2e = (0 m) me 6) 


У.а, — Q, Da = ia, 
and. Etg — aha = — itty 


so that 


This gives 
(Za, H] = ic («+ р, — Za - р) 
= ie (хар; — apa) (97) 
Thus Js = Г. + 4BZ, (and similarly other components) commutes with Н. 


SOLUTION 23.3 
In a field, Eq. (11) is modified to 


{rm (o = =) = me] ¥ = 0 з) 
Writing out the space and time components separately, 


A (, ae oe) AS сү SU. 
F(z ox, ++, ox PRO eh аф сф 


Remembering that xf = — xq, 44 = — А, and yat = Yp, we obtain for the 
adjoint equation, 


(20, 20) E uai итий, + тор = 0 
і с с 


Ox; Xa 


Writing gt = dy, and Yeys = — Yq and multiplying by y, on the right, we 
obtain 


fa ee |, 
( Ê tee) ire ime 


or 


lr 24)» + ime}? = 0 (99) 
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This result is sometimes expressed concisely in Feynman notation as 
+ 


a Р t * + me )= 0 (100 


The arrow on top of p is to remind us that the derivatives p operate on y, but 
p has to be on the right of y in order to keep the order of matrix multiplication 
of Û and yp right. 


SOLUTION 23.5 
From Heisenberg’s equation, we have 


аі 
а Ñ 
We have 


IH, r] 


s. g ele px хер] 


We need only consider «p; in х - p, the rest commute. Thus 


a + "(рех — xp) = саз 
Since the eigenvalies of а, are +1, +c are the only possible eigenvalues of 
each of the operators dr/gt - 
A precise velocity measurement requires the precise measurement of position 
at two different times which means the uncertainties in momenta approach 
infinity. In relativity, these Correspond to the speed of light. 


SOLUTION 23.6 
It is easy to show that the Substitutions in Eq. (53) will change Eqs. (52) to 


; {re (2 ig > 4) + ave Fus — те} 4 = 0 (101) 
where 
‚‚— 04. _ дА, 
dis 0x, дх» 
Now 
Yos Fav = 2i(Z - H — іх. E) 
where 


m 


We can now proceed exactly as in Section 23.8 to obtain an equation similar 
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to Eq. (48) with an extra term 
iz -faJ- £2 c.H—2aec-H 
2mVP с 2me Ci eb puc eu 


The constant a can now be adjusted to give the observed value for the anoma- 
lous magnetic moment of a particle such as the proton. 


SOLUTION 23.7 
We have 


, уюм 
$= 1+ (2-) + AES +... 
Now 


î, = Guns = — C Yn = +1 


of 
Of, = 014012 = оң etc. 
It is easily shown that 
5 = cos $/2 — үүүз sin 9/2 (102) 


We now have to show that 


Sy,S71— аууу (103) 
or 
Sy, = aavtvS (104) 
Here 
cos¢ sing 0 0 
—sin ¢ cos? 0 0 
у О о о 
0 0 0 1 


as may be seen from working out the coordinate transformations under the 
desired rotatiou 


х — ax 


For А = 3 and 4, Eq. (104) merely says that S, Yı commute. For example, the 
second term in S [Eq. (102)] gives a term proportional to үүүзҮз = — YıYsYa = 
YaYıYa. We, therefore, merely have to prove the result for 


A = 1,2. We have (for A = 1) 
Sy, = ү cos 6/2 + Ya sin 4/2 
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and 
ayyyS = (ү, cos ф + Ya sin 4) S 


= Y, cos $ cos- — Y: cos ¢ sin 


ю|э- 


+ үз sin $ cos 4 + Yı sin ¢ sin + 


= ү, cos $/2 + Ya sin 9/2 


Similarly, we can establish the result for A = 2. 


SOLUTION 23.8 
The Lorentz transformation is defined by 
Y 0 0 ify Ы 
0 ей; 0 | 
ay = 0 01 0 (105) | 


—ify 00 wv | 
where y = (1 — 85), not to be confused with the y matrices. Proceeding as 
in Problem 23.7, we have | 
$ еф 
Sy, = тү; cos 7 + yasin 2 
and 
ayyvS = (m + iByy) S 
= (roos $ + iBy sin +) + Ya (ie cos = — ү sin $) 
from which we obtain (equating the two expressions) 
cos $ = cog Û = y 
sin ф = i sinh 0 = ify 
{where ¢ = i0) 
Thus tanh 0 = в 


and 


РИЯ 
5 = cosh 2 — й sin > (106) 


SoLUTION 23.9 
From Eg. (106) [using the result Xy, = ( odes 


OV E * 
ЕС. М) )] it is easy to sho 
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that 
cosh 8/2 0 0 sinh 6/2 
=, 0 > cosh 0/2 sinh 0/2 0 
: 0 sinh 6/2 cosh 0/2 0 م(‎ 
sinh 6/2 0 0 cosh 0/2 
T .. 2tanh0/2 _ € 
Moreover, writing tanh 0 = T+ tank? 62 = В and solving for tanh 0/2 we 
obtain 
9 Nand 
tanh — = s 
2 By 


(It is easy to see that this is the correct one, the other solution has the wrong 
limit as B — 0). Thus we obtain 


9 Pr By I+ 1+Ү 
Rs кедү. "Y TELA 
OU 74329070. 7 din "| 2 
and , 
i LABOR à экен aant (108) 
sinh = = ys 
ф' = Sy gives 
4-5 cosh سے‎ + d, sinh -$ (109) 


From Eqs. (108) and (109) and similar equations for ф%, ds and фи tbe four 
components can be expressed in terms of the velocity. These solutions should be 
compared with the solutions obtained directly with p, = ps = 0. We find, for 
example, \ 


1 
‚ 0 (110) 
rp Nix: x ; 
B/Q + ү) 


so that | 

ow = MX afte |= (111) 

wore - ME + aed ot 

This result gives a different normalization from the one given in the text. The 
trouble is that Eq. (111) gives the probability density which is not an invariant 
quantity; the volume element contracts by a factor 1/y along the x direction so 
that the probability itself is invariant. If we wish to keep the normalization 
covariant, then solutions (110) are the proper solutions. We leave it as an exer- 
cise to show that for the solutions (110) 


ЧИ = 1 (112) 


APPENDIX А 
Derivation of the Rayleigh-Jeans Formula 


The Rayleigh-Jeans Formula 
„= Ж eer @) 


can be derived from a variety of arguments. Planck's was a particularly simple 
опе to emphasize the generality of the principles upon which it was based. 
First, he assumed that the radiators were oscillating charged dipoles and the 
energy radiated by one such oscillator was, in accordance with classical electro- 
dynamics, given by* 


dw 
“dt 


emission Qn) . (2) 
Here e is the charge, m is the mass of the electron, c the speed of light in free 
space and e the average energy of the oscillator. On the other hand, when 
matter and radiation are in equilibrium, this must equal the energy absorbed 
per second, i.e., the rate of work done on the oscillator by radiation. Planck 
showed that this was simply 


ay 
dt 


пе? 
P ecu 
absorption 3m 


uy (3) 


Equating (2) and (3), one obtains the Rayleigh-Jeans formula, Eq. (1), if the 
average energy e is taken to be kT. 

Alternatively, by considering the radiation field inside a cubical cavity, we 
may write 


uy dv = (Number of modes/unit volume in the frequency interval dv) x (energy 
associated with a mode) 


_ r д 


a x kT 


where we have used Eq. (13) of Appendix M. 


*Both Eqs. (2) and (3) ars derived in Born (1962) Chapter VII. 


APPENDIX B 
Average Energy of Planck's Oscillators 


In this appendix we will evaluate the summations appearing in Eq. (3) of 
Chapter 1. We rewrite the equation as 


kT Ў пх е" 


pi. п=0 (1) 


n=0 


ә 
where x = hv/kT. Now 2 е-"= is a geometric series and it is easily shown 
n=0 


that 
by cu Q 


Differentiating Eq. (2) with respect to x, one obtains 


e 
NS ne" = ade (3) 
n=0 
Thus 
Sar? kT xe-* hy (4) 


"= =e) = атг] 


APPENDIX C 
The Equation of Continuity 


In this appendix we will derive the equation of continuity 
др n. 
эг +ў.0=0 (1) 


where e represents the number of particles per unit volume and J the current 
density; we are assuming that there are no sources or sinks. We consider an 
infinitesimal volume dx dy dz as shown in Fig. С.1. The number of particles 
entering the volume through ABCD (whose area is dy dz) per unit time is 
Jz (x, y, 2) dy dz; similarly, the number of particles leaving the volume through 
EFGH per unit time is Jz (x + dx, y, z) dy dz. Thus the net influx per unit time 
through the two surfaces is 
Ja (x, y, z) dy dz — Jz (x + dx, y, z) dy dz 
the Js 
= a dx dy dz (2) 


We can similarly calculate the net influx per unit time through the other four 
surfaces. The total net influx per unit time would be 


дз ad; СТД 
«x ax ^ ay Ü д: )eee- Ed se P 


Now, the number of particles in the volume element is e dx dy dz, thus 
д 
ar dx dy dz = — (y - J) dx dy dz 


from which we immediate} 


i y obtain Eq. (1) which is known as the equation of 
continuity. : 


Jy (x* dx, y2) dydz 
Jy Ux y, 2) dydz я mee 


an d etie 


Fig. C. 1. The transport of particles through the surfaces ABCD and EFGH 


APPENDIX D 
The Fourier Series and the Fourier Transform 


According to Fourier's theorem, a periodic function with period a, i.e., 
f(x + ne) = f(x), n=0,41,42,... (1) 


can be expanded in the form 
1 = 2n nx Е 2r nx 
f(x) = 3 ds + 2, [2 cos ( m ) + bs sin [4] (2) 


The coefficients an and b, can easily be determined by using the following pro- 
perties of the trigonometric functions : 


Xota 
2 | соз ( anne ) cos ( Pam ) dx = bmn (3) 
Xo 
Xota 
2, sin ( ann ) sin ( AX ME ) dx = 8:5 (4) 
a « a 
*o 
21^... отих 2n mx 
= J sin ( E ) cog ( ZETE ) ax = 0 (5) 
žo 


where x, is arbitrary and 8„„ is the Kronecker delta function defined through 
the following equation 


0 if mn (6) 
f if т=п 


If we multiply Eq. (2) by cos (2r mx/a) and integrate from x to x, + « and 
then use Eqs. (3) and (5), we would obtain 


xota 
„- f focos (27E) dx; т-о,1,2,... 7) 
x, 
Similarly 
хофа 
2 . of 29 тх , ДИ 
by = 2 J re ( zx | dx; m= 1,2... (8) 
0 


For the sake of convenience we choose ло = — a/2. If we now substitute the 
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above expressions in Eq. (2), we would obtain 


wt f(x’) ах ipee) T fx) cos (= =) 


—a]2 
+2 (27) " де? sin (2:2) ax ] @) 
—a/2 
or | 
+n/Ak 
Ak / | 
f= | Дю ә) | 
—n/Ak 
Sr Ak +n/ Ak 
+ b [2 | f(x’) соз [п Ak (x' — х)] ax | ao 
п=1 —n[Ak | 
where 
Ake = 2m ш 
a 
We now let « — oo so that Ak — 0. Thus, if the integral 
+o 
| | fix’) | dx’ 


exists (i.e., if it has a finite value), then the first term on the right hand side of 
Eq. (10) would go to zero. Further, since 


| F(k) dk = Lt У F (n Ak) Ak (12) 
0 АК->0 fei 
we have, in the limit Ak > 0, 
o +0 
fo) == [E] for) cos tats’ — solder} ak a3 
0 `» 


The above equation is known as the Fourier Integral. Since the cosine function 
inside the integral is an even function of k, we may write 


fix) = xj u Дх) eos IG — x)] dx} dk (4 


Further, since sin [k(x' — x)] is an odd function of К, 
1 PE 
te T b J f(x) sin [k(x' — x)] dx’ |а (19 
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Adding (or subtracting) Eqs. (14) and (15), we get 


Јо) = + P j f(x?) exp [+ ik (х' — x)] dx' dk (19) 
Thus, if 

KB = T j Дх) e?" dx (17) 
then 

fe = = J поета (18) 


The function F(k) is known as the Fourier transform of f(x) and conversely. 
As an example, if we assume 


f(x) = А et? "LE (19) 
then straightforward integrations will give (see Eq. 8 of Appendix E). | 
— lay oi 
FO = As exp |- fake) (20) 


Equations (19) and (20) tell us the general rule that if a function is localized 
within a distance Ax ~ o then its Fourier transform is localized in Ak e 1/9; 
thus Ak Ax ~ 1. If we use the variable p = fik, we may write 


+o 

ap) = Tug | #9 eio dx (21) 
Te 

Фо) = TE f alp) ev dp + (22) 


which are the relations used in Chapter 2. Р 
А comparison of Eq. (16) with Eq. (3) of Appendix F gives us 


Te 
ку J еве = Ag] e05e o» 
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Finally, 
iE te +» 
( | f(x) |? dx = | dx d* | F*(k) et dk 
Nou 
سے‎ ʻe dk' 
Tz J fea 


+ +o 1 +o 
= | wre | dK EE) | eta 


рар" S 


+o +o 
= | dk F*(k) [ dk’ F(k') 3 (k — k’) 
+o i 
| dki FOE (24) 


which is known as Parseval's theorem. It is readily seen that 


eo 4o 
| 10а = | Lap (25) 


A more detailed account of Fourier integrals can be found in Titchmarsh 
(1948). 


APPENDIX E 


Gamma Functions and Integrals involving 
Gaussian Functions 


The gamma function is defined through the integral 
Г (2) = | x-1e*dx (Rez > 0) 
0 


For Rez > 1, if we integrate by parts we would obtain 
Г (2) = (z — 1) F (2) 
Since 
© 
гау [etii 
0 
we immediately obtain 
Г(п+1)=п!; niet; 1,2, 7. 
Further, as we will show below (see Eq. 6) 


r= Ух 


Therefore 


(pr) "One 


ae e? dx, then 


Now, let I 


. e?! dx bi eV dy = 1] etm dx dy 


1% 


1 


о 2r 

= [ | e-"* rdr d0 (changing to polar coordinates) 
00 
т 


(1) 


(2) 


(3) 


(4) 


(5) 
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Thus 


Tte = © 
TO кага йт] гей r(2) (6) 


Further, for n = 0, 1, 2,... 
+o 
J edx =0 (because the integrand is odd) 
-o 
and 
+o о е 
| х ei! Дх = 2] xin е dy = | 1-1/8 e^t dt 
2^ 


ر ۴ 0 -2) ...1-3:5 )5+.(1- 


кый 
Finally, the integral f exp[— ах? + &x] dx сап be evaluated by completing 


the square 
YE) 


D. Pa dy ш gian | et dt = Cu exp | (8) 


Thus 


(Ке а > 0, 6 complex) 


APPENDIX F 
The Dirac Delta Function 


The Dirac delta function is defined through the equations 


8(x— а) =0 for xa (1) 
ata 
| 3(x—a)dx=ol, «> 0 (2) 
а-а 


Thus at x = a, the delta function has an infinite value such that the area under 
the curveis unity. For an arbitrary function f(x) that is continuous at x — d, 
one obtains 

ata. 

| f(956— aax = ft) (3) 

а— 
There are many representations of the delta function, ¢.g., the Gaussian func- 
tion 


gym 
G«(x) = чн exp | -= б-а 1 (4) 
has unit area*, i.e. 
+o 
| eax = 1 (5) 


irrespective of the value of o: Further, the function Gs(x) has a value 1/c(2)! ^ , 
at x = 0 and has a width c. Thus, in the limit of o — 0, it has all the pro- 
perties of the delta function (see Fig. F.1) and we may write 
1 an] 6 
8(x— a) = Lt — ex [ = (6) 
WD e40 cv2n p 20% 

Similarly, one can show that for a large value of g the function sin a(x —a)/ 
n(x — a) is sharply peaked around x = a (see Fig. F.2) and has a unit area 
irrespective of the value of g. Thus we may write** 


sin g(x — a) 7 
Bx—a)- Lt ص‎ (7) 
(x — a) з» TS a) 
*The integral in Eq. (5) can be easily evaluated by using results of Appendix E. 
**In a similar manner, one can show that 
1 sintg(x— a) 
ng (x-a 


х —a) = Lt 
go 


602 QUANTUM MECHANICS 


—=бе(х) 


—ox 


Fig. F.1 In the limit of a — 0, the Gaussian function С „(х) tends to a delta function 


Since 
1 i in g(x — a) 
z-a si i gx == 
209 | еї@Ф(ш-а) dk = í ) (8) 
E 


we obtain another representation for the delta function (see also Eq. 16 of 
Appendix D) 


а) x | erta dk = Tomas : (9) 
where u — k/2n. It can be easily seen that 
Sx — a) = Ma — x) (10) 
Le e a) (11) 
T Мх — a) 8 (x — b) dx = 3а — b) (12) 
fla) 3 (x — 0) = fija —o) (13) 


зол — а) = z [Bx — а) + Sx a); аро (14) 
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Fig. F.2 The variation of the func ion (sin gz)/z for g = 1.0 and 2.0, Notice that as the value 
of g becomes larger, the unction becomes more and more sharply peaked at z = 0 


The three dimensional de!.a function, 5(r — r’) is defined by 


a(r — r’) = 3x — x) è (y = y) è (z — 2) (15) 
Further, for a functiou f(r) continuous at r = г", 
[лозе -:)& = уе) (9 


Using Eq. (15) one can write down the various representations of 5(r — г"); e.g., 
— xy m pm 
exp[ - € x+y 12240 z’) 1а 


8r —r') == Lt SS 


ono Оя)? 802 2c 
Further 
1 , n 
38 r) = cu [Fore deat dk, (18) 


— ә 


APPENDIX G 
Hermite Polynomials and Hypergeometric Functions 


G.1 Hermite Polynomials 


The two independent solutions of the differential equation 


d* d 
Ga — 2x + лу) =0 (1) 
are 
A(-4.4, x) (2) 
and 
$273 
sn(- $3. $n) (3) 


where ,F, represents the confluent hypergeometric function (see Sec- G.3). For 
n= 0,2, 4, . . . the first solution becomes a polynomial and for л == 1, 3, S KON 
the second solution becomes a polynomial. These polynomial solutions of 
Eq. (1) are known as Hermite polynomials, the first few are given by 


Hy (x) = 1, Н, (x) = 2x, Hy (x) = 4x33 — 2 
(4) 
Н, (х) = 8x? — 12x, Н, (x) = 16x — 4832 + 12 


The Hermite polynomials satisfy the following equations (see, e. g., Irving and 
Mullineux, 1959): 


exp [ ج‎ 2] = Y Н.(х) = (5) 
п=0 
Hası (х) = 2x Н, (х) — 2n Hn- (х) (6) 
Н, (x) = 2n Ha- (х) (7) 
+” 
| е Hm (х) Н, (x) ах = 2^ n! Үт, 9nn (8) 
1 z С 
Н. = (DE TGC) иа о (9) 


The LHS of Eq. (5) is known as the generating function. Equation (6) is known 
as the recurrence relation and Eq. (8) is known as the orthonormality 
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condition. In terms of the confluent hypergeometric function we have / 
[a (3,1, a ) 1-024. 

H, (x) = 1 n! n 1-3 
—jyp/ OPE SL б I ыг ЖИГ. " 
LCD? un хл ( a 


For large n we have 


Hae) ~ ormai eres (2n + 1)« - =] (11) 


where « is the smallest positive angle whose sine is x/4/27. 


G.2 Hypergeometric Functions 
The equation 
x1-3 у [е o Dx | — aby = 0 (12) 
is known as the hypergeometric equation. For c 0, +1, +2,...and for 
| z | < 1, the general solution of Eq. (12) is 
у = Cı Fabcx-d4Cx'Fa—-ctlb—-ccti2-eox (13) 


where 
ab x , aa + D b(b + 1) xX 


F(a, b, e; x) = 2711 e(c + 1) 2! 
See у +.) 
c(c + 1) (c + 2) EI 


the series being convergent only for —1 < x < 1 provided c #0, —1, —2, vs 


G.3 Confluent Hypergeometric Functions 
The equation 
x B +(e —ауу0 (15) 
is known as the confluent hypergeometric equation. The general solution of 
Eq. (15) is 
y = С, 1F, (а, с; X) + Ca xt 1F, (a— c +:.1,2 — с, x) (16) 
where 
a x ala + 1) х? 
(6x = 1F e * с(с+ 1) 2! 
ala + 1)(a +2) x (17) 
REEDED 3^" 
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is known as the confluent hypergeometric function. Equation (17) is convergent 


for all complex values of x provided c 5 0, — 1, —2,.... Indeed 
e ah (ae х) _ Ta Estos xe 
Beer пояе тат 1. 


ri + 2; х) (18) 
Further, as |z |> oo (4# 0, —1, —2,...) 


A EAS) EER 
1F1 (a, с; z) сә е" TE + To) ** (19) 


(see Appendix K). 


| APPENDIX Н 
| Bessel Functions and Spherical Bessel Functions 


H.1 Bessel Functions 
| Тһе icm equation 


eds. NIC "ya = 0 w 


is known as the Bessel equation. For n # 0, 1, 2, . . . the two linearly indepen- 
dent solutions are 


Jn(x) and Лх) 


where 
x ntar 
Jo) = > CV TE : r+ 5( i) (2) 
For n = 0, 1, 2,... -Ј.„(х) is a multiple of Jn(x); indeed и 
Ј.„(х) = (—1°.М(х); n= 0, 1,2,... (3) 
Form = 0, 1,2,... the other independent solution is 
_ ү, 608 vT Ju(x) — Jx) 
Ya(x) = Lim OON. RAD v (4) 


In fact F(x) always represents an independent solution*. 
Forn = kt}, &{›,... the infinite series given by Eq. (2) can be summed** 


and one has 
2 һа, 2 џул 
Jus(x) = (2) sinx, Jan(Q)- (2) cos x 
1/3 i E 
Ja) = (2) к — cos x ) ў (5) 


I-3)3(x) = (2° — sin x) ] 


*The series representing F(x) is never really needed but is given below for the sake of 


completeness 


atx) = 2 [ (in F +4) ын зане уйе 


$66 


© 

1 (х2) 

E: 2 cipes to + er + >] 
т= 


where ү = Aves (E4124 13 ect in — ln n] = 0.5772, g(r) = 1 +124.. t iir 
with $(0) = И 

**This can also Бе seen bs usin: 
ing equation for n = 1/2 is w” + w(x) 


g the iransformation w — x1? у(х) in Eq. (1), the result- 
— 0, the solution of which are sin x and cos x. 


608 QUANTUM MECHANICS 


Jauis(X), J£712(x), etc. сап Be found from the reeurrence relation 


Јах) = 


28. qux) — 00 (6 
x: 


\ The asymptotic forms are 
PON We пт = \) 
quo oe (2) cos (x 2 4 ) | di 
2 1/2 : nz л 
Yn(x) AE (2 ) sin (x CHR T MA 


We would like to introduce the Hankel functions which are often used (as in- 
dependent solutions of Eq. 1) for their convenient asymptotic forms: 


H (x) = Ј,(х) + iY«(x) = (à) * ( =т= ©) 


HOX) = (х) — iYn(x) — (2 2 y» € --( € 


TX 


H.2 Spherical Bessel Functions 


In the Bessel equation [Eq. (1)] corresponding to n = 1+ 1/2 (I = 0, 1, 2, . . .) 
if we make the transformation f(x) = y(x)/4 x we would obtain 


ay , 2 df ugo 
tiat mo (9) 


which is known as the spherical Bessel equation. Equation (9) is of the same 
form as the radial part of the Schródinger equation [Eq. (19) of Chapter 5] 
with V(r) = 0 and x = (2mE/h3)! r. For / = 0, 1, 2,... the twoindependent 


solutions are known as the spherical Bessel functions ana are defined through 
the following equations 


лб) - x) Jisu (x) 


and (10) 
nm MAR 
n(x) = c»(3) J-i-us(x) 
Using the results given in the previous section it is easy to show that 
M sinx _ cos 
AQ) = » A) = DE EE == 
(11) 
т(х) = One nx) = pees + Эш 


х 
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ja(x), r(x), etc. can be obtained from the recurrence relation 
ther, the asymptotic forms are ea a 


(12) 
Еа == cos ( х= a 
and 
А tz 
Ло) > G+ DU 
(13) 


QI)! 1 


по) > QD) x^ 
where (21 + 1)) 2 1:3 · 5... (21 4- 1). Finally, the function u(x) = x f(x) 
satisfies the equation 


d* (I 
fe [1-37 -v 


which is of the same form as Eq. (21) of Chapter 5 and Eq. (59) of Chapter 19 
with V(r) = 0 and x — (QmE]1:5)! ^ r. Obviously, the solution of Eq. (14) is 


given by 


u(x) = A [x GO] + B [x mood (15) 
H.3 Modified Bessel Functions 
In the Bessel equation (Eq. 1) if we make transformation Ё = — ix, we would 
obtain 
d* d; 
eU Lb GIO (16) 


The solutions are ЧЁ) and Y,(i£). For n Æ 0, 1,2,... the two independent 


solutions are written as 1. (6) where 


© 


year ) 
L(£)- i" J kič) = en ATTE e 
г= 


The functions In(5) are known as modified Bessel functions with the asymp- 


totic form 
1 š 
I, E (ane c (18) 


These functions are not oscillatory in character (cf. Eq. (7. Often it is more 
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convenient to choose 


Ko) ZEMZEM | ( = y 


] an (19) 
2 sin nr xe V 2x 


as an independent solution. The functions Kn (x) are known as modified Bessel 
function of the second kind. 


H.4 Airy Functions 


The solutions of the differential equation 


can be expressed in terms of Bessel functions, A convenient pair of linearly 
independent solutions are the Airy functions Ai (z) and Ві (2) which are related 
to the Bessel functions through the following equations 


40-345[rn.0-10]-i4ikm o 


в) = "| : [ tus 9 + tus CN Q2) 
4(2) = s 2 [ 109 + 0,9 | (23) 
Bi(— 2) = A + [146 > 246 ] Q4) 


where £ == 323/2, The asymptotic forms for large z are 
© 
А) Û anet > (= ae (25) 
245 D 


Ai(— 2) qz rin sin (f + ic I* Ca £-* 
0 


COR ( E+ 7) 2 (— 1} Cun £3 ] (26) 


1 m ou 
Ві (z) > vix zn et 2 С, £-* (27) 
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Bi(—z)— j | cos (e+ i) Ў (1С. 5% 


во ( B+ +) 3 Ce Dena em ] (28) 


where 
C= 1, а= pee 
_ Qk E 1) Qk e 3)... (6k — 0) 
Crm ug UN 09) 


For further details, the reader is referred to Abramowitz and Stegun (1965), 


APPENDIX I 
The Sphgrical Harmonics* 


In order to define the spherical harmonics it is necessary to introduce the 
Legendre polynomials and the associated Legendre functions. 


I.1 The Legendre Polynomials 


The Legendre polynomials, Р(х), are the polynomial solutions of the equation 


d* dj 
ila) ax EU DIO =O; 15912... (0) 
The first few Legendre polynomials are 
Рх) = 1, Рх) = х, Р(х) = 4(3х#—1) (2) 


Р(х) = 4 (5x2 — 3x) Р(х) = & (35х* — 30x? + 3) 


It may be noted that Р„(х) is a polynomial of order n and for п even and odd 
the polynomial contains even and odd powers respectively. The orthogonality 
telation is 


+1 
| P(x) Р(х) dx = xir Sy’ (3) 


Higher order Legendre polynomials can be determined from the recurrence 
relation 


(I + 1) Pia) = (21 + 1) x P(x) — 1P,-,(x) (4) 


L2 The Associated Legendre Functions 


The associated Legendre functions are defined through the equation 


mp, 
PIN) ee OF E TO. 1:20, 527744 (5) 


m:0,1,...1 
and satisfy the differential equation 


d* d т? 
[a — 38) Gen ЕА) 2 рео = 0 (9 
Since Р(х) is a polynomial of order I, we must have m < I. Further, 


Рр(х) = Pix) (7) 


* Reference : Irving and Mullineux (1959), Abramowitz and Stegun (1965), 
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The orthogonality and recurrence relations are 


(+m)! 
[mo РР) dx = ri 2. D C5 w (8) 
and 
(1+ 1 = m) Р(х) = QI + 1) x Px) — C+ m) PREG) (9) 


respectively. 


L3 The Spherical Harmonics 


The spherical harmonics are defined through the equation 


пәф,е) = (= mf 2#&1 =” prot) ét; m > 0 qo 


Ү,-„(0, Ф) = (— 1)" Y5- (8, 9) (11) 
1=0,1,2,....;m=—1—I+1,...] 


and satisfy the following differential ee 


: DO E te 2 n, 
-[55 P ( sin S] + zs 293 1.п(0, Ф 
= (I + 1) Yon (9, 9) (12) 
The LHS of the above equation is L2/fi* [see Eq. (22) of Chapter 6]. The first 
few spherical harmonics are given in Sec. 6.4 and the higher order ones can be 
calculated using Eqs. (9) and (10). The orthonormality relation is 


x 2x 


[ [ Y* „ (O, 9) Ү,„(0, ¢) sind 40 de = ди Smm (13) 
0-0 5 


Further, the following relations are quite often used in quantum mechanics: 


(m D-m-DT^ 
cosh Yin = | (21+ 1) (21+ 3) 


(+m (=m) ^ T 
+ [агау iam} ua 


Yon 


and 
А (+т+1)@+т+2) 
sinê Yim = | Ql 3B 1) (21 m SEI lian 


“ae SU i Yan] си 


T5 bismtl 


APPENDIX 3 
Hydrogen Atom Wavefunctions 


For the hydrogenlike atom V = — Ze*/r (sce Sec. 5.3) and the cigenfunctions 
are 


фит (r, 8, 9) = Ru(r) Yim (9, 9) (1) 
where x 

ie 12,3557. Q) 

120,1,2,...n 

т: = —1,—1+ 1,...+1 


and Yim (0, p) are thé spherical harmonics which have been discussed in Appen- 
dix I. The normalized radial functions are given by 


Rui) = - {( 22) тр eUeimo O 
where 
а=, ве 22, 4 
and 
i : п—1—1 ка 
Ly (e) = 2, Cote IT OI Tam O 


are known as the associated Laguerre polynomials, Tt may be noted that p 
depends on n. The orthonormality condition is 


| Rue) Ral) Pdr = Bag Be ©) 
0 


and first few Rni(r) are given by 


& -2(Z)^ e 0 
men deni) 
Rn = E (Z) etag ® 
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3% 3 
na sis (ene B+ 
в 
8 түз _ E 
мт) € (57) 


3/3 


where Ё = Zr/ag. Further 


] 
i 6) 
j 


1 luz 1 
= (2) | 
IX EU du (sun | 
GO = зар [s | 2 
1 1 £y 4 
GP» = я (x) | 


5 Re Sea E: | 


("у= | "йм (9 т dr qn 


where 


In general, for p > —21 —3 
pt 1 (r) — Qp +1) 20m) 
2 
+ [ors p -p](2) Gs Neal (12) 


The above relation has been derived in Constantinescu and Magyari (1971), 
Chapter HI. We conclude this appendix by noting that 


Ly) = r 0 | (13) 


where La(p) are known as the Laguerre polynomials and are the polynomial 
solutions of the differential equation 


d 
eR rop, + =0 (14) 
Further 
ہو‎ S peg S (15) 
a =s 2 9 


Obviously L9(e) = (Р). 


APPENDIX K 
Asymptotic Series 


In order to study the behaviour of various functions for large values of x, it is 
often convenient to expand them in inverse powers of x: 


fa) = 09 [m e @ +...] а) 


where e(x) is a known function whose behaviour for large x is known. The 
series, which is often divergent, is usually of great practical importance not 
Оу for a qualitative understanding of a function, but even in its computation 
for large values of x. 


K.1 Definition f 


The series ay + (a,/x) + (a,/x2) + LAE said to represent f(x)/o(x) asymp- 
totically, if 


N Р 
i fe) Ww аһ 
ESE Я 


i.e. for a given value of N, the first N terms of the series can be made as close 
as may be desired to the ratio f(x)[e(x) by making x large enough. When the 
series diverges, there will be an optimal number of terms of the series to be used 
to represent f(x)/o(x) for a given x; and therefore, there will be an unavoidable 
error. This unavoidable error would decrease as | x | increases. We will now 
consider a few examples: 

Example 1 : Consider the exponential integral 


л) = [£a 
ES 


Integrating by parts 


nd сы 
9 = 57 e 
х 
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Continuing this procedure, we get 


s- Sfr- 245-34... ۽‎ or) 
Ny pn + | Se AI E ndi d 


Thus, in this problem q(x) == e-*/x; a, = 1, а; = — 1,...а„ = (— 1)^nl. The 
limit of the ratio of two successive terms of the series is given by 


Tw 
n 


irs d 
= lim —-—oo 
noo 


lim 
no 


Thus, the series diverges. Further, the two successive terms become equal in 
magnitude for п = x, indicating that the optimum number of terms for a given 
x is roughly the integer closset to x. 

Typically, for x = 4, the exact value of xet” f(x) | а.а = 0.82533. 
However the sum of the series including the 1st, 2nd, 3rd, 4th, 5th, 6th, 7th, 8th 
and 9th term in the series are 1.00000, 0.75000, 0.87500, 0.78125, 0.87500, 
0.75781, 0.93360, 0.62347 and 1.24373 respectively. Thus the optimal value is 
0.78125 which occurs at N — 3 and 0.82533 — 0.78125 is the unavoidable error. 
Further, by taking a large number of terms the accuracy becomes poorer. 


Example 2: In a similar manner, one may discuss the asymptotic series of the 
error function, 


erfc x = 1 — erf x <= | e? dy 


TET Un e ERES pi) 
F гаа 28 N 


Example 3: Finally, we will consider the asymptotic form of the solutions of the 
confluent hypergeometric uo 


#8 2 - 0 
х +@ х) ау = 


We subatitute the series 
у = е" bj х" 


r=0 
On substitution and equating the highest power of x we obtain 


т=0 or m=1 
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(i) Form = 0,5 = a, а, = — а(а — с + 1) а, etc. giving 


re к аа—с+1) , а+1)(а—с+1)(а—с+2),,, 
уул ых [= lignes 2ixt ] 


(ii) Form = 1,5 = c— а, a, = (c — a) (1 — a) a, ete. giving 


Eme (с—а)(1—а) , (c—23(c-ac* 000—282 а) 
y = ае°х [1+ Aa Hs SOS а OD Sa ] 


The asymptotic form of ‚Р; (a, с, x) is a linear combination of the above 
solutions. 


APPENDIX L 
Complex Variables 


L.1 Complex Integrations 


In the theory of functions of a complex variable there is a famous theorem due 
to Cauchy which states that, if f(z) is an analytic function of z in a certain 
region around a point z — a, then 


i/e dz =0 (1) 
and | 
1 fiz) 8 
tar | = Q 


where C is a closed contour taken around 2 = a in a counter clockwise direc- 
tion (Fig. L.1). If f(z) can be expanded around 2 = z, in the form 


ат @-т+ а_1 
fe) = Goa} асант т-а, 
+а +a, (2-2) +... (3) 
where m is а finite integer, then it can be shown that 
20 = y (4) 
ni por a4 


where C is a contour around z = z, in the counter-clockwise direction. Note 
that in Eqs. (3) and (4), f(z) is not analytic at z = 20; f(z) has a pole of order { 
т. If m = 1, the pole is said to be a simple pole. ў | 

The coefficient a-, in the expansion (3) is called the residue of the function 


f(z). If the pole at 2 = z, is a simple pole, then 
[(z — zo) fene = e (5 
Im z 


Fig. L.1 
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Eq. (5) is the recipe for evaluating at simple poles. When there are п poles 
within a contour C, we can generalize (4) to 


3 |79 a © 


r=1 


where a, is the residue at the rth pole. 
Eq. (6) remains unaltered, no matter how we distort the contour C as long 


as we do not cross any new poles. This technique is exploited frequently in 


mathematical manipulations. 
A remarkable property ofan analytic function f (2) is that all its derivatives 
are also analytic in the same region. It can be shown that Eq. (2) can be 


generalized to 


n fr 
fo = Элі зч | Gao (z — ay (7) 


L.2 Singularities 
A function f(z) which сап be expanded with m < — 1 but finite is said to 


have asingularity at z — zy. 
It may turn out that an expansion of the form (3) is not possible for finite m. 


For example 


E 
gm 

= m! 

In this case the function f(z) is said to have an essential singularity at z — 0. 
One should not get the idea that a singularity is merely a point at which the 

function goes to infinity. For example, f(z) = z!/* cannot be expanded near 

z = 0 in the form (3). Such singularities arise when we have multivalued func- 

tions and are called branch points. 


/@) = elle = 


L.3 Multivalued Functions 
We discuss the example 


{@=2" (8) 
Writing 2 = геі? 
апі f(z) = Ке! 
we see that R = гї? and 0 = 9/2. As v goes from — п + etos — e where = 
is a small positive quantity, 0 goes from — n/2 + є/2 to x/2 — e/2. As е — 0, 
9 goes from — т to + т and z returns to its original value. However f does not. 
To describe this situation, one draws a double line such as I (Fig. L.2), around 
the branch point (z — 0 in this case). "Whenever, one crosses this line (called 
branch line) on the z-plane, the function f(z) will not return to its original value. 
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2 plane tplang 
Fig. L.2 


It can be shown that branch points, occur in pairs and a branch line joins a 
pair of branch points. In the above example, z = co is the other branch point. 


L.4 Application to Solution of Confluent Hypergeometric Equation 


We apply the methods of contour integrals to solve the confluent hypergeo- 
metric equation. 
zF" + (c —z) F’ -aF=0 (9) 
This equation is of great importance in quantum mechanical problems, since 
many equations such as Hermite’s equation, Legendre and associated Legen- 


dre equation and Bessel’s equation can be converted to this form. We write 
tentatively, its solution as F(a, с, 2). The method employed it to take the 


Laplace transform 


F = f e“ u(t) dt (10) 
c 


where C is a contour in the complex : plane and v(t) a function to be chosen so 
as to give a solution of Eq. (9) with the desired behaviour. Wenote that 


F'(z) = f te“ v(t) dt 
© 
= Е е PAUL 


and 
F'(z) = f te" o(t) dt 
[^] 


-[$ Р” ies Vea alt e(t] dt 


2 
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This permits us to write 


and 
CF’ = { ct vett dt 


so that Eq. (9) becomes 


[ене oun |= [ e nd. + 20 — (dorm eto + a aro 
i c.c (11) 
We now make the restriction that the contour C will be so chosen that 

[e** i(t — 1) «0 =0 (12) 
and the function v(t) will be chosen so that the integrand in (11) vanishes; ie. 

2 0—0) = alt —a + (e—2) 1 (13) 
Eq. (13) is readily integrated* to give 

v 9l (t ы pee 


and the condition for the contour, Eq. (12), becomes 


[Ф(]с = [ett тв (t — 1у°-° = 0 (14) 
The solution is [from Eq. (10)] 

F= [e 1271 (t — 1)e-a qz (15) 
Before we proceed further, we note that if one substitutes 

F=2 F, (16) 
into Eq. (9), we obtain y 

zFi + 2~ce— a Fi- (a-c +1) F =0 (17) 


which is of the same form as (9). Thus, if we write the Solution of (9) in the 
form 


F = F (a, с, 2) 


*This is the point of the whole exercise; the equation in v is simpler than the original ong 
in F. 
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then 217° F(a — c + 1, 2 — с, 2) is another independent solution of the conftu- 
ent hypergeometric equation. Thus this solution is 


give Ј et toe (t к=з 1)° йа (18) 


Now the contour C need not be a closed one; all that is necessary is that Eq. 
(14) is obeyed so that the value of the function ¢(t) [= e" t* (t — 1)*-*] must 
be the same at the two ends of the curve C. For Re z > 0, any contour which 
starts and ends at £ = — oo clearly satisfies this. However, we shall consider 
the case Rec > Rea > 0 so that $(1) vanishes at f = 0 and t = 1. Hence we 
choose, for our contour, the portion of the real axis extending from 0 to 1. 
Thus 


F= i en (0 (0— yt dr | (19) 


= (—1)y7- D anl {"+а-% (1 — үу-%-1 dt 


n-0 
This series can be expressed in terms of Г functions by using the relation 


1 


| £3 (1 — 97 dt = B (20) 
Thus 

F = (— 1)0-a-1 > E T(n LI a) 
The series* 

LP EIE an 


is called the confluent hypergeometric series. Further 


p= ( + FELT. р (ас) Q2) 


A general solution of the hypergeometric equation can, therefore, be express- 
ed as a linear combination of 


iF, (а, 6 2) апа 21-Е, (a — c + 1,2 —c¢, 2) 


*The peculiar notation ,F, is because this is a special form of generalized hypergeometric 
function „Fm (8,0,2). 
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L.5 Asymptotic Behaviour’ 

The function (21), written out in a series as 
а(а +1) z 23 
с(с+ 1) 21 (23) 


is convergent for all finite values of | z |; the only restriction is that ¢ is not a 
negative integer. We now study the behaviour/of this series for large Values of 
|z | when a and c are integers, In this series, the term containing 2" is 

(a+ n! (c—1)! z^ 

(а— 1)! (с+ т)! m 
For large n > a, c we have 


1, (a, e,2) = 1 +2 z+ 


(QU пе о а 0)... a + с+ 1 
This gives, for the term with z, 
(c— 1) m ~ (с—1)! gn 


GED m "^ (4—1Y aat o 
Thus, for z— œ, we have 


n {e-i zn e DI M e 
Ма тту 2, —а+@ T TL ds 


Thus 

Fi (2,62) — T zae os Q4 

zo Г(а) 

We have put the result in terms of the Г functions because the result it turns 
out, is valid for non-integral values of a and c as well. While (24) gives the right 
asymptotic behviour for Re z — co, it can be seen that for Rez > — eo, the 
limit goes to zero exponentially, In this case the limit given by (24) is not valid; 
however, the following result may be established 


1F (а, e, z) = e Fc — a, €, — 2) (25) 


so that, for z > — оо, we substitute the asymptotic form (24) on the RHS of 
Eq. (25), to obtain 


— LIO — 7-9% 
1F, (a, c, SPERO TE a) (— 2) (25а) 


L.6 Connection with Other Functions 


It can be easily shown that the Hermite polynomial is related to the confluent 
hypergeometric function. Hermite's equation (see Appendix E) is 


a» dw Em 
тж amm 2x E + 2n W(x) = 0 
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For п = 2m, we change the variable x = 215, to obtain 
zW" + (4—2) W +mW=0 

For n = 2m + 1, the changes 
x= 2, W = DAP 

give zF + (&— z) Е" + тЕ = 0 

Thus, it can be shown that 


Н, = (— 1)" int ıFı (— $n, $, 2) (n even) (26) 


and | -2(-1^ de- nur ФЕ, (75, "IE ) (nodd) (27) 


Since in both cases И» is related to F (a, e, z) where a is a negative integer (or 
zero), it is easily seen from (23) that Hn is a polynomial. If this were not the 


case, as 2 — co, the function H will diverge as e'*. 
Similar arguments lead to the association of the associated Laguerre 


polynomials 

Liz) = le + AF Е, (—n, m + 1; 2) (28) 
where п, m are integers, and of the Bessel functions 

»@ = Pr hi (5 OL ж} (29) 
For Re (у + 3) > 0, the following integral representation can be established 


by the methods discussed: 
1 


ʻi 


APPENDIX M 


The Periodic Boundary Conditions 
and the Density of States 


In developing the scattering theory, we consider the particle inside a cube of 
volume L? and initially in a plane wave state corresponding to momentum р; 
(see Sec. 20.3). Thus the particle is described by the wavefunction 


eik-r (1) 


1 
yc 131% 
where 
i 1 
ero 2 
Карр 2) 


and the factor L-?/! normalizes the wavefunction 
DLE 


rere i 


00 


The allowed values of k are determined from the boundary conditions. It is 
convenient to use the periodic boundary conditions (see also Sec. 22.3): 


dx = 0, у, 2) = ф(х = L, y, 2) 
Vx, y = 0,2) = ф(х, y = L,z) (3) 


апа 
VG y, z = 0) = ф(х, Y, z = L) 
giving 
exp [ік] = 1 = exp [ikyL] = exp [i.L) (4) 


Thus the allowed values of kz, ky and К, are given by [cf. Eq. (37) of Chapter 
22]: 


2zn 27n, 2r: 
kz = Loh- Lo^5- TES (5 
where 
z, ny, т = 0, £ 1, £ 2,... (6) 


Now, the number of states whose x component of k lies between kz and 
kz+ dk; would simply be the number of integers lying between L k;/2x and 
L (kz + dkz)/2m; this number would be approximately equal to L dk;/2n. 
Similarly, the number of states whose y and z components of k lie between Ky 
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and ky + dk, and К, and К, + dks would, respectively, be 
L L 
Orr dky and p dk, 

Thus there will be 


Із 
du ак, dky dks (1). 


states in the range dkz dk, dks of К. Obviously, the number of states in the range 
dpa dpy dp, of p will be 


1з 
EU арг dpy dp, > (8) 


Now if p(k) dk dQ represents the number of states whose | К | lies between k and 
k + dk and the direction of k lies in the solid angle dQ (= sin 0 40 dg) then 


p(k) dk dQ = d k? dk dO í @) 


For a non-relativistic е of mass m we have Е = h?k!/2m giving 


Е) dE dQ = 4 deg (amy Et? dE dQ (10) 


If we integrate over dC) we would get the total number of states whose energies 
lie between E and E 4- dE 


g(E) dE = abu (my Еч? ДЕ (11) 


which is identical to the expression for g(E) derived in Problem 5.3 (except for 
the additional factor of 2 introduced there) where we had assumed end point 
boundary conditions, i.e., ф was assumed to vanish on the surface of the cube. 
Thus the expression for density of states is independent of the boundary condi- 


tions used. 
Returning to Eq. (9) we note that for an electromagnetic field inside a cube 


(see Sec. 22.3) о = ck and one has 


3 
O) aa dQ с dos oda dO (12) 


If we sum over two independent modes of polarization and integrate over the 
solid angle we would get 


o? da (13) 


L* 
plo) do = s 


APPENDIX N 
Expansion Formula for a Plane Wave 


Here we will prove the following formula 


«о 


eikr cos = X i! (21 + 1) Pr (cos 0) jr (kr) (1) 
1-0 


[A more general formula is given by 


LJ Te 
elk. = 4r Y ў пуф) у Ф) Yim Ors Pr) (2) 


1-0 m2—o 


where (бу, ez) and (0r, o,) are the polar angles of the vectors k and r respectively.] 
The wave equation for a free particle is 


VY + FY = 0 T 
a solution of which is given by 


ф = el" — er cos . (4) 


Equation (3) can also be solved in spherical polar co-ordinates. The solution 
of Eq. (4) with azimuthal symmetry (і.е., independent of 9) must satisfy 


Dio OAM NC qeu 
rw ( 7T Bir ro (PS 36) + Rel (6) 
using the method of separation of variables 

$ = Rr) 9(0) (6) 
we get 

1 AER 25s A Clem e d ( "c 

R "10 a) + kr R(r) = o0 "Ia sin 64>) 


= ҚІ +1) (say) 0) 


For 9(0) to be bounded at cos 0 = + 1, I must be 0, 1, 2, .... Then the 
solutions (finite at r — 0) are 


R(r) = jı (kr) 
and 
@(0) = p (u), ш = cos 0 


Thus any bounded solution of Eq. (3), having azimuthal symmetry сап be 
written as a linear combination of (Ағ) Р,(и). Thus 
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е^ = > a (e) Ри); p = kr / (8) 
=0 


If we multiply both sides by P,,(u) d, integrate and use the orthogonality rela- 
tion of Legendre polynomials, we get 
2 з 
an am үү Jale) = | е Py(u) dy. (9) 


Equation (9) must be valid for all values of p; we take the limit p — oo, then 


2 IE D zE) 
LHS ~ an 2 5 sin( т (10) 
da Ч 
2i. ‘ 
RHS = > sin م‎ т) олма 
[integrating by parts] 
Thus 
2 ur ms 
внз > # sin (o — 3) (11) 
Using Eqs. (10) and (11), we get 


= (т + 1) й 
On substitution in Eq. (8) we get Eq. (1). 


APPENDIX O 
Asymptotic Form of the Radial Part of the 
Schrodinger Equation for a Short Range Force 


For a spherically symmetric potential, the radial part of the Schródinger equa- 
tion can be put in the form [see Eqs. (19) and (21) of Chapter 5 and Eq. (59) 
of Chapter 19]: 

d? u(r) (1+ 1) 

qr I i [e =U A dun EU © (1) 
where u(r) = r Rí(r), k? = 2mE/B?, U(r) = 2m V(r)/b*. In this appendix we 
will show that for a short range force for which 


Lt rV(r = 0 (2) 
ry o 


the asymptotic form of u(r) is exp(+ ikr). 

We first assume that at large values of r, the terms U(r) and /(/-- 1)/r? in 
Eq. (1) can be neglected. Then the solution will be u; ~ exp(-t ikr), this sug- 
gests that we try a solution of the form 


y 
ur) = A e| J fr) а | exp [4 ikr] (3) 
a 
If we substitute in Eq. (1), we would obtain 
d 2 A 
d. узъ овдо) = що + 2 ap) 4) 


If W(r) behaves as e ** for r -> co (then I is necessarily zero), f(r) will also 
behave as e”*" as can be seen by substitution (the term f? will be negligible). 


r 
Consequently the integral f f(r)dr' will tend to a constant value and u(r) will 
a 


behave as exp(+ ikr). On the other hand if W(r) ~ A’/r* (« > 0) then f(r) ~ 
F A'[2ik (1/r*) (the terms involving df/dr and f* would be negligible). However, 


r 
only for а > 1, the integral f f(r)dr' would tend to a constant value. Indeed 
а 


for х = 1 (Le., for the Coulomb potential) we will have 


ur) bs exp (+ ikr + Ж Inr) (5) 

r=} о 
Thus the form of u(r) for r — co does not approach a definite phase; however, 
we can still obtain an expression for the scattering cross-section (see Sec. 19.2). 
Thus, if # > 1, the asymptotic form of u,(r) is indeed of the form of exp(+ ikr). 


— 


APPENDIX P 
The Free Particle Green's Function 


The free particle Green's function is defined through the equation 
(у? + k?) G (r, r’) = 8(т — 0) (1) 


We Fourier analyse С and 9 : 


Gi 2. ry | g(k) exp [ik’ - (r — r] dk’ (2) 


ME 
(2r) 


е 2р): | exp lik’ « (т — r)] dk! (3) 


UE 
(27)? 
where we have used Eq. (18) of Appendix F. Substituting these in Eq. (1) we 
get 


C-k* + Kk?) g (К) = 1 


or 

ek) = — prog 0 
Thus 

Gr—r)- — т | prp (lk e FJ] die (5) 


which is the same as Eq. (29) of Chapter 19. 
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Addition of angular momenta, 243 Complex variables, 619 

Adiabatic approximation, 468 Compton effect, 28 

Adjoint of a linear operator, 183 Confluent hypergeometric equation, 605, 621 

Airy functions, 323, 610 Confluent hypergeometric function, 605, 621 
relation to Bessel functions, 323, 610 Confluent hypergeometric series, 623 

Alkali atoms, 352 Connection formulae, 310, 311 

Allowed energy bands, 122, 123 Conservation condition, 57 

Almost degenerate perturbation theory, 269 Conservation of angular momentum, 164 

Alpha decay, 332, 343 Continuity conditions, 78, 128 


Ammonia molecule, 474, 493 Continuity equation, 56, 566, 594 


Anomalous Zeeman effect, 401, 405 Coulomb potential, 133, 134 


Angular momentum, 151, 219 Coulomb scattering, 440 
addition of, 243 classical considerations, 453 


relativistic formula, 571 


and rotations, 160, 168 
Covariance of Dirac equation, 567 


Angular momentum matrices, 224, 231, 234 


Angular momentum operator, 130, 151 Creation operator, 195 
eigenvalues and eigenfunctions of, 154, Cross-section, definition of, 419, 424 | 
208, 219 Curie law, 418 
Current density, 55, 565 


Annihilation operator, 195 
Associated Laguerre polynomials, 135, 614 Dalgarno's method, 270 


Associated Legendre functions, 612 De Broglie relation, 30, 51 
Asymptotic series, 616 Degeneracy, 79, 96, 165 
Atom-field interaction, 505 Delta function, 601 
Atomic form factor, 455 Density of states, 139, 626 

. Density operator, 204 
Barrier transmission problems, 107, 316 Deuteron problem, 140 , 
Basis functions, 172 Diamagnetism, orbital, 403 
Bessel function, 607 \ Diamagnetic susceptibility, 418 
Beta decay, 471, 480 Diatomic molecule, 142, 149 
Bohr’s correspondence principle, 27 Diffraction pattern, 33, 69, 73 
Born approximation, 428 Dipole approximation, 512, 530, 553 
Boundary and continuity conditions, 78, 128 Dipole sum rule, 557 
Bra algebra, 180 Dirac delta function, 601 
Bra vector, 178, 180 Dirac equation, 562 
Bragg law, 471, 476 covariance of, 567 
Branch points, 620 plane wave solutions of, 568 

Dirac's bra and ket algebra, 180 

Centre of mass co-ordinate system, 446 Dispersion relation, 62 
Central field approximation, 372 Double oscillator, 99, 103, 328, 237 
Clebsch-Gordan coefficients, 243 Double well potential, 93, 327 
Coherent зга ере ia Ehrenfest's theorem, 59, 68, 72 


Coherent states, 196, 544 


Commutation relations, 55, 159, 167 Eigenvalue equation, 185 


instei fficients, 503, 512 
5, 183 Einstein coe! s, d 
Die 197 Н Einstein's explanation of eotoelecteic 
k 7 t. 27 
simultaneous eigen kets of, 197 effect, 27 ін 
Completeness condition, 187 Electric dipole transition. :=2 
Complex Integrations, 619 dipole approximation 
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Electron magnetic moment, from Dirac 
equation, 575 

Electron spin resonance, 400 

Electronic specific heat, 146 

Energy bands, 122, 123 

Equation of continuity, 56, 566, 594 

Evanescent wave, 125 

Exchange degenracy, 358 

Exclusion princip'e, 360 

Expansion formula for a plane wave, 628 

Expectation values, 58 


Fermi-Dirac function, 139 
Fermi energy, 139, 149 
Fermi's golden rule, 465 
Field emission, 328, 341 
Fine structure of helium atom, 364 
Fine structure of hydrogen atom, 286, 351 
First order perturbation theory, 257 
Forbidden bands, 122 
Forbidden transitions, 167, 512 
Form factor, 430 
atomic, 455 
Fourier series, 595 
Fourier transforms, 595 
Fowler-Nordheim field emission formula, 
341 
Free particle Green's function, 631 
Free particle propagator, 70 


Gamma functions, 599 
Gaussian wave packet, 64, 70 
Golden rule, 465 

Green's function, 426, 631 
Group velocity, 63 


Hankel functions, 608 
Hard sphere, scattering by, 434 
Harmonic oscillator, $8, 191, 326, 335 
and uncertainty princip'e, 35, 69, 195 
Harmonic oscillator wavefunctions, 91 
Hartree’s method, 374 
Heisenberg equation of motion, 201 
Heisenberg picture, 200 
Heisenberg representation, 200, 413 
Heisenberg’s uncertainty Principle, 33 
Helium atom, 47, 274, 293, 356 
using perturbation theory, 274 
using uncertainty principle, 46, 47 
using variational principle, 253 
Helium-like atom, see helium atom 
Hermite-Gauss functions, 91 
Hermite polynomials, 91, 604 
Hermitian operator, 184 
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Hole theory, 583 
Hund’s rule, 380 l 
Hydrogen atom, 131, 328, 338, 351 
relativistic theory of, 580 
Hydrogen atom wavefunctions, 614 
Hydrogen ion, 296, 301, 303 
Hydrogen-like systems, 133, 351 
relativity correction, 282,351 
spin orbit interaction, 285, 351 
Hydrogen molecule, 276, 286, 301, 305 
Hyperfine structure, 354 
Hypergeometric equation, 605 
Hypergeometric function, 604 


Identical particles, 358 
scattering of, 443 

Infinitely deep potential well, 82, 139 

Interaction picture, 203 

Interference experiment, 
understanding of, 39 

Isospin, 249 

Isotope shift, 274 


j-j coupling, 383 


Ket algebra, 178 

Ket vectors, 178 

Kets and wavefunctions, 189 
Klein-Gordon equation, 561 
К° meson, 475 
Kronig-Penney model, 122 
Kurie plot, 481 


Laboratory co-ordinate system, 446 
Ladder operators, 168, 220 
Lagrangian, 395 
Landé g factor, 406 
Larmor precession, 403 
Legendre polynomials, 156, 612 
Linear harmonic Oscillator, see harmonic 
oscillator 
Linear operators, 182 
Line width, 41 
theory of, 551 
Lorentz triplet, 515 
L-S Coupling, 379 


Magnetic dipole term, 550 
Magnetic field, effects of, 392 
Magnetic moment, 397 

from Dirac equation, 575 
Magnetic resonance experiments, 399 
Many electron atoms, 372 
Mean free path, 422 
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Mean life time, 550 

Meson, mass of, 48 

Metastable states, 366 

Michelson interferometer, 39 

Modified Bessel functions, 609 

Momentum operator, 53, 54 
eigenfunctions of, 190, 207, 214 

Multivalued functions, 620 

Muonic atom, 274 


Naturalline width, 551 

Neutrino, 472, 481 

Neutron proton interaction, 300, 302 (see alzo 
deuteron problem) 

Neutron proton scattering, 436, 450, 456 

Normal Zeeman effect, 401, 405, 515 

Normalization condition, 57, 81, 182 

Nuclear magnetic resonance, 400 

Number operator, 208 

Numerical integration of Schrödinger 
equation, 387 


Observables, 186 
One dimensional wave packet, 61 
Operator representation 
of angular momentum, 151 
of energy, 54 
of momentum, 53, 54 
Orbital diamagnetism, 403 
Orthogonality of eigenfunctions, 80, 129, 185 
Orthogonalization procedure, 100 
Orthonormality condition, 81, 129 


Parabolic co-ordinates, 440 
Farabolic cylinder function, 103 
Paramagnetic susceptibility, 418 
Parity, 81, 166 
Parseval’s theorem, 598 
Partial wave analysis, 431 
Particle in a box, 82, 139, 143 
Paschen-Back effect, 401, 466 
Pauli equation, 227 
Pauli exclusion principle, 360 
Pauli Spin matrices, 225 
Pauli wavefunction, 227, 405 
Periodic boundary conditions, 626 
Periodic potential, 119, 121 
Perturbation theory 

for degenarate states, 262 

for non-degenarate states, 256 

time dependent, 461 ' 

time dependent, 255 
Phase integral, 313 
Phase operator, 545 


Phase shifts, 433 
in the Born approximation, 438 
Phase velocity, 64 
Photodisintegration of the deuteron, 548, 556 
Photoelectric effect, 27, 548, 560 
Photon, definition of, 536 
Planck’s law, 26 
Planck’s oscillator, average energy of, 593 
Plane rotator, 276 
Polarizability of hydrogen atom, 271 
Positrons, 583 
Positions operator, 206 
eigenfunctions of, 206, 214 
Position probability density, 56 
Potential step, 107 
Potential well, 331 
of infinite depth, 81 
of finite depth, 85, 97, 101 
Probability current density, 56, 566 
Probability distribution function 
for the harmonic oscillator problem, 93 
for the hydrogen atom problem, 138 
Probabilistic interpretation of matter waves, 
37 


Quadrupole term, 550 
Quantization condition, 313 

physical interpretation of, 313 
Quantization of the radiation field, 531 
Quantum number, total, 135 
Quantum tbeory of radiation, 527 
Quantum theory, origin of, 25 


Radiation, quantum theory of, 527 
quantization of, 531 
semi classical theory of, 503 
Ramsauer Townsend effect, 118, 435 
Rayleigh-Jeans formula, 26, 592 
Real operator, 184 
Rectangular potential barrier, 110, 118 
Reduced mass, 132 
Reflection invariance, 166 
Reflection of a wavepacket, 113 
Relativistic theory, 561 
Relativity correction, using perturbation 
theory, 275, 282 
Residue, 619 
Rigid rotator, 142, 148 i 
Rotational energy of a diatomic molecule, 
142, 149 


Scalar potential, 394 

Scalar product, 178, 181, 189 
Scattering amplitude, 428 
Scattering by а lattice, 471, 477 
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Scattering theory, 419 
Schmidr's orthogonalization procedure, 100 
Schrüdinger equation, 51 

simple bound state solutions, 77, 128 
Schrödinger picture, 200 
Second order perturbation theory, 258 
Selection rules, 354, 512, 550 
Self-adjoint operator, 184 
Self-consistent fields, 374 
Semiclassical theory of radiation, 503 
Shielded Coulomb potential, 430 
Short range force, 630 
Simultaneous eigenkets, 197 
Singularities, 620 
Size of the atom, 36 
Slater determinant, 373 


| Sommerfeld phase integral, 313 


Specific heat, electronic, 146 
/ Spectral theorem, 190 
Spherical Bessel functions, 607 
Spherical harmonics, 158, 612 
Spherically symmetric field, 129 
Spin exchange operator, 402 
Spin matrices, 225 
Spin orbit interaction, 275, 282, 398 
Spinors, 227 
Spontaneous emission, 504, 537 
. Square well 
bound states of, 117, 315 
Scattering by, 435, 451 
Stark effect, 263 
Stationary states, 78 
Stern-Gerlach experiment, 43, 187, 225, 230 
Stimulated absorption, 504, 537 
Stimulated emission, 504 
Stripping, 473 
Sudden approximation, 470 
Susceptibility 
diamagnetic, 418 
paramagnetic, 418 


Thomas-Reiche-Kuhn sum tule, 548, 557 
Three body problem, 367 

Three dimensional Dirac delta function, 603 
Three dimensional oscillator, 140, 141, 147 
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Time dependent perturbation theory, 46 _ 
Time dependent Schrödinger equation, 51 a 
Time-energy uncertainty relation, 41 
Time independent perturbation theory, 255 
Total quantum number, 135 
Trace of an operator, 204 
Transition probability, 462 
Transmission of a wave packet, 113 
Tunnelling through a barrier, 110 
Two body problem, 131 
Two dimensional oscillator, 273 

effect of magnetic field, 404 
Two electron atoms, 47, 356 


Uncertainty principle, 32, 41, 512 
and size of atoms, 36, 46, 47 
applications of, 35 
exact statement of, 59 

Unitary transformation, 199 


Van der Wall interaction, 276 

Variational method, 289 

Vector potential, 394 

Vector represeatation of states, 180 

Vector spaces, 172 

Vibrational energy of a diatomic molecule, | 
142, 149 

Volume effect, 274 


Wavefunction, 51 

physical interpretation of, 55 
Wave nature of matter, 29 
Wave packets, 50 

and uncertainty Principle, 41 

one dimensional, 61 

three dimensional, 70, 74 
Weisskopf-Wigner theory of natural 

line width, 551 

WKB approximation, 307 


Young's interference experiment, 40 


Zeeman effect, 401, 405, 514 
Zero point energy, 36, 90 
and uncertainty principle, 35 
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In this completely revised edition, extensive changes havê been m 


while retaining the emphasis on the applications. Many new c E А 
and applications have been introduced. An outline of these is given “су. 
below. 


*There are now three chapters on the exact solutions of the м 
Schrédinger equation; many illustrative examples have been 
introduced. 


“tA new chapter on Vector Spaces has been added. 


"There are now two chapters on Angular Momentum; the second 
one introduces Pauli spin matrices etc. 
*The chapter on WKB approximation has been completely rewritten. 


*New chapters on Hydrogen and Hydrogen-like Atoms, the Helium 
Atom and the Exclusion Principle, Many Electron Atoms and 
Numerical Integration of the Schródinger Equation have been 
introduced. 


*A new chapter on the Semiclassical Theory of Radiation and the 
Einstein Coefficients has been included, which is followed by a 
chapter on Quantum Theory of Radiation. 


The Nobel Lectures, introduced in the Second Edition, have been 
retained. These and some of the new chapters should make the book 
unique, 
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